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Abstract—It is envisioned that the sixth generation (6G) and
beyond 6G (B6G) wireless communication networks will enable
global coverage in space, air, ground, and sea. In this case, both
base stations and users can be mobile and will tend to move con-
tinuously in three-dimensional (3D) space. Therefore, obtaining
channel state information (CSI) in 3D continuous-space is crucial
for the design and performance evaluation of future 6G and B6G
wireless systems. On the other hand, new 6G technologies such as
integrated sensing and communications (ISAC) will also require
prior knowledge of CSI in 3D continuous-space. In this paper, a
3D continuous-space electromagnetic channel model is proposed
for tri-polarized multi-user communications, taking into account
scatterers and spherical wavefronts. Scattered fields are calcu-
lated using the method of moments (MoM) with high accuracy.
Spherical wave functions are utilized to decompose the dyadic
Green’s functions that connect the transmitted source currents
and the received electric fields. Simulation results demonstrate
that transmit power, apertures, scatterers, and sample intervals
have significant impacts on statistical properties and channel
capacities, providing insights into the performance of continuous-
space electromagnetic channel models and the design of future
wireless systems.

Index Terms—Continuous-space channel model, electromag-
netic information theory, statistical property, channel capacity,
full-wave simulation.

I. INTRODUCTION

IT is expected that, in sixth generation (6G) and beyond
6G (B6G) space-air-ground-sea global integrated networks,

base stations may move continually in satellite and vehicular
communications, which will cause the wireless channels to be
continuous in three-dimensional (3D) space [1]–[4]. Addition-
ally, new technologies and antenna architectures envisioned for
6G have attracted more attention, such as integrated sensing

Manuscript received 12 October 2023; revised 2 April 2024; accepted
17 August 2024. This work was supported by the National Natural Sci-
ence Foundation of China (NSFC) under Grants 62394290 and 62394291,
the Fundamental Research Funds for the Central Universities under Grant
2242022k60006, the Research Fund of National Mobile Communications
Research Laboratory, Southeast University, under Grant 2024A05, the U.S
National Science Foundation under Grants CNS-2128448 and ECCS-2335876,
and EPSRC projects EP/X04047X/1 and EP/Y037243/1. (Corresponding
Authors: Cheng-Xiang Wang and Jie Huang.)

Y. Yang, C.-X. Wang, and J. Huang are with the National Mobile
Communications Research Laboratory, School of Information Science and
Engineering, Southeast University, Nanjing 210096, China, and also with
the Purple Mountain Laboratories, Nanjing 211111, China (email: {yueyang,
chxwang, j huang}@seu.edu.cn).

J. Thompson is with the Institute for Digital Communications, School
of Engineering, University of Edinburgh, Edinburgh EH9 3JL, U.K. (email:
john.thompson@ed.ac.uk).

H. Vincent Poor is with the Department of Electrical and Com-
puter Engineering, Princeton University, Princeton, NJ, USA. (email:
poor@princeton.edu).

and communications (ISAC) [5]–[7] and holographic multiple-
input multiple-output (MIMO) [8]–[11]. The emergence of
these technologies creates a need to perceive the surrounding
physical environment and channel state information (CSI) at
any position in the communication environment, which can
be obtained from a 3D continuous-space channel model for
near-field communications [12], [13]. This channel model has
motivated the development of electromagnetic information
theory (EIT), which integrates electromagnetic theory and
information theory [14]–[19].

Channel modeling is the bridge linking electromagnetic
theory and information theory, and is the fundamental ba-
sis for network planning and optimization, system perfor-
mance evaluation, deployment, and standardization [20]–
[24]. Channel models are divided into deterministic channel
models and stochastic channel models [25]. Deterministic
channel models mainly include ray-tracing channel mod-
els and electromagnetic channel models. Stochastic channel
models include geometry-based stochastic models (GBSMs),
correlation-based stochastic models (CBSMs), and beam-
domain channel models (BDCMs). Most stochastic channel
models present difficulties in obtaining CSI and ignore the tri-
polarization antennas in the near-field region. However, hybrid
channel models that combine deterministic and stochastic
channel models begun attracting more attention [26]–[32]. In
[26], a vehicle-to-vehicle tunnel channel model using a ray-
tracing deterministic model and a stochastic graph model was
analyzed. In [27], an electromagnetic MIMO channel model
using the method of moments (MoM) and the uniform theory
of diffraction (UTD) was proposed. In [28]–[30], terahertz
channel measurements were carried out and hybrid channel
models including ray-tracing deterministic large-scale fading
and GBSM small-scale fading were proposed. In [31], a
satellite hybrid channel model was established, where the
deterministic model used the Fresnel-Kirchhoff methodology,
and the stochastic model adopted the ITU-R model. In [32], a
hybrid millimeter wave channel model using both ray-tracing
and propagation graph was adopted and the simulation results
were compared with the channel measurement results. In
[33], numerical methods such as finite-difference time-domain
(FDTD), MoM, and finite element method (FEM) solved using
Maxwell’s equations, were seen to have high accuracy. A con-
clusion of this prior work is that an electromagnetic channel
model is necessary for 6G continuous-space communications.

Tri-polarized antennas have three independent radiation
elements, capable of simultaneously radiating independent
polarized signals in three orthogonal directions. These are
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expected to have better performance in spectral efficiency than
single polarized antennas by utilizing polarization diversity
[34]. In [35], tri-polarized antennas were proposed by using
electromagnetic polarization, which showcased that utilizing
six distinguishable electrical and magnetic polarization states
can lead to a three-fold increase in channel capacity. In [36], a
3D electromagnetic vector sensor was considered in different
antenna configurations, which signified the feasibility of tri-
polarized antennas as transmitter (Tx) and receiver (Rx). In
[37], the compact MIMO antennas in a cube shape showed
high performance in rich-scattering environments. In [38], the
authors demonstrated that tri-polarized antennas can achieve
three times the capacity of uni-polarized antennas according to
channel measurements. Nevertheless, this paper assumed that
all multipath components have the same delay and the Rx is
in the far-field of the Tx, which is unrealistic for envisioned
6G communication systems. In [39], a tri-polarized multi-
user holographic MIMO channel model was proposed and a
precoding scheme was designed to realize higher capacity.
However, this model did not consider the scatterers in the
communication environments. Therefore, the study of tri-
polarized multi-user communications considering both near-
field effects and the existence of scatterers is of interest.

It is expected that, in 6G wireless communications, channels
will evolve from a discrete space to a continuous space, and
the dyadic Green’s function is used to link the continuous
currents at the Tx and the electromagnetic fields at the Rx [40].
In [12], a continuous-space single-input single-output (SISO)
electromagnetic channel model established by plane-wave
Green’s functions was proposed, and it used eigenfunctions to
decompose the transmitted currents and the received electric
fields. In [13], the capacity of the continuous-space channel
model with limited transceiver aperture was calculated and
the effects of physical loss, radiation, and the Q factor of
dielectric on capacities were analyzed. In [41] and [42], the
degree of freedom (DoF) of a spatial stationary holographic
MIMO channel and a near-field tri-polarized channel using
dyadic Green’s functions in isotropic scattering environments
were studied, respectively. The influences of antenna apertures
on the DoF were also analyzed. In [43], the analysis of a
spatial stationary electromagnetic holographic MIMO channel
using a Fourier plane wave series expansion was proposed.
However, the Fourier plane wave expansion assumes that
electromagnetic waves are a superposition of a series of plane
waves, which may be not applicable in the near field. In [17]
and [44], the concepts of spatial DoF and the capacity of
electromagnetic channels were proposed, and the characteris-
tics of electromagnetic sources were studied. The information
capacity for the given additive white Gaussian noise model was
calculated considering source norm constraints, radiated power
constraints, and combined source norm and radiated power
constraints. In [18], the number of users that can be served
in multi-user MIMO systems from the electromagnetic field
viewpoint was studied. In [45], the channel capacities of multi-
user MIMO wireless communications were calculated. In [46]
and [47], two-dimensional (2D) channel models based on the
Green’s function and Fourier plane wave expansions were
analyzed. In general, most works related to the continuous-

space electromagnetic channel model have adopted dyadic
Green’s functions to model the radiation process and de-
composed the functions with appropriate eigenfunctions, or
have used the singular value decomposition (SVD) method
of the radiation operator. However, the existing continuous-
space electromagnetic channel models are 2D and spatially
stationary, consider the isotropic scattering environment, and
utilize the Fourier plane wave series expansion.

To the best of the authors’ knowledge, a 3D continuous-
space electromagnetic channel model with tri-polarized anten-
nas in multi-user communications considering rich-scattering
environments, non-stationarity, and near-field spherical wave-
fronts is still missing in the literature. To explore the perfor-
mance of continuous-space communications, this paper pro-
poses a 3D electromagnetic channel model, which is applied
to design an iterative algorithm for calculating the optimal
current. The accuracy of this channel model is confirmed
through comparison with full-wave simulations. It is demon-
strated that the capacity of the continuous-space channel can
be improved when considering rich-scattering environments
and near-field effects. The novelties and contributions of this
paper are summarized as follows.

1) A 3D continuous-space electromagnetic channel model
for 6G tri-polarized multi-user communications based on
EIT is proposed. This channel model uses stochastic dyadic
Green’s function to represent the radiation process and uses
spherical wave functions to decompose the tri-polarized cur-
rents and electric fields.

2) Scattered electric fields are calculated by using the MoM,
and the non-stationarity and near-field spherical wavefronts
are represented by the birth-death process and spherical wave
functions, respectively. Additionally, an efficient and accurate
iterative algorithm is designed to calculate the optimal current.

3) Simulations are conducted by using electromagnetic full-
wave simulation software, and the influences of scattering,
antenna aperture, and sample interval on statistical properties
and channel capacities are investigated, which are beneficial
to the design of 6G antennas and systems.

The rest of this paper is organized as follows. In Section II,
a novel 3D continuous-space electromagnetic tri-polarized
channel model considering scattering, non-stationarity, and
near-field spherical wavefronts for multi-user communications
is proposed. In Section III, statistical properties and channel
capacities of the proposed channel model are derived. Then,
numerical simulation results and analysis are shown in Sec-
tion IV. Finally, the conclusions of this paper are drawn in
Section V.

In this paper, the following notation is defined. Symbols
in bold font represent vectors, such as r, r′. Given a complex
number, {·}†, {·}T, and {·}∗ are its conjugate transpose, trans-
pose, and conjugate, respectively. In addition, i is denoted as
the imaginary unit, which follows i2 = −1. Unless specified,
the vectors in this paper are column vectors.

II. A 3D CONTINUOUS-SPACE ELECTROMAGNETIC
TRI-POLARIZED CHANNEL MODEL

In this section, a 3D continuous-space electromagnetic
channel model considering scattering, non-stationarity, and
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Fig. 1. A 3D continuous-space electromagnetic channel model for 6G multi-user communications.

near-field spherical wavefronts is proposed for tri-polarized
multi-user communications. Then, the radiation process is
modeled by Green’s function, which is the bridge connecting
the transmitted currents and received electric fields. The non-
stationarity is modeled by the birth-death process. Finally,
the spherical wave functions are used to decompose currents,
electric fields, and dyadic Green’s functions.

A. Radiation Process

To construct the continuous-space electromagnetic channel
model, the radiation process is first introduced. In Fig. 1,
a novel 3D electromagnetic channel model for multi-user
communications in the continuous space is shown. The current
source is distributed in the sphere at the Tx, and users are
located in the sphere at the Rx. Scatterers are distributed near
the users to reflect the influence of physical communication
environments. The distance between the Tx and Rx is repre-
sented as D, and the radii of the Tx and Rx spheres are Rt
and Rr, respectively. The volumes of the Tx and Rx spheres
are Vt and Vr, respectively.

In the free space, the radiation process of the source currents
and electric fields can be expressed as [40]

E(r) = iωµ

∫
Vt

G(r, r′)J(r′)d3r′ (1)

where r is the position at the Rx, r′ is the position at the Tx,
ω denotes the angular frequency, µ is the permeability in free
space, J(r′) is the current density at position r′, and G(r, r′)
is the dyadic Green’s function, which is defined as [48]

G(r, r′) =

(
I +
∇∇
k2

)
g(r, r′) =

(
1 +

i

kr
− 1

k2r2

)
Ig(r, r′)

+

(
−1− 3i

kr
+

3

k2r2

)
r̂r̂g(r, r′)

(2)
where I is the unit dyad, ∇ is the differential operator,
k = ω

√
µε is the wave number in free space, in which ε

is the permittivity. The distance and unit vector of direction
between the Tx and Rx point are denoted as r = |r−r′| and r̂,
respectively. The scalar Green’s function g(r, r′) in free space
can be given by

g(r, r′) =
eik|r−r′|

4π|r− r′|
=
eikr

4πr
. (3)

The Green’s function G(r, r′) can be split into three parts
according to the terms of r, including the 1/r term, the 1/r2

term, and the 1/r3 term, which can represent the far-field,
middle-field, and near-field components of the channel, re-
spectively. Therefore, the far-field component is G(r, r′)|F =
1
r (I − r̂r̂)eikr, the middle-field component is G(r, r′)|M =
i
kr2 (I−3r̂r̂)eikr, and the near-field component is G(r, r′)|N =
− 1
k2r3 (I− 3r̂r̂)eikr.
In wireless communications, as the size of antenna arrays

increases and the carrier frequency rises, the Rayleigh distance
will increase and the near-field effect needs to be considered.
Therefore, the near-field components of the radiated field and
spherical wavefronts are included in the proposed channel
model. To provide a more accurate representation of the
near-field effect and connect the radiation process with the
communication process, spherical wave functions are used to
decompose source currents and dyadic Green’s functions. This
process is also called the SVD of the radiation operator. The
spherical wave functions are defined as [49]

Unml(r, θ, ϕ) =

∇× rh(1)n (kr)Ynm(θ, ϕ), l = 1

1

k
∇×∇× rh(1)n (kr)Ynm(θ, ϕ), l = 2

(4)
and

Vnml(r, θ, ϕ) =

∇× rj(1)n (kr)Ynm(θ, ϕ), l = 1

1

k
∇×∇× rj(1)n (kr)Ynm(θ, ϕ), l = 2

(5)
where r = rr̂, l = 1 and l = 2 represent the transverse electric
(TE) and transverse magnetic (TM) mode, respectively. The
subscript n,m ∈ Z3 are the orders of spherical harmonics,
where n = 1, 2, 3, ..., −n ≤ m ≤ n. In (4), h(1)n (x) is the
nth order spherical Hankel function of the first kind and it is
defined as h(1)n (x) = jn(x) + iyn(x), where jn(x) and yn(x)
are the nth order spherical Bessel functions of the first kind
and the second kind, respectively. They are defined as

jn(x) =
√
π/2xJn+0.5(x) (6)

and
yn(x) =

√
π/2xYn+0.5(x) (7)

where Jn(x) and Yn(x) are the nth order Bessel function of
the first kind and the second kind, respectively. The nth order
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Bessel function of the first kind is calculated as

Jn(x) =

∞∑
m=0

(−1)m

m!Γ(m+ n+ 1)

(x
2

)2m+n

(8)

where Γ(·) is the Gamma function and m! denotes the factorial
of m. The nth order Bessel function of the second kind is

Yn(x) =
Jn(x) cos(nπ)− J−n(x)

sin(nπ)
. (9)

In (4) and (5), the spherical harmonics Ynm(θ, ϕ) are
defined as

Ynm(θ, ϕ) =

√
(n− |m|)!(2n+ 1)

(n+ |m|)!4π
P |m|n (cos θ)eimϕ (10)

where θ and ϕ are the azimuth and elevation angles, Pmn (x)
is the associated Legendre function of the first kind of order
m and degree n, which is

Pmn (x) = (1− x2)m/2
dmPn(x)

dxm
(11)

where m < n and Pn(x) is the nth order Legendre function
of the first kind, which can be calculated as

Pn(x) =
1

2nn!

dn(x2 − 1)n

dxn
. (12)

The dyadic Green’s function can be decomposed according
to spherical wave functions Unml and Vnml and is expressed
as [47], [49]

G(r, r′) = ik

∞∑
n=1

n∑
m=−n

2∑
l=1

1

n(n+ 1)
Unml(r)V†nml(r′)

(13)
where |r′| < |r|. For simplicity, we assume that p = 2(n(n+
1) +m− 1) + l and we can obtain

N∑
n=1

n∑
m=−n

2∑
l=1

Unml =

2N(N+2)∑
p=1

Up. (14)

Therefore, (13) can be simplified as

G(r, r′) = ik

∞∑
p=1

1

n(n+ 1)
Up(r)V†p(r′), |r′| < |r|. (15)

The spherical wave functions have orthogonality within the
volumes of the Tx and Rx, so the following formula holds∫

Vr

Up1(r) · U∗p2(r)d3r = 0, p1 6= p2 (16)∫
Vt

Vp1(r) · V∗p2(r)d3r = 0, p1 6= p2. (17)

For the convenience of derivation, Up and Vp are normalized
and can be written as

up(r) =
Up(r)√∫

Vr
|Up(r)|2d3r

(18)

vp(r) =
Vp(r)√∫

Vt
|Vp(r)|2d3r

(19)

which are mutually orthogonal functions. Therefore, the fol-
lowing formula holds∫

Vr

up1(r) · u∗p2(r)d3r =

{
0, p1 6= p2

1, p1 = p2
(20)

and ∫
Vt

vp1(r) · v∗p2(r)d3r =

{
0, p1 6= p2

1, p1 = p2
. (21)

Then, (18) and (19) can be substituted into (15), and the dyadic
Green’s function is expressed as

G(r, r′) = ik

∞∑
p=1

apup(r)v†p(r′), r′ ∈ Vt, r ∈ Vr (22)

where

ap =

√∫
Vr
|Up(r)|2d3r

√∫
Vt
|Vp(r′)|2d3r′

n(n+ 1)
. (23)

Similarly, the source current can also be decomposed by
spherical wave functions, which is calculated as

J(r′) =

∞∑
p=1

jpvp(r′) (24)

where jp can be obtained as

jp =

∫
Vt

J(r′) · v∗p(r′)d3r′. (25)

Due to the orthogonality and normality of vp(r′), the transmit
power is calculated as∫

Vt

|J(r′)|2d3r′ =

∫
Vt

∣∣∣∣ ∞∑
p=1

jpvp(r′)
∣∣∣∣2d3r′ =

∞∑
p=1

|jp|2 (26)

which is consistent with the form of power calculation in
discrete channels. Then, substituting (22) and (24) into (1)
and we can obtain

E(r) = −ωµk
∫
Vt

∞∑
p=1

∞∑
p′=1

apjp′up(r)v†p(r′)vp′(r′)d3r′

= −ωµk
∞∑
p=1

apjpup(r)

(27)

which utilizes the orthogonality and normality of spherical
wave functions vp in volume Vt. Assume that σp = −ωµkap,
electric fields at position r can be written as [50]

E(r) =

∞∑
p=1

σpjpup(r) (28)

which is the SVD of the radiation process and σp (p = 1, 2, ...)
is the singular value of the radiation operator.
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B. Multi-User Communications

In 6G wireless communications, base stations and users are
distributed continuously in space. Assume that there are K
users distributed in the volume of the Rx in Fig. 1. The position
of the kth user is rk = (Rk, θk, ϕk). The information sent
from the source area to the kth user is sk and the electric
field received by the kth user is

E(rk) = wr,kEr(rk) + wθ,kEθ(rk) + wϕ,kEϕ(rk) (29)

where Er(rk), Eθ(rk), and Eϕ(rk) are components of the
electric field E(rk) at the kth user in the directions of r, θ, and
ϕ, respectively. In addition, wr,k, wθ,k, and wϕ,k are gains of
the electric field at the kth user to the information sk in the
directions of r, θ, and ϕ, respectively. Substituting (28) into
(29) and E(rk) can be updated as

E(rk) =

∞∑
p=1

σpjp(wr,kur,p + wθ,kuθ,p + wϕ,kuϕ,p) (30)

where ur,p, uθ,p, and uϕ,p are components of spherical wave
functions in the directions of r, θ, and ϕ, respectively, which
are three orthogonal directions in spherical coordinate systems.
Therefore, the antennas at the Rx side are tri-polarized.

For reliable communications, the source current J(r′) in (24)
needs to be expanded by choosing suitable weighting factors
jp defined in (25). Then, user k can retrieve the information
sk intended to be sent by the Tx according to the received
electric field E(rk), which can be solved by an optimization
problem

P1 : min
j

K∑
k=1

|E(rk)− sk|2 = min
j

K∑
k=1

|bT
kj − sk|2

s.t.

∞∑
p=1

|jp|2 ≤ PT

(31)

where PT is the total transmit power and bk is defined as

bk =

 σ1(wr,kur,1 + wθ,kuθ,1wϕ,kuϕ,1)
· · ·

σp(wr,kur,p + wθ,kuθ,pwϕ,kuϕ,p)

 (32)

and the objective function of the optimization problem is
to minimize the error between E(rk) of all users and the
information sk, while satisfying the transmit power constraint.
The objective function can be calculated as

K∑
k=1

|bT
kj − sk|2 =

K∑
k=1

(bT
kj − sk)(j†b∗k − s∗k)

= j†

(
K∑
k=1

b∗kb
T
k

)
j − 2Re

{(
K∑
k=1

s∗kb
T
k

)
j

}
+

K∑
k=1

|sk|2

(33)
where Re{·} is the real part of complex values,

∑K
k=1 b

∗
kb

T
k is

a positive-definite matrix, and the constraint is convex, which
can be solved by the Lagrange multiplier and the Karush-

Kuhn-Tucker (KKT) conditions. Firstly, the Lagrange function
L(j, λ), λ ≥ 0 is created and written as

L(j, λ) =j†

(
K∑
k=1

b∗kb
T
k

)
j − 2Re

{(
K∑
k=1

s∗kb
T
k

)
j

}

+

K∑
k=1

|sk|2 + λ(j†j − PT )

=j†

(
K∑
k=1

b∗kb
T
k + λI

)
j − 2Re

{(
K∑
k=1

s∗kb
T
k

)
j

}

+

K∑
k=1

|sk|2 − λPT

(34)
where I is an identity matrix and its dimension is the same as
the dimension of

∑K
k=1 b

∗
kb

T
k. According to convex optimiza-

tion, the optimal solution jopt needs to follow

∂L(j, λopt)

∂j

∣∣∣∣ jopt = 0

λopt ≥ 0

j†optjopt ≤ PT
λopt(j

†
optjopt − PT ) = 0

(35)

and the solution is expressed as

jopt =

(
K∑
k=1

b∗kb
T
k + λoptI

)−1( K∑
k=1

skb
∗
k

)
(36)

where λopt is an uncertain constant and can be determined by
using the bisection method. The computational complexity of
calculating (36) is O(K3) due to the matrix inverse operation.

In (27), the value of the summation subscript p in the
constraint can only be taken to a maximum and value P ,
which is the number of items in the SVD process. In multi-user
communications, the value of P can be determined by signal
error and transmit power. The signal error is defined as the
difference between the received electric fields and the signals
transmitted by the source region, and it can be expressed as

err =

∑K
k=1 |E(rk)− sk|2∑K

k=1 |sk|2
. (37)

Additionally, the optimal transmit power is defined as

|jopt|2 =

P∑
p=1

|(jp)opt|2. (38)

Suitable numbers of items in SVD need to minimize the signal
transmission error and transmit power. In addition, the value of
P cannot be too large, since it will increase the computational
complexity in multi-user communication systems.

C. Scatterers and Scattered Electric Fields

In practice, there are various scatterers in communication
environments, which have an impact on multi-user commu-
nications [51]. Assume that scatterers are ideal spherical
conductors located on the outside of the Rx sphere. Scatterers
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may appear and disappear at any time or position, and the gen-
eration and recombination of scatterers can be characterized
by birth-death processes. The number of rays in the scatterers
follows the Poisson distribution, the virtual delay and mean
power of each scatterer follow exponential distributions, and
the azimuth and elevation angles of scatterers are assumed to
be wrapped Gaussian distributions. The positions of the qth
scatterers can be generated as [20]

rq(x, y, z) =
e

(
− x2

2σ2
DS

− y2

2σ2
AS

− z2

2σ2
ES

)
(2π)3/2σDSσASσES

(39)

where σ2
DS , σ2

AS , and σ2
ES are variances of Gaussian distribu-

tions that describe delay spread, angular spread, and elevation
spread of scatterers, respectively. In the time domain, the
survival probability Psur(∆t) of a scatterer in time ∆t can
be computed as

Psur(∆t) = e−λD
Pf(∆vR+∆vT )∆t

Dc (40)

where λD is the recombination rate of scatterers, Pf is the
proportion of moving scatterers, ∆vT and ∆vR are the relative
velocities of scatterers at the Tx and Rx region, respectively.
The coherence distance Dc is dependent on communication
scenarios, and the typical value can be found in [23]. In the
space domain, the survival probability with sample intervals
δt and δr can be calculated as

Psur(δt, δr) = e−λD
(δt cos(βTE)+δr cos(βRE))

Dc (41)

where δt and δr are the sample intervals at the Tx and Rx
regions, respectively. The elevation angles of the Tx and Rx
sample points are denoted as βTE and βRE , respectively.

Therefore, the survival probability of the scatterer within
∆t, δt, and δr is written as

Psur(∆t, δt, δr) = Psur(∆t) · Psur(δt, δr). (42)

The mean value of newly generated scatterers number Qnew
can be calculated as

E{Qnew} =
λB
λD

(1− Psur(∆t, δt, δr)) (43)

where E{·} is the expectation operator, λB is the generation
rate of scatterers.

When there are scatterers, the electric fields received by the
user consist of two parts: one is generated by the radiation
of the source current J(r′), denoted as E(r), and the other
is the scattered electric field radiated by the induced current
on the surface of the ideal conductor scatterers, denoted as
Es(r). Assume that the total number of scatterers is Q and
the position of the qth scatterer is rq = (Rq, θq, ϕq). In this
paper, the MoM is used to calculate the scattered electric
fields. Unlike the traditional Born approximation method, the
MoM can be used in rich-scattering and 3D communication
scenarios. Solving the scattered electric fields is equivalent
to solving the induced currents on the surface of the ideal
conductor scatterers. Let the surface current density of the qth

scatterer be Jq(r), and it can be expanded using the basis
function Bd(r), which is written as

Jq(r) =

D∑
d=1

jqdBd(r) (44)

where Bd(r) = V2d−1(r) and jqd represents the expansion
coefficient of the surface current density of the qth scatterer.
Electric fields generated by the surface current of the qth
scatterer can be expressed as

Es,q(r) = iωµ

∫
Sq

G(r, r′)Jq(r′)d2r′

=

D∑
d=1

jqd

(
iωµ

∫
Sq

G(r, r′)Bd(r′)d2r′
) (45)

where Sq is the surface of the qth scatterer. Then, the total
scattered electric fields of Q scatterers can be expressed as

Es(r) =

Q∑
q=1

Es,q(r) =

Q∑
q=1

D∑
d=1

jqdEds,q(r) (46)

where Eds,q(r) = iωµ
∫
Sq

G(r, r′)Bd(r′)d2r′. The electromag-
netic field boundary condition is utilized to solve the expansion
coefficient jqd of the surface current of the scatterer. The
boundary condition is that the tangential component of the
electric field on the surface of the ideal conductor is 0.
Therefore, the received electric fields are the summation of
electric fields generated by the source current J(r) and the
induced current Jq(r). The total electric fields Et(rk) can be
calculated as

Et(rk) =

∞∑
p=1

σpjp(wr,kur,p + wθ,kuθ,p + wϕ,kuϕ,p)

+ (wr,kEr,s(rk) + wθ,kEθ,s(rk) + wϕ,kEϕ,s(rk))
(47)

where Er,s(rk), Eθ,s(rk), and Eϕ,s(rk) are components of the
scattered electric field Es(rk) at the kth user in the directions
of r, θ, and ϕ, respectively.

Assume that there are Ns sample points on the surface
of each scatterer, and we can use the tangential boundary
condition of electric fields at Q × Ns points to implement
the point matching method in the MoM. The spherical co-
ordinate of the nth point selected from the qth scatterer is
rqn = (Rq, θqn, ϕqn) and it follows

~n× {E(rqn) + Es(rqn)} = 0 (48)

where ~n is the normal vector of the scatterer surface. This
expression indicates that the tangential component of the
sphere at the field point is zero. Then, substituting (46) into
(48) and we can obtain

Q∑
q=1

D∑
d=1

jqd{~n× Eds,q(r)} = −~n× E(rqn) (49)

where E(rqn) =
∑∞
p=1 σpjpup(rqn). To obtain an accurate

value of jqd, the sample points Ns on each scatterer need to
be large enough.
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Similarly, multi-user communications considering scattering
can be modeled as an optimization problem, which follows

P2 : min
j

K∑
k=1

|E(rk)+Es(rk)− sk|2

s.t.

∞∑
p=1

|jp|2 ≤ PT .
(50)

Since the scattered electric fields are solved using numerical
calculation methods, the analytic relationship between Es(rk)
and jopt cannot be obtained. Therefore, an iterative approach
is designed to solve P2, as depicted in Algorithm 1. Firstly,
assume that Es(rk) = 0, obtain jopt using the proposed
iterative method and calculate Es(rk) by using (46). Then,
substituting Es(rk) into (50) to calculate jopt and determine
whether the convergence condition has been reached. Simi-
larly, the computational complexity of this method depends
on (36), which is also O(K3).

Algorithm 1 An iterative method for solving j0opt.

Input: ε1 when Es(rk) = 0.
1: Calculate j0opt by (36).
2: Initialization: i = 1.
3: repeat
4: i = i+ 1.
5: for all |jiopt − ji−1opt |<ε1|j

i−1
opt | do

6: Calculate Es(rk) by (46).
7: sk = sk − (E(rk) + Es(rk)).
8: Calculate jiopt by (36).
9: end for

10: until |jiopt| = |j
i−1
opt |.

Output: jiopt

D. A 3D Continuous-Space Electromagnetic Channel Model

In 3D continuous space, the electric fields are related to the
sampling interval when considering the discretization of the
Tx and Rx volumes. After discretization, the electric fields in
3D continuous-space follow [39]

E(r) =

Nt∑
n=1

∫
δt

G(r, r′n)J(r′n)d3r′n

=

Nt∑
n=1

∫ δxt
2

− δ
x
t
2

∫ δ
y
t
2

− δ
y
t
2

∫ δzt
2

− δ
z
t
2

(
I +
∇∇
k2

)
eikrn

4πrn
J(r′n)dx′dy′dz′

(51)
where Nt is the number of sample points at the source region,
rn = |r − r′n| is the distance between the Tx and Rx point,
δt = δxt δ

y
t δ
z
t is the sample volume at the source region, and

δxt , δyt , and δzt are sample lengths in the directions of x, y,
and z, respectively.

It is difficult to measure the statistical properties of the
proposed continuous-space channel model, therefore, they will
be simplified using a numerical method. When analyzing
complex multipath channels using dyadic Green’s functions,
approximate numerical solutions to eigenfunctions are em-
ployed. The channel impulse response between the nth sample

point at the Tx and the mth sample point at the Rx can be
represented as [39]

Hmn(t) =δtδrsinc
(
k(xm − x′n)δxt

2rmn(t)

)
sinc

(
k(ym − y′n)δyt

2rmn(t)

)
sinc

(
k(zm − z′n)δzt

2rmn(t)

)
Gmn(t)J(r′n)

(52)
where δr is the sample volume at the Rx side, rmn(t) =
|rm(t)−r′n(t)| is the distance between the mth sample point at
the Rx and the nth sample point at the Tx, sinc(x) = sin(x)/x
is the sinc function, and xm − x′n, ym − y′n, and zm − z′n are
the differences in distance between the nth Tx and the mth
Rx sample areas on the x, y, and z axes, respectively. The
dyadic Green’s function Gmn(t) between the nth Tx and the
mth Rx sample points is expressed as

Gmn(t) =

[(
1 +

i

krmn(t)
− 1

k2r2mn(t)

)
I

−
(

1 +
3i

krmn(t)
− 3

k2r2mn(t)

)
r̂mnr̂mn

]
eikrmn(t)

4πrmn(t)

(53)

where r̂mn denotes the direction between the nth Tx and the
mth Rx sample area.

For far-field channel models, the dyadic Green’s function in
(52) can be simplified as

Gmn(t)|F =
1

4πrmn(t)

(
I− r̂mnr̂mn

)
eikrmn(t). (54)

III. STATISTICAL PROPERTIES AND CHANNEL CAPACITIES

In this section, statistical properties, single-user channel
capacities, and multi-user channel capacities of the proposed
channel model are derived and calculated.

A. Temporal ACF and Spatial CCF

The temporal autocorrelation function (ACF) describes the
channel correlation coefficient between different time instants.
Since the wireless channels are time-variant, the temporal ACF
can be calculated as

Rmn(∆t) = E{Hmn(t)H†mn(t+ ∆t)} (55)

where Hmn(t+ ∆t) is the channel impulse response between
the nth Tx and the mth Rx sample areas at time t+ ∆t.

The spatial cross-correlation function (CCF) is proportional
to the electric fields and can be calculated as [39]

Rmn,m̃ñ(∆rt,∆rr) ∝ E(rm)ET(rm̃)

=

∫∫
G(rm, r′n)GT

(rm̃, r′ñ)J(r′n)J(r′ñ)dr′ndr′ñ
(56)

where subscripts m and m̃ are the mth and m̃th sample point
at the Rx, n and ñ are the nth and ñth sample point at the Tx,
∆rt and ∆rr are the distance differences at the Tx and Rx,
respectively. The locations of the mth and m̃th sample point at
the Rx are denoted as rm and rm̃, respectively. The locations
of the nth and ñth sample point at the Tx are denoted as r′n
and r′ñ, respectively.
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B. Single-User Channel Capacity

In single-user communications, assume that each channel
is independent, the channel capacity of the continuous-space
electromagnetic channel model can be defined as

C = max
j

∞∑
p=1

log2

(
1 +

σ2
p|jp|2

N

)
(57)

where σp is the channel gain, jp is the source current, and
N is the additive white Gaussian noise (AWGN). In addition,
the power constraint needs to be considered in the channel
capacity calculation and the optimization problem is built as

P3 : max
j

∞∑
p=1

log2

(
1 +

σ2
p|jp|2

N

)

s.t.

∞∑
p=1

|jp|2 ≤ PT

(58)

which can be solved by water-filling algorithm and the solution
is [52]

|(jp)opt|2 = max

[
wl − N

σ2
p

, 0

]
(59)

where max[a, b] denotes the larger value in a and b, and wl is
the water level. The optimal solution of jp is (jp)opt, which
follows that ∑

p

|(jp)opt|2 = PT . (60)

C. Multi-User Channel Capacity

The channel capacity of the continuous-space electromag-
netic channel model for multi-user communications can re-
flect the maximum transmission rate in wireless channels.
The channel capacity of the proposed channel model, taking
scatterers into account, can be calculated as

C =

K∑
k=1

log2

(
1 +
|E(rk) + Es(rk)|2

N

)
(61)

where K is the total number of users. To obtain the rela-
tionship between the channel capacity and transmit power, we
can use the Monte-Carlo simulation to get its mean value.
Therefore, the channel capacity can be calculated as

C = E
s,rk

{
K∑
k=1

log2

(
1 +
|E(rk) + Es(rk)|2

N

)}
(62)

where rk is the user location and s is the transmit signal vector.
The kth transmit signal is sk = eiφk , where φk follows a
uniform distribution within the range of [0, 2π).

When the interference is considered in multi-user commu-
nications, the channel capacities are determined by employing
precoding schemes, which can be calculated as

C = E
s,rk

{
K∑
k=1

log2

(
1 +

(E(rk) + Es(rk))WkW
†
k(E(rk) + Es(rk))†∑K

u=1,u6=k (E(rk) + Es(rk))WuW
†
u(E(rk) + Es(rk))† +NI

)}
(63)

where Wk is the precoding matrix of the kth user.
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Fig. 2. Temporal autocorrelation functions of the continuous-space electro-
magnetic channel model with and without scattering.
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Fig. 3. Temporal autocorrelation functions of the continuous-space electro-
magnetic channel model for different sample intervals.

IV. RESULTS AND ANALYSIS

In this section, channel statistical properties, single-user
channel capacities, and multi-user channel capacities of the
continuous-space electromagnetic channel model are simulated
and verified by the full-wave simulation software.

A. Statistical Properties

Assume that the carrier frequency fc is 30 GHz, the wave-
length λ is 0.01 m. Since the MoM utilized in the proposed
channel model results in a high computational complexity, the
radius of the transmit sphere is set to 2λ and the radius of
the received sphere is set to 20λ in the simulation. However,
the apertures of the Tx and Rx antennas can be adjusted to
the sizes envisioned for extremely large MIMO schemes. In
addition, the range of transmit power PT is 30–50 dBm. In
Fig. 2, simulation result shows that the temporal ACF at t =
0 s and t = 2 s are different, which demonstrates the temporal
non-stationarity of the proposed channel model. The temporal
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Fig. 4. The spatial cross-correlation functions of the continuous-space
electromagnetic channel model with and without scattering.
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Fig. 5. The spatial cross-correlation functions of the continuous-space
electromagnetic channel model with different sample intervals.

ACF of the proposed channel with scattering is lower than that
without scatterers, that is, scatterers can accelerate the decrease
of channel correlation at different time instants. This is because
scatterers can enhance the multipath effect in wireless channel
models. In Fig. 3, temporal ACFs for different sample intervals
are shown. It is observed that the temporal ACF with λ/2
sample interval is almost the same as the temporal ACF with
λ/4 sample interval. This is because when the sample interval
reaches λ/2, the temporal ACF can already reflect the full
information of channels according to the Nyquist sampling
theorem. The temporal ACF will not be affected when further
decreasing the sample interval.

Spatial CCFs of the proposed channel model with and
without scattering are shown in Fig. 4. When scattering is
considered, the spatial CCF decreases rapidly. This is due to
the multipath effect in a rich-scattering environment, which
can reduce the correlation between different positions. In
addition, the analytical results align with the simulation results,

confirming the validity of the theoretical derivation and the
accuracy of the proposed channel model. The spatial CCFs
with different sample intervals are shown in Fig. 5. The sample
interval in the continuous-space channel can be considered as
the antenna spacing in the discrete-space channel. Since the
antenna spacing is usually around half a wavelength in 5G
communication systems, while holographic MIMO communi-
cations are new technologies in 6G communication systems,
sample intervals less than half a wavelength are chosen to
simulate the spatial CCFs. Simulation results show that spatial
CCFs decrease as the sample interval decreases. However, the
impact of varying sample intervals on spatial CCFs is not
readily apparent, primarily due to the small volumes of the
Tx and Rx spheres.

B. Antenna Patterns

After solving the optimization problem P2, the source cur-
rent coefficient j that can enable multi-user communications
can be obtained. The radiation pattern corresponding to the
source current J(r) can be calculated using (28). In Fig. 6,
the radiation patterns corresponding to the source current J(r)
of multi-user communications are provided, which can offer
guidance for antenna synthesis in practice [12]. Assume that
there are three users in the communication network, where the
radius of the source region is λ and the radius of the receiving
region is 20λ. The radiation patterns in the θ and φ directions
are shown in Figs. 6(a)-(c) and Figs. 6(d)-(f), respectively,
where the components of the electric fields in the r, θ, and
ϕ directions are represented. In practice, this paper provides
two methods to achieve the same performance in multi-user
communications. The first one is to design the source current
J(r) calculated based on optimization problem P2, while the
second one is to conduct antenna synthesis according to the
radiation pattern given in Fig. 6. Therefore, the continuous-
space electromagnetic channel model can guide the antenna
synthesis and communication system design.

C. Single-User Communication Scenario

In the single-user communication scenario, we studied the
DoFs and channel capacities of the continuous-space electro-
magnetic channel model in free space.

In Fig. 7, it is evident that the DoF increases as the transmit
power increases when the apertures of the Tx and Rx are
fixed. When the transmit power is fixed, the DoF increases
as the source region expands. In Fig. 8, it also shows that
DoF increases as the transmit power increases. When the
transmit power is fixed, the DoF increases as the receiving
region decreases. This is because when the source region
increases or the receiving region decreases, the channel gains
σp will increase. The influence of the source region on DoF is
much larger than that of the receiving region. Especially, the
influence of the receiving region on DoF is more pronounced
obvious when the receiving region is smaller.

In Figs. 9 and 10, the channel capacities of the continuous-
space electromagnetic channel model for different apertures
of the Tx and Rx are shown. In Fig. 9, the experimental
results show that when the transmit power is fixed, the
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(a) |Er| in the θ direction. (b) |Eθ| in the θ direction. (c) |Eϕ| in the θ direction.

(d) |Er| in the φ direction. (e) |Eθ| in the φ direction. (f) |Eϕ| in the φ direction.

Fig. 6. Radiation patterns corresponding to the source current J(r) of the multi-user communication in (a)-(c) the θ direction and (d)-(f) the φ direction.
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Fig. 7. The degree-of-freedom of the continuous-space electromagnetic
channel model for different apertures of the Tx (Rt = 0.5λ, 1λ, 1.5λ,Rr =
10λ, f = 30 GHz, and D = 10 m).

channel capacity increases as the aperture of the source region
increases. When the apertures of the Tx and Rx are fixed, the
channel capacity will increase as the transmit power increases.
It is consistent with the trend of the spatial DoF. In Fig. 10,
the channel capacity of the continuous-space electromagnetic
channel model shows little difference for different apertures
of the Rx. When the aperture of the Rx increases, the channel
capacity will decrease. This is because the channel capacity
and the spatial DoF are determined by the channel gain σp
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Fig. 8. The degree-of-freedom of the continuous-space electromagnetic
channel model for different apertures of the Rx (Rt = 0.5λ,Rr =
1λ, 1.5λ, 10λ, f = 30 GHz, and D = 10 m).

and the transmit power PT .

D. Multi-User Communication Scenario

In a multi-user communication scenario, the item number
P of the SVD needs to be chosen properly. This can be
determined by the minimum mean squared error (MMSE)
in (37) and the transmit power PT . Firstly, we studied the
relationship between the SVD items P and the signal error
err for different numbers of users.
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Fig. 9. Channel capacity of the continuous-space electromagnetic channel
model for different apertures of the Tx (Rt = 0.5λ, 1λ, 1.5λ,Rr =
10λ, f = 30 GHz, and D = 10 m).
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Fig. 10. Channel capacity of the continuous-space electromagnetic chan-
nel model for different apertures of the Rx (Rt = 0.5λ,Rr =
1λ, 1.5λ, 10λ, f = 30 GHz, and D = 10 m).

In Fig. 11, the MMSE for different numbers of users is
simulated. It is shown that when the item numbers of SVD
P < K, the MMSE will decrease as the value of P increases.
When the item numbers of SVD P = K, the MMSE decreases
rapidly as P increases and stabilizes after reaching a very
small value. Therefore, it is appropriate to choose P > K. In
Fig. 12, for different numbers of users, the transmit power
|jopt|2 initially increases, then decreases with the increase
of the item value P , and finally tends to be stable. It is
shown that when P = K, the transmit power reaches its
maximum value. When P equals 3K, the transmit power
decreases to a relatively low level and remains unchanged. In
real communication scenarios, the less energy consumed by
the source region, the more energy-efficient communication
becomes. Therefore, P = 3K is the most appropriate choice
when jointly considering the influences of P on the MMSE
and transmit power, as well as the complexity of the multi-user
communications setup.

In the following simulations, there are 10 users and the
dimension of the SVD is 30. Assume that the radius of the
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Fig. 11. The relationship between minimum mean squared error and the item
number of SVD for different numbers of users.
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Fig. 12. The relationship between the transmit power and the item number
of SVD for different numbers of users.

transmitting sphere is 2λ and the radius of the receiving sphere
is 20λ. In Fig. 13, the channel capacity decreases as the
distance between the Tx and Rx increases, which is due to
the fact that smaller distances result in less attenuation of the
electric fields. In Fig. 14, the channel capacity increases as
the radius of the transmit sphere increases. In addition, it is
obvious that the channel capacity increases as the transmit
power increases. This is because a larger antenna aperture
corresponds to stronger spatial filtering ability, resulting in
a higher channel capacity. In Fig. 15, multi-user channel
capacities of the proposed channel model with and without
scattering are compared for different sample intervals. It can
be seen that the channel capacity can be increased by about
3 bps/Hz at PT = 5 dBm when the sample interval is reduced
from half a wavelength to λ/4, and the channel capacity
with scattering is approximately three times greatly than that
without scattering. It is illustrated that the channel capacity
considering scatterers is greater than that without considering
scatterers due to the multipath effect. In addition, the channel
capacity can increase to a certain extent when the sample



IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. XX, NO. XX, MONTH 2024 12

0 10 20 30 40 50 60

0

20

40

60

80

100

Fig. 13. The channel capacity of the continuous-space electromagnetic
channel model for different distance D.

0 0.5 1 1.5 2 2.5

0

20

40

60

80

100

Fig. 14. The channel capacity of the continuous-space electromagnetic
channel model for different apertures of the Tx.

interval decreases.
To better illustrate the numerical results, the influence of

the sample interval, the precoding scheme, and the total
efficiency on channel capacities are investigated through the
full-wave CST STUDIO SUITEr. Here, the sample interval
ranges from 0.3λ to 0.7λ and the transmit power is set to 10
dBm. Two precoding schemes including MMSE and signal-
to-leakage and noise ratio (SLNR) are adopted to calculate
the multi-user capacities. In CST microwave studio, the an-
tenna pattern, bandwidth, and efficiency are considered. The
simulation results are shown in Fig. 16. It can be observed
that as the sample interval decreases, the multi-user channel
capacity first increases and then decreases. This is because
when the sample interval becomes smaller, the difference in
the current distribution of the antenna surface is greater, and
the regulation of the current distribution will be more precise.
However, the total efficiency will decrease rapidly as the
antenna spacing decreases. It can also be observed that the
multi-user capacity using SLNR precoding is higher than that
using MMSE precoding, indicating that SLNR precoding has
better performance. In addition, when the sample interval is
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Fig. 15. Channel capacities of the continuous-space electromagnetic channel
model versus transmit power with and without scattering for different sample
intervals.
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Fig. 16. Multi-user channel capacities of continuous-space electromagnetic
channel model with different sample intervals.

small, capacities considering the total efficiency are smaller
than those without considering the total efficiency.

V. CONCLUSIONS

In this paper, we have proposed a 3D continuous-
space electromagnetic channel model considering scatterers,
non-stationarity, and near-field spherical wavefronts for tri-
polarized multi-user communications. The MoM has been
utilized to calculate the scattered electric fields, while spherical
wave functions have been employed to evaluate the near-
field effect. In addition, channel statistical properties, single-
user channel capacities, and multi-user channel capacities have
been simulated and analyzed. Simulation results have shown
that the temporal ACF and spatial CCF decrease when consid-
ering scatterers in the proposed channel model. Additionally,
multi-user channel capacities increase as the distance between
the Tx and Rx decreases. Results have also illustrated that
channel capacities increase as the transmitting volume and
power increase. The channel capacity with scatterers is about
three times greater than that without scatterers. In addition,
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the sample interval also impacts multi-user communications
according to full-wave simulation. The results illustrate that
when the sample interval decreases, the channel capacity
will first increase and then decrease, which is because of
the increase in spatial DoF, differences in surface current
distributions, and the rapid decrease in total efficiency. There-
fore, the analysis of the 3D continuous-space electromagnetic
channel model is significant for network planning in multi-user
wireless communications.
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[26] M. Gan, G. Steinböck, Z. Xu, T. Pedersen, and T. Zemen, “A hybrid ray
and graph model for simulating vehicle-to-vehicle channels in tunnels,”
IEEE Trans. Veh. Technol., vol. 67, no. 9, pp. 7955–7968, Sept. 2018.

[27] S. Ali, F. Kohandani, and G. Wen, “Analysis of a MIMO outdoor channel
with hybrid EM-based modeling,” IEEE Antennas Wireless Propag.
Lett., vol. 6, pp. 506–509, 2007.

[28] Y. Chen, Y. Li, C. Han, Z. Yu, and G. Wang, “Channel measurement
and ray-tracing-statistical hybrid modeling for low-terahertz indoor
communications,” IEEE Trans. Wireless Commun., vol. 20, no. 12,
pp. 8163–8176, Dec. 2021.

[29] Y. Zhang, L. Zhao, and Z. He, “A 3-D hybrid dynamic channel model
for indoor THz communications,” China Commun., vol. 18, no. 5,
pp. 50–65, May. 2021.

[30] Y. Li, Y. Chen, D. Yan, K. Guan, and C. Han, “Channel characteri-
zation and ray-tracing assisted stochastic modeling for urban vehicle-
to-infrastructure terahertz communications,” IEEE Trans. Veh. Technol.,
vol. 72, no. 3, pp. 2748–2763, Mar. 2023.

[31] J. Israel and S. Rougerie, “A physical–statistical hybrid model for land
mobile satellite propagation channel at Ku/Ka band,” in Proc. EuCAP
2020, Copenhagen, Denmark, Mar. 2020.

[32] D. He, et al., “Channel characterization and hybrid modeling for
millimeter-wave communications in metro train,” IEEE Trans. Veh.
Technol., vol. 69, no. 11, pp. 12408–12417, Nov. 2020.
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