
Millimeter Wave Channel Parameter Estimation
Using a 3D Frequency Domain SAGE Algorithm

Rui Feng1, Jie Huang1, Jian Sun1,2, Cheng-Xiang Wang3,1, and Xiaohu Ge4
1Shandong Provincial Key Lab of Wireless Communication Technologies, Shandong University, Jinan, Shandong, 250100, China.

2State Key Lab. of Millimeter Waves, Southeast University, Nanjing, 210096, China.
3Institute of Sensors, Signals and Systems, School of Engineering & Physical Sciences, Heriot-Watt University, Edinburgh, EH14 4AS, U.K.

4School of Electronic Information and Communications, Huazhong University of Science and Technology, Wuhan, 430074, China.
Email: fengxiurui604@163.com, hj 1204@sina.cn, sunjian@sdu.edu.cn, cheng-xiang.wang@hw.ac.uk, xhge@mail.hust.edu.cn

Abstract—In order to describe the highly scattered prop-
erty of millimeter wave (mmWave) multiple-input multiple-
output (MIMO) channels, the existing high resolution frequency
domain space-alternating generalized expectation-maximization
(FD-SAGE) algorithm is studied and extended to three-
dimentional (3D) MIMO case by including the estimation of
elevation angles. The signal model and estimation procedure are
described in detail and the capability of the proposed algorithm
is verified in both synthetic and real measurement environments.
Firstly, the performance of the proposed 3D FD-SAGE algorithm
is evaluated in simulated single-input multiple-output (SIMO)
channels. The estimation results match well with the parameter
settings. Secondly, the impact of antenna array configuration
and signal-to-noise ratio (SNR) on the capability of the proposed
algorithm is also analyzed. It is found that systems with large
antenna array size and high SNR exhibit excellent performance
in angular estimation. Finally, 60 GHz mmWave indoor channel
measurements are carried out and the channel parameters are
estimated using the proposed 3D FD-SAGE algorithm.

Index Terms—Parameter estimation, millimeter wave, 60 GHz,
FD-SAGE.

I. INTRODUCTION

Stimulated by the exploding requirements of wireless com-
munications for human and devices connections, several key
technologies such as massive MIMO, mmWave, visible light
communication (VLC), and cognitive radio (CR) networks
have been proposed to increase the data rate, network capacity,
energy efficiency, and spectral efficiency [1]. The mmWave
technology can provide large bandwidth to support Gigabits
per second (Gbps) transmission data rate and the combination
with massive MIMO and small cell networks can overcome
high attenuation of mmWave [2], [3]. However, wireless
communication systems using aforementioned technologies
may exhibit different propagation characteristics, which bring
new challenges to channel measurements and modeling. It
is pointed out in [4] that, the massive MIMO and mmWave
communication technologies will obviously reduce cell cover-
age, and in [5], mmWave MIMO communications with beam-
forming technique should take both azimuth and elevation
angle characteristics into account. Thus, extensive channel
measurements have been carried out in mmWave MIMO
channels [6], [7], and high resolution parameter estimation
methods including the estimation of elevation angles should

be utilized to reveal the inherent phenomenon of the new
channels.

There are mainly three categories of estimation methods
to extract channel parameters from measurement data, i.e.,
spectral estimation, parametric subspace-based estimation, and
deterministic parametric estimation. Multiple signal classifica-
tion (MUSIC) and estimation of signal parameter via rotational
invariance technique (ESPRIT) algorithms are representative
for the first two categories, which perform far from satis-
factory for highly correlated multipath components (MPCs)
estimation. Within the third category are the expectation-
maximization (EM) and SAGE algorithms. SAGE algorithm
is an extension of EM algorithm by dividing the maximization
procedure of all parameters into several subsets [8], and has
been applied for joint estimation of amplitude, delay, az-
imuth angle of departure (AOD), elevation angle of departure
(EOD), azimuth angle of arrival (AOA), elevation angle of
arrival (EOA), and Doppler shift in time domain. For vector
network analyzer (VNA) based channel measurements, it is
more convenient to process the measurement data directly in
frequency domain. FD-SAGE algorithm was proposed in [9]
to estimate parameters including amplitude, delay, and AOA.
In [10], estimation of AOD was involved to determine the
angular characteristics at both ends of the radio link. However,
the estimation of elevation angles at both ends is still absent
in FD-SAGE algorithm.

Taking aforementioned problems into consideration, we
introduce the frequency domain channel model, and extend the
FD-SAGE algorithm to 3D case by taking elevation angles into
account. Performance of the proposed algorithm is analyzed
using synthetic data with different antenna array configurations
and the value of SNRs. The VNA-based 60 GHz indoor
channel measurements are also described and the channel
parameters are estimated using the proposed 3D FD-SAGE
algorithm.

The remainder of this paper is organized as follows. The
time invariant MIMO channel model is outlined in Section II.
Detailed introduction of 3D FD-SAGE algorithm is sketched
in Section III. Performance and application of 3D FD-SAGE
algorithm in synthetic data and real measurement data are
presented in Section IV. Finally, conclusions are drawn in
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Section V.

II. SIGNAL MODEL

In a time invariant MIMO system consisting of 𝑀 transmit-
ter (Tx) antennas and 𝑁 receiver (Rx) antennas, MPCs arrive
at Rx with different delays, angles of departure, angles of ar-
rival, and complex amplitudes. The double-directional channel
impulse response (CIR) can be represented by summing 𝐿
MPCs up [9],

ℎ(𝜏,Ω𝑇 ,Ω𝑅) =

𝐿∑

𝑙=1

𝛼𝑙𝛿(𝜏 − 𝜏𝑙)𝛿(Ω𝑇 −Ω𝑇,𝑙)𝛿(Ω𝑅 −Ω𝑅,𝑙)

(1)
where 𝛿(⋅) is the Dirac delta function, and notations 𝛼𝑙, 𝜏𝑙,
Ω𝑇,𝑙, and Ω𝑅,𝑙 are the complex amplitude, delay, AOD, and
AOA of the 𝑙-th path, respectively. It is worth mentioning
that Ω(⋅) is a unit vector uniquely determined by azimuth and
elevation angles, i.e., 𝜙 and 𝜃. As depicted in Fig. 1, the initial
point is anchored at a reference point and the terminal point is
located on a sphere centering at the reference point with unit
radius. Taking the impinging wave as an example, the direction
of the arrival wave can be expressed in spherical coordinate,

Ω𝑅 = 𝑒(𝜙𝑅, 𝜃𝑅) = [cos(𝜙𝑅)sin(𝜃𝑅), sin(𝜙𝑅)sin(𝜃𝑅),

cos(𝜃𝑅)]
T, (𝜙𝑅, 𝜃𝑅) ∈ [0, 2𝜋)× [0, 𝜋]

(2)

where [⋅]T denotes the transpose operator.
The channel transfer function can be obtained by Fourier

transform (FT) of (1) in delay domain [10],

H(𝑓,Ω𝑇 ,Ω𝑅) =
𝐿∑

𝑙=1

𝛼𝑙𝛿(Ω𝑇 −Ω𝑇,𝑙)𝛿(Ω𝑅 −Ω𝑅,𝑙)𝑒
−𝑗2𝜋𝑓𝜏𝑙

(3)
where 𝑓 represents the frequency. To obtain the frequency
response matrix, the antenna radiation patterns are convolved
to (3) as [11],

H(𝑓) =

𝐿∑

𝑙=1

𝛼𝑙c2(Ω𝑅,𝑙)cT
1(Ω𝑇,𝑙)𝑒

−𝑗2𝜋𝑓𝜏𝑙 . (4)

At each frequency point, H(𝑓) is a matrix of size 𝑀 ×𝑁 .
The frequency response of the measurement system is cali-
brated out before the measurements.

Steering vectors c1(Ω𝑇 ) and c2(Ω𝑅) represent the response
of the arrays to a wave impinging from directions Ω𝑇 and Ω𝑅,
which can be expressed as [12]

c1(Ω𝑇 ) = 𝑓𝑇,𝑚(Ω𝑇 )exp{𝑗2𝜋𝜆−1 ⟨𝑒(Ω𝑇 ), 𝑟𝑇,𝑚⟩},
𝑚 = 1, ...,𝑀

(5)

c2(Ω𝑅) = 𝑓𝑅,𝑛(Ω𝑅)exp{𝑗2𝜋𝜆−1 ⟨𝑒(Ω𝑅), 𝑟𝑅,𝑛⟩}, 𝑛 = 1, ..., 𝑁
(6)

where 𝜆, 𝑓(Ω) , and 𝑟 denote the wavelength, complex antenna
radiation pattern, and antenna location vector, respectively. The
phase shift caused by antenna position is given as

⟨𝑒(Ω), 𝑟⟩ = [𝑥− 𝑑𝑥, 𝑦 − 𝑑𝑦, 𝑧 − 𝑑𝑧][cos(𝜙)sin(𝜃),

sin(𝜙)sin(𝜃), cos(𝜃)]T.
(7)

As is shown in Fig. 1, 𝑥, 𝑦, and 𝑧 are the position coordi-
nates of the antenna element, and the spacing between adjacent
antenna position in each axis is 𝑑𝑥 = 𝑑𝑦 = 𝑑𝑧 = 𝜆

2 . Equation
(7) shows the symmetry characteristics of the steering vector,
which means horizontal planar array cannot distinguish im-
pinging waves from above and below, and vertical planar array
cannot distinguish impinging waves from front and back. Thus,
cube, cylindrical and spherical antenna array, etc, would be
better choices in order to acquire abundant angular information
in channel measurements.

Further considering 𝐾 frequency bins, the channel transfer
function matrix at the 𝑘-th frequency bin is given as [10]

H(𝑘) =

𝐿∑

𝑙=1

S(𝑘;𝜽𝑙) +W(𝑘), 1 ≤ 𝑘 ≤ 𝐾 (8)

where 𝜽𝑙 = [𝜏𝑙,Ω𝑅,𝑙,Ω𝑇,𝑙, 𝛼𝑙] contains all the parameters
of the 𝑙-th path, S(𝑘;𝜽𝑙) = 𝛼𝑙c2(Ω𝑅,𝑙)cT

1(Ω𝑇,𝑙)𝑒
−𝑗2𝜋𝑓𝑘𝜏𝑙 is

the component contributed by the 𝑙-th path [8], and W(𝑘) is
the standard 𝑁 -dimensional vector-valued zero-mean complex
white Gaussian noise.

Fig. 1. Spherical coordinate and virtual cube antenna array configuration.

III. PARAMETER ESTIMATION USING 3D FD-SAGE
ALGORITHM

SAGE algorithm is an extension of EM algorithm by divid-
ing the maximization procedure into several subsets. Complete
data (unobservable) and incomplete data (observable) are two
key notions of EM algorithm, and the choice of complete data
should guarantee the rate of convergence for the parameter
estimation procedure. As is shown in [13], the natural choice
of complete data given in (9) leads to a simple scheme,

X𝑙(𝑘) = S(𝑘;𝜽𝑙) +W(𝑘), 𝑙 = 1, ..., 𝐿. (9)
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The incomplete data is expressed as H(𝑘) =
∑𝐿

𝑙=1 X𝑙(𝑘).
If {X𝑙(𝑘), 𝑙 = 1, ..., 𝐿} is known, we can search the param-
eters of each path {𝜽𝑙, 𝑙 = 1, ..., 𝐿} that can maximize the
maximum likelihood estimation (MLE) functions. As X𝑙(𝑘) is
unknown in practical, it can be obtained by subtracting all the
paths except the 𝑙-th path from H(𝑘),

X̂𝑙(𝑘; �̂�
′
𝑙′) = E[X𝑙(𝑘)∣H(𝑘), �̂�

′
𝑙′ ] = H(𝑘)−

𝐿∑

𝑙′=1,𝑙′ ∕=𝑙

S(𝑘; �̂�
′
𝑙′).

(10)
Equation (10) represents the expectation (E) step of EM al-

gorithm using parallel interference cancellation (PIC) method,
where �̂�

′
𝑙′ denotes the initial assumption or previous estimation

of the 𝑙′-th path.
Given the complete data acquired above, parameters of

MPCs can be derived by searching for the values that can
maximize the cost function [8],

z = cH
2 (Ω𝑅)

𝐾∑

𝑘=1

𝑒𝑗2𝜋𝑓𝑘𝜏 X̂𝑙(𝑘; �̂�
′
𝑙)c

∗
1(Ω𝑇 ). (11)

where [⋅]H and [⋅]∗ denote Hermitian operator and complex
conjugation. In the 3D FD-SAGE algorithm, parameters are
divided into three sets: {𝜏𝑙, 𝛼𝑙}, {Ω𝑇,𝑙, 𝛼𝑙}, and {Ω𝑅,𝑙, 𝛼𝑙},
which are consecutively searched in each iteration step [10],

𝜏
′′
𝑙 = argmax

𝜏
{∣z(𝜏, Ω̂′

𝑇,𝑙, Ω̂
′
𝑅,𝑙; X̂𝑙(𝑘; �̂�

′
𝑙))∣} (12)

Ω̂
′′
𝑇,𝑙 = [𝜙′′

𝑇,𝑙, 𝜃
′′
𝑇,𝑙] = argmax

Ω𝑇

{∣z(𝜏 ′′
𝑙 ,Ω𝑇 , Ω̂

′
𝑅,𝑙; X̂𝑙(𝑘; �̂�

′
𝑙))∣}

(13)
Ω̂

′′
𝑅,𝑙 = [𝜙′′

𝑅,𝑙, 𝜃
′′
𝑅,𝑙] = argmax

Ω𝑅

{∣z(𝜏 ′′
𝑙 , Ω̂

′′
𝑇,𝑙,Ω𝑅; X̂𝑙(𝑘; �̂�

′
𝑙))∣}
(14)

�̂�
′′
𝑙 =

1

𝑀𝑁𝐾
z(𝜏

′′
𝑙 , Ω̂

′′
𝑇,𝑙, Ω̂

′′
𝑅,𝑙; X̂𝑙(𝑘; �̂�

′
𝑙)). (15)

Equations (12)–(15) are referred to as the maximization (M)
step. Iteratively carrying out the “E” and “M” steps, a sequence
of estimates can be generated until the cost function converges
to a stationary point.

Initialization of parameters for each path is also influential
to the convergence rate of the iteration technique. Successive
interference cancellation (SIC) method orders all the estimated
waves in descending order according to the received power.
It can avoid the inaccuracy estimation of weak MPCs caused
by strong MPCs. With SIC method, “E” step in (10) can be
rewritten as

X̂𝑙(𝑘; �̂�
′
𝑙) = H(𝑘)−

𝑙−1∑

𝑙′=1

S(𝑘; �̂�
′
𝑙′). (16)

Within the SIC initialization procedure, (12)–(14) can be

replaced by (17)–(19) with pre-initial setting �̂�
′
= [0, ..., 0]

for each path. The initialization for all paths is consecutively
carried out similar to the SAGE iteration procedure. Note
that in the initialization procedure, we choose two-dimensional
grid search scheme to estimate departure and incidence angles

rather than one-dimensional search scheme, because the for-
mer would provide more accurate estimation of the direction
information [13].

𝜏
′′
𝑙 = argmax

𝜏
{

𝑀∑

𝑚=1

𝑁∑

𝑛=1

∣
𝐾∑

𝑘=1

𝑒𝑗2𝜋𝑓𝑘𝜏X𝑙,𝑚,𝑛(𝑘; �̂�
′′

𝑙 )∣2} (17)

Ω̂
′′
𝑇,𝑙 = argmax

Ω𝑇

{
𝑁∑

𝑛=1

∣
𝐾∑

𝑘=1

𝑒𝑗2𝜋𝑓𝑘𝜏
′′
𝑙 X𝑙,𝑛(𝑘; �̂�

′′

𝑙 )c
∗
1(Ω𝑇 )∣2}

(18)

Ω̂
′′
𝑅,𝑙 = argmax

Ω𝑅

{
𝑀∑

𝑚=1

∣cH
2 (Ω𝑅)

𝐾∑

𝑘=1

𝑒𝑗2𝜋𝑓𝑘𝜏
′′
𝑙 X𝑙,𝑚(𝑘; �̂�

′′

𝑙 )∣2}.
(19)

IV. SIMULATION RESULTS AND ANALYSIS

A. Performance Evaluation in Simulated Environment

The 3D FD-SAGE algorithm analysis is performed over a
bandwidth of 2 GHz centered at 60 GHz with 401 frequency
sample points. A 1 × 64 SIMO channel with 20 MPCs is
synthesized, and the MPC parameters are generated from
distributions listed in Table I. Both AOA and EOA are taken
into consideration as directional resolution is important espe-
cially in mmWave MIMO channel measurements. It is worth
mentioning that the proposed algorithm is capable of double
directional estimation, but only single directional channel data
is simulated and measured in this paper as an example to
illustrate the parameter estimation performance.

Fig. 2 shows a comparison of the estimated results with the-
oretical settings. The solid lines ended with stars and diamonds
represent the theoretical settings and estimated parameters of
20 MPCs, respectively. The grid steps used to search delay and
angles are 0.5 ns and 1∘. It is clear to see that the simulation
results of delay, AOA, and EOA for each path match very
well with theoretical settings. From the results we can draw
the conclusion that the proposed 3D FD-SAGE algorithm can
provide accurate estimation in synthetic environment.

0
400

50

300 150

100

E
O

A
, 
θ
 (

°)

150

AOA, φ (°)

200 100

Delay, τ (ns)

200

100 50

0 0

Theoretical settings

FD-SAGE estimation

Fig. 2. Performance of 3D FD-SAGE algorithm in simulated environment.
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It is verified in [9] that delays of MPCs can be estimated
more precisely. We concentrate on observing the estimation
results of AOA and EOA. While Fig. 2 is obtained under noise-
less condition, in order to observe the estimation performance
under different channel conditions, we choose 3× 3× 3 cube
array and simulate the channel with SNR equals to 5 dB and
20 dB, respectively. It is shown in Fig. 3(a) that several MPCs
are not estimated accurately with SNR equals to 5 dB, while
precise parameters can be extracted by increasing SNR to 20
dB.

Considering that antenna array configuration may has effects
on the estimation results, we compare the estimated angles
of arrival using virtual cube array and vertical planar array
while keeping other parameters unchanged as listed in Table I.
The planar array is a 8 × 8 vertical plane with total antenna
number of 64. The results are shown in Fig. 3(b). It is clear
that estimation results denoted in diamond, i.e., vertical planar
array, cannot distinguish signals from front and back, while
cube array denoted by circle match well with the simulation
settings.

TABLE I
SIMULATION PARAMETER SETTINGS.

Parameter Simulation setting
Number of Tx antenna, 𝑀 1

Rx array size, 𝑁 4× 4× 4 cube array
Carrier frequency, 𝑓 60 GHz

Bandwidth, 𝐵 2 GHz
Frequency bins, 𝐾 401
Number of paths, 𝐿 20

Amplitude, 𝛼 Complex zero-mean Gaussian distribution
Delay, 𝜏(𝑛𝑠) Uniform distribution in [10, 130]
AOA, 𝜙(∘) Uniform distribution in [0, 360]
EOA, 𝜃(∘) Uniform distribution in [0, 180]

B. Application to Real Measurement Data

In this section, we apply the proposed algorithm to the real
measurement data obtained in an indoor office environment.
As is shown in Fig. 4, the room size is about 7.2×7.2×3 m3.
It is furnished with multiple chairs, desks, several computers,
and electronic devices. The walls, floor, and ceiling are made
of concrete, and there are several windows on both sides of
the wall.

The measurement system is consist of Keysight E8257D sig-
nal generator, Keysight N5227A VNA, 5-axes positioner, Tx
and Rx antennas, and cables, etc. The measurement frequency
range is from 59 GHz to 61 GHz and 401 frequency samples
have been collected. Rx is a 10 dBi horn antenna located on
the tripod with 1.6 m height, and Tx is an omni-directional
antenna placed on positioner with the same height and scans
in 15 × 15 × 15 solid cube array. Tx and Rx antennas are
aligned with distance of 4 m.

Channel parameters estimated via the 3D FD-SAGE algo-
rithm are shown in Fig. 5. The power angular delay profile

(a)

(b)

Fig. 3. Estimation results comparison under different array configurations
and SNRs: (a) N=27, L=20, SNR=5 & 20 and (b) N=64, L=20, SNR=20.

Fig. 4. Real environment measurements.

(PADP) gives a clear illumination of the power, delay, AOD,
and EOD of MPCs. Both the size and color of the circle
are indicators of the received power. Totally 100 MPCs are
estimated to represent all the dominant impinging waves. As
Tx is aligned to Rx with 4 m distance, a strong line of sight
(LOS) component with power gain up to -70 dB can be found
with delay of 14 ns, which corresponds to the travel length
with light speed. Waves arriving at Rx with delays around 28
ns are caused by first-order reflection.

Fig. 6 shows the estimated power angular profile (PAP).
Azimuth angles of the estimated paths are centered at 0∘

and ±180∘, and the LOS component with azimuth angle of
0∘ and elevation angle of 90∘ agrees with the measurement
environment setup. We can also see that the elevation angles of
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Fig. 5. Estimated delay-angular spread function.

estimated paths are dispersive, which verifies the significance
of elevation angle estimation.
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Fig. 6. Estimated power angular profile.

V. CONCLUSIONS

In this paper, a detailed derivation procedure of the fre-
quency domain signal model with the features of steering
vector has been introduced. Considering that elevation angles
are of vital importance to describe mmWave MIMO channels,
a 3D FD-SAGE algorithm has been proposed to jointly esti-
mate the amplitude, delay, AOD, EOD, AOA, and EOA. In
order to testify the performance of the proposed algorithm, a
synthetic SIMO channel with 20 MPCs has been established.

Results have shown that the estimated parameters match well
with the settings. Simulations with different SNRs and array
configurations have also been carried out. It has been shown
that estimated results with high SNR and cube array perform
better than that using low SNR and planar array. Channel
measurements in a typical indoor office environment at 60
GHz have been described and analyzed using the proposed
algorithm. The results have shown that the proposed 3D FD-
SAGE algorithm can provide accurate parameter estimation
and the dispersive elevation angles of MPCs further illustrates
the importance of 3D angle estimation.
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