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Abstract— Due to the agile three-dimensional (3D) mobility
and flexibility, unmanned aerial vehicles (UAVs) have shown
great promise for on-demand communications in sixth-generation
(6G) wireless networks. In UAV communication systems,
3D beamforming is an effective technique for performance
enhancement. To take full advantage of 3D beamforming in
UAV communication systems, we need to accurately characterize
and efficiently predict highly dynamic UAV channels in the
beam domain. This paper first proposes a novel beam domain
channel model (BDCM) considering random UAV trajectories
and fuselage vibrations. Then, we propose a beam domain
channel tracking algorithm to capture variations of multipath
component (MPC) parameters in UAV channels. Finally, we put
forward a novel beam domain channel prediction scheme for
UAV communication systems utilizing channel sparsity and high
temporal correlation in the beam domain. The proposed channel
prediction scheme can extract channel variation trends utilizing
the echo state network (ESN) and predict channel parameters in
subsequent time blocks based on the history channel information.
Simulation results show that the proposed channel prediction
scheme outperforms the conventional prediction scheme based on
angular speed estimation in terms of both prediction accuracy
and communication system performance.

Index Terms— UAV communication systems, BDCM, channel
prediction, MPC tracking, channel characteristics.
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I. INTRODUCTION

WITH the vigorous development of the unmanned aerial
vehicle (UAV) industry, the reliable communication

for UAVs is regarded as an indispensable part of the UAV
ecosystem. Consequently, the cellular network involving UAV
has witnessed a lot of interests and UAV communication
has been seen as a potential key technology for sixth-
generation (6G) communication networks [1], [2], [3].
Benefiting from the rapid development of base station (BS)
miniaturization technology, UAVs equipped with airborne
BS can be deployed to provide wireless service for
ground users (GUs), which is known as the UAV assisted-
communication [4]. Due to the advantage of three-dimensional
(3D) maneuverability, the UAV assisted-communication is
especially attractive to on-demand communication paradigms,
e.g., temporary/unexpected hotspots, disaster relief, and smart
agriculture [5]. Due to specific stereoscopic propagation
environments and agile UAV trajectories, UAV channels
present various unique properties, e.g., the time domain non-
stationary property introduced by UAV movement and fuselage
vibration [6], the channel sparsity caused by open propagation
environment in the air [7], and wide distribution of multipath
components (MPCs) in elevation domain due to variable
UAV heights [8]. It is well known that precise analysis
and characterization of wireless channels are foundations of
follow-up technical research [9]. The cognition and prediction
of channel properties also help to enhance the performance
of communication systems [10]. Therefore, UAV channel
investigation has been a hot area of research recently.

A. Related Works

Up to now, UAV channel modeling and channel prediction
have received increasing research attention. With regard
to UAV channel modeling, existing studies mainly pay
attention to the characterization of fast time-variant channel
properties caused by 3D UAV trajectories and changing
channel parameters in different UAV heights [11]. To analyze
the impact of terrain and objects on UAV channels,
many studies used the ray-tracing method to construct 3D
propagation environments in a deterministic manner and
simulated the received signal power [12], line-of-sight (LoS)
probability [13], and shadowing [14] for specific regions.
To catch up with the high dynamic and temporal non-
stationary properties introduced by changeable locations of
UAV and GU, a number of stochastic UAV channel models
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were developed [15], [16], [17], [18], [19], [20], [21], [22],
[23], [24]. In [15], the time delay line structure wideband
channel model was developed based on the field measurement
in the hilly area. By solving explicit geometric relationships
among UAV, GU, and scatterers, geometry-based stochastic
models (GBSMs) were constructed in 3D environments. For
example, in [16], [17], [18], the cylinder model was used
to describe the scattering region around GUs. Key statistical
properties such as temporal auto-correlation function (ACF)
and spatial cross-correlation function (CCF) were derived and
simulated according to the geometric relationship. In [19]
and [20], the multi-confocal ellipsoid is used to model
wideband multipath properties of air-to-ground channels with
the multi-antenna configuration. In [21], [22], [23], [24], the
geometric distribution is used to describe 3D propagation
environments. Through the derivation of geometric relation,
the spatial correlation can be characterized to support multiple-
input multiple-output (MIMO) configuration. However, since
the channel response for each antenna pair is generated
separately, a large amount of geometric relation computation
will bring huge complexity. With the increase of antenna
element number for wireless communication systems, the
simulation complexity of aforementioned antenna domain
channel models will greatly increase. To reduce simulation
complexity, the beam domain channel model (BDCM) for
UAV channels was firstly developed [25], in which channel
simulation complexity will not increase proportional to
antenna number. However, the BDCM in [25] has not
considered the impact of 3D random UAV trajectories and
needs to be improved.

Different from channel modeling, which focuses on
generalizing channel characteristics through mathematical
expression, channel prediction aims to predict the specific
channel characteristic at the particular condition [26].
Therefore, the channel prediction can be regarded as predictive
channel modeling in general [2]. Accurate prediction of
channel characteristics and parameters can provide a valuable
reference for communication system design. For example,
the channel prediction can provide a feasible supplement for
channel measurement data in some extreme environments.
Furthermore, channel prediction can also replace part of
channel estimation process, which will reduce the pilot
overhead, especially for massive MIMO communication
systems. As for the UAV channel prediction, a number of
investigations proposed to use movement prediction filters
such as the Kalman filter to track the variation of UAV
channels [27]. Yan et al. combined the long-short term memory
(LSTM) and Kalman filter to improve the performance of
UAV channel tracking [28]. The UAV position and beam
direction were used as prior information to aid the design
of beamforming and user clustering schemes, which can help
to enhance the achievable sum rate of multi-UAV systems
[29]. Khawaja et al. introduced the auto-regression method to
predict the power of MPCs [30]. The angular speed estimation
method was used to predict the beam direction of cellular-
UAV channels [31]. Based on the angular speed estimation
method, the beamwidth was studied to satisfy the flying range
and speed of UAV [32]. The codebook-based beam training for

UAV mmWave communications was studied in [33]. The beam
learning scheme was proposed in [34] and verified through
field experiments. Existing UAV channel prediction schemes
are mostly appropriate for ideal propagation environments, i.e.,
LoS dominant or stationary channels. The vibration of attitude
angles are usually overlooked and the impact of random
trajectories of UAV are rarely investigated.

B. Contributions

To address the above mentioned research gaps, we propose
a BDCM for UAV channels considering both random UAV
trajectories and fuselage vibrations. Then the MPC tracking
algorithm and the channel prediction scheme in the beam
domain are designed based on the proposed UAV BDCM. The
contributions and novelties of this paper include:
• A novel 3D BDCM for UAV-to-ground channels is

proposed through transforming GBSM from antenna
domain to beam domain. By the modeling of 3D
attitude angles and random arbitrary UAV trajectories,
the proposed BDCM supports both UAV vibration and
random motion. The correlation analysis demonstrates
that the UAV channel shows greater temporal correlation
coefficients in the beam domain than that in the antenna
domain.

• Based on the proposed BDCM, a beam domain MPC
tracking algorithm is developed to capture the variation
of UAV channels in the beam domain. The beam
domain multipath component distance (MCD) is defined
to measure the difference of MPCs and identify MPC
trajectories over different time instants. The effectiveness
of the tracking algorithm is verified through simulation.

• Inspired by higher temporal correlation and sparsity in the
beam domain, a channel prediction scheme is proposed
based on the echo state network (ESN). According to
the history channel information, beam domain channel
information including beam directions and amplitudes
can be predicted to reduce the channel estimation
overhead.

C. Paper Outline and Notation

The remainder of this paper is organized as follows.
In Section II, the improved BDCM considering random UAV
trajectories and vibrations is illustrated. In Section III, the
beam domain MPC tracking algorithm for UAV channels is
introduced. A beam domain channel prediction scheme is
provided in Section IV. In Section V, simulation results are
presented and analyzed. Finally, conclusions are drawn in
Section VI.

Notation: In this article, ∥·∥F denotes Frobenius norm,
(·)T is transpose operation, (·)∗ is conjugate operation, (·)H
denotes conjugate transpose operation, ⊙, ⊗, and ⟨·, ·⟩ denote
the Schur-Hadamard product, Kronecker product, and inner
product, respectively.

II. A 3D BDCM FOR UAV COMMUNICATIONS

A. Framework of BDCM

To catch up with fast varying UAV channel parameters,
we construct a vectorized representation of UAV channel
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propagation environment as shown in Fig. 1. Considering
a UAV-to-ground channel, the uniform planner array (UPA)
mounted on the UAV containing MR antenna elements is
regarded as a receiver (Rx), and the GU with single antenna
element is regarded as a transmitter (Tx). The UAV can collect
data from GUs and send back to the core network or data
center [1]. Suppose that the GU moves in the horizontal
plane with vectorized velocity vT and the UAV moves in
the 3D space with vectorized velocity vR. Meanwhile, the
smooth turn random mobility model (ST-RRM) [35] is utilized
to generate the 3D trajectory of the UAV. The time-varying
coordinate of UAV is generated in global coordinated system
(GCS) taking initial GU coordinate as the origin. The time
duration of UAV movement along the trajectory can be divided
into K unequal time intervals. The start time instant and stop
time instant of kth time interval are Tk and Tk+1, respectively.
The index k ∈ [1, K] denotes the segment index of the
random UAV trajectory. To ensure the smoothness of the
UAV trajectory, x and y components of vR in time interval
(Tk, Tk+1] can be modeled by

vx(t) = vxy(t) cos(φ(t))
vy(t) = vxy(t) sin(φ(t))
φ̇(t) = −vxy(t)/r (k) (1)

where φ(t) denotes the heading direction of UAV in GCS,
“·” means the first order derivative, and vxy(t) is the
velocity component in horizontal plane, i.e., vxy(t) =√

vx(t)2 + vy(t)2, where vx(t) and vy(t) are velocity
components on x axis and y axis, respectively. Combined with
velocity on the z axis, i.e., vz , the overall speed of UAV is
vR(t) =

√
vx(t)2 + vy(t)2 + vz(t)2. During the time period

(Tk, Tk+1], the UAV moves around a fixed turning center
with the constant turning radius r (k) following the normal
distribution N (0, σ2

s), and the time duration between Tk and
Tk+1 follows the exponential distribution, i.e., Tk+1 − Tk ∼
exp(λs).

Here, the multi-bounce scattering propagation process
including N clusters is supposed. Each cluster can be
abstracted as a twin-cluster structure including the first-bounce
cluster CT,n and the last-bounce cluster CR,n. The propagation
process between CT,n and CR,n is simplified as a virtual
link with a generated time delay following the logarithmic
distribution. Each cluster includes Mn rays, and the azimuth
angle of departure (AAoD), elevation angle of departure
(EAoD), azimuth angle of arrival (AAoA), and elevation angle
of arrival (EAoA) of the mth ray in nth cluster are denoted
by ϕaz

n,m, ϕel
n,m, φaz

n,m, and φel
n,m, respectively. Important

parameters and definitions in the channel simulation process
are listed in Table I.

UAV side antennas are usually designed to be fixed
under the UAV fuselage [34, Fig. 1]. Therefore, because
of the airflow disturbance and mechanical vibration, the
UAV-mounted Rx side antenna will suffer from the fuselage
vibration. In the proposed channel model, the fuselage
vibration is represented by changing Euler angles, including
roll, pitch, and yaw angles, as illustrated in Fig. 1. Geometric
relationships between Tx/Rx (AGCS

T /AGCS
R ) and clusters

Fig. 1. Typical UAV communication environment.

(CGCS
T,n,m/CGCS

R,n,m) at initial time t0 are computed as

CGCS
T,n,m(t0) = AGCS

T (t0) + DT
n,m ·

 cos ϕaz
n,m · cos ϕel

n,m

sin ϕaz
n,m · cos ϕel

n,m

sin ϕel
n,m


CGCS

R,n,m(t0) = AGCS
R (t0) + DR

n,m ·

 cos φaz
n,m · cos φel

n,m

sin φaz
n,m · cos φel

n,m

sin φel
n,m


(2)

where DT
n,m and DR

n,m that follow the exponential distribution
are initial distances between transceiver and scatters [38].
At each time instant, CGCS

T,n,m(t), CGCS
R,n,m(t), AGCS

T (t), and
AGCS

R are computed according to the corresponding vectorized
velocity. For example, AGCS

T (t) = AGCS
T (t − ∆t) + vT ∆t.

To construct the relation between AoA and beam direction, the
local coordinate system (LCS) is established taking broadside
of Rx antenna array as x axis. Then, the scatterer coordinate
in LCS taking UAV coordinate as origin can be obtained by

CLCS
R,n,m(t) =

[
CGCS

R,n,m(t)−AGCS
R (t)

]
R (3)

in which R denotes the UAV rotation matrix in cartesian
coordinate [8], and can be obtained as

R = Rz(ϕ)Ry(γ)Rx(ω)

=

 cos ϕ(t) − sin ϕ(t) 0
sin ϕ(t) cosϕ(t) 0

0 0 1

 cos γ(t) 0 sin γ(t)
0 1 0

− sin γ(t) 0 cos γ(t)


 1 0 0

0 cos ω(t) − sin ω(t)
0 sin ω(t) cosω(t)

 . (4)

Due to the coupling influences of UAV wind gusts, mechanical
vibration, and attitude control, the Euler angles of UAV usually
show periodic and random variations [39]. Therefore, we use
the sum-of-sinusoid (SoS) method to characterize the random
and continuous variation of Euler angles. Taking the roll angle
as an example, the values of ω at different time instants are
generated by

ω(t) =
∑I

i=1
Aω,i cos(2πϵω,it + θω,i) + ω0 (5)

where Aω,i ∼ N (µω,A, σ2
ω,A), ϵω,i ∼ N (µω,ϵ, σ

2
ω,ϵ), and

θω,i ∼ U(0, 2π) represent the amplitude, frequency, and
initial phase of the ith sinusoid component (i = 1, 2, . . . , I),
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respectively. The primary phase is denoted by ω0 representing
the initial roll angle. Meanwhile, the pitch angle γ(t) can be
obtained with the same method. As for the calculation of the
yaw angle ϕ(t), the initial phase is replaced by the heading
direction φ(t) which is obtained according to (1). Therefore,
the yaw angle will be influenced by both random trajectories
and fuselage vibrations, i.e.,

ϕ(t) =
∑I

i=1
Aϕ,i cos(2πϵϕ,it + θϕ,i) + φ(t). (6)

After the geometric relation between Tx/Rx and scatterers
is established, the antenna domain channel matrix H(t, f) can
be modeled as

HG(t, f) =
N∑

n=1

Mn∑
m=1

√
Pn,me

j
[
2π

(∫ t
t0

νn,m(t)dt−fτn,m

)
+Φn,m

]

·U
(
θaz

n,m(t), θel
n,m(t)

)
⊙Mn,m (7)

Meanwhile, we can get the corresponding beam domain
channel matrix HB(t, f) by transforming the antenna domain
channel matrix

HB(t, f) = FH
el ·HG(t, f) · F∗az (8)

in (7) and (8), λ is the wave length, Pn,m is the power of the
mth ray in the nth cluster, Φn,m is the random initial phase of
mth ray in nth cluster, and νn,m is the time-varying Doppler
frequency which can be calculated according to geometric
relations between transceiver and scatterers as

νn,m(t) =
⟨CGCS

T,n,m −AGCS
T ,vT ⟩

λ
∥∥∥CGCS

T,n,m −AGCS
T

∥∥∥
F

+
⟨CGCS

R,n,m −AGCS
R ,vR⟩

λ
∥∥∥CGCS

R,n,m −AGCS
R

∥∥∥
F

.

(9)

The response matrix of UPA with Qv rows and Qh columns
U
(
θaz

n,m(t), θel
n,m(t)

)
∈ CQv×Qh can be written as

U
(
θaz

n,m(t), θel
n,m(t)

)
= a

(
θaz

n,m(t)
)
⊗ e

(
θel

n,m(t)
)T

(10)

a
(
θaz

n,m(t)
)

=
[
1, ej2πθaz

n,m(t), . . . , ej2π(Qh−1)θaz
n,m(t)

]T
(11)

e
(
θel

n,m(t)
)

=
[
1, ej2πθel

n,m(t), . . . , ej2π(Qv−1)θel
n,m(t)

]T
(12)

where θaz
n,m(t) and θel

n,m(t) are the azimuth spatial frequency
and elevation spatial frequency at Rx side associated with the
mth path in the nth cluster, i.e.,

θaz
n,m =

CLCS
R −ALCS

R∥∥CLCS
R −ALCS

R

∥∥
F

· [0 dh/λ 0] (13)

θel
n,m =

CLCS
R −ALCS

R∥∥CLCS
R −ALCS

R

∥∥
F

· [0 0 dv/λ] (14)

where dh and dv are antenna spacings in horizontal
and vertical directions, respectively. Considering the space
domain birth-death property, which is widely validated in
massive MIMO channel measurements [40], [41], [42],
we introduce the birth-death factor multiplying on the antenna
response matrix.

In the simulation process, the value of the birth-death factor
is 1 or 0, determining if the scatterer is or is not visible for

the corresponding antenna element. If a MPC is visible on
whole antenna array, this MPC can be seen as a wide-sense
stationary MPC. On the contrary, if a MPC is only visible
for part of the antenna elements, this MPC can be seen as
a non-stationary MPC, as shown in Fig. 2. The birth-death
phenomenon along the array is modeled by a mask matrix
Mn,m =

[
Mv

n,m

]
⊙
[
Mh

n,m

]T
defining the visible region (VR)

of MPC

Mv
n,m =

[
OIv,s

n,m−1,EIv,e
n,m−Iv,s

n,m+1,OQv−Iv,e
n,m

]
(15)

Mh
n,m =

[
OIh,s

n,m−1,EIh,e
n,m−Iv,s

n,m+1,OQh−Ih,e
n,m

]
(16)

where On and En denote the all-zero vector and all-one vector
with n entries and I

h/v,s
n,m and I

h/v,e
n,m stand for the start antenna

element index and the end antenna element index of the VR
of the mth ray in nth cluster. The horizontal and vertical
dimensions of the VR can be written as

Lh/v
n,m =

(
Ih/v,e
n,m − Ih/v,s

n,m − 1
)
· dh/v (17)

where Lh/v
n,m are verified to follow the exponential distribu-

tion [40]. As shown in Fig. 2, non-stationary MPCs only
affect antennas in VR and wide-sense stationary MPCs affect
all antennas in the array. Furthermore, Fel and Faz are
transforming matrices converting antenna domain channel
response into beam domain channel response. They have the
similar discrete Fourier transform (DFT) formation

Faz =
1√
Qh

[
a
(
θ̃az

i

)]
i=1,...,Qh

∈ CQh×Qh (18)

Fel =
1√
Qv

[
e
(
θ̃el

j

)]
j=1,...,Qv

∈ CQv×Qv . (19)

Columns of Faz and Fel are response vectors associated with
Qh and Qv uniformly spaced spatial frequencies, respectively,
i.e., θ̃az

i = i
Qh
−0.5 and θ̃el

j = j
Qv
−0.5. Utilizing the selective

property of transforming matrices, the beam domain channel
element corresponding to the ith azimuth beam direction and
jth elevation beam direction can be approximated as

hB,ij(t, f) ≈
N(t)∑
n=1

Mn∑
m=1

√
Pn,mLh

n,mLv
n,m

MRdhdv
· ejπ(Ih,s

n,m+Ih,e
n,m+2)

· ejπ(Ih,s
n,m+Ih,e

n,m+2)

· ej
[
2π

(∫ t
t0

νn,m(t)dt−fτn,m

)
+Φn,m

]
· δ
(
θel

n,m(t)− θ̃el
j

)
· δ
(
θaz

n,m(t)− θ̃az
i

)
. (20)

The derivations of (20) are given in the Appendix-A. The
difference between GBSM and BDCM is illustrated in Fig. 2.
Through transformation from the antenna domain to the beam
domain, each channel element will contain fewer MPCs, which
leads to the sparsity in the beam domain.

B. Analysis of Temporal ACFs

The temporal ACF can characterize the correlation along the
time axis. The stronger temporal ACF means the channel will
vary slower in time domain [43]. The temporal ACF between
hB,ij(t, f) and hB,ij(t + ∆t, f) can be calculated as

γB,ij(∆t; t, f) = E
{
hB,ij(t, f)h∗B,ij(t + ∆t, f)

}
. (21)
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TABLE I
DEFINITIONS OF CHANNEL SIMULATION PARAMETERS

Fig. 2. Channel response of GBSM and BDCM (NS denotes non-stationary
and WSS denotes wide sense stationary only in this figure).

Based on (21), the temporal ACF in the beam domain can be
calculated as summation of temporal ACFs of different MPCs

γB,ij(∆t; t, f) =
N∑

n=1

Mn∑
m=1

Pn,mLh
n,mLv

n,m

MRdhdv

· ej2π
∫ t+∆t

t
νn,m(t)dt

· δ
(
θel

n,m(t + ∆t)− θ̃el
j

)
· δ
(
θaz

n,m(t + ∆t)− θ̃az
i

)
· δ
(
θel

n,m(t)− θ̃el
j

)
· δ
(
θaz

n,m(t)− θ̃az
i

)
.

(22)

In (22), the Doppler frequency evolution from t to t + ∆t is
considered in the integral operation of continues phase shift.
Meanwhile, the temporal ACF in antenna domain is given for
comparison.

γij(∆t; t, f) =
N∑

n=1

Mn∑
m=1

Pn,m ·Mn,m,ij · ej2π
∫ t+∆t

t
νn,m(t)dt.

(23)

Here, the subscript ij denotes antenna element of ith column
and jth row and Mn,m,ij denotes ith column and jth row
element of mask matrix Mn,m.

The temporal ACFs of UAV channel under different
trajectories are simulated and analyzed. Firstly, trajectories
under different parameters are generated and plotted in Fig. 3.
According to the definition of ST-RRM, setting σs → 0 will
lead to an infinite turning radius, which can generate a
linear trace. Increment of σs will result in large angular
speeds of the UAV and more curving trace will be generated.
By imposing λs → 0 and σs > 0, the turning time duration τi

will turn to infinite, generating a periodic circular trace. For
example, it can be observed in Fig. 3 that UAV trajectory will
become more random when σs and λs increase. The trajectory
becomes more smooth with the increase of turning radius and
becomes more regular with the increase of turning duration.

The UAV vibration angle in frequency domain is presented
in Fig. 4. To verify the effectiveness of SoS based vibration
modeling method, the simulation result is compared with
available field measurement data [34]. Measurement data was
firstly transformed from time domain to frequency domain
and we fit simulation data with measurement data through
adjusting vibration frequency parameter µω,ϵ and amplitude
parameter µω,A. The comparison between simulation result
and measurement result validates the practicability of the
vibration modeling method.

To analyze the impact of trajectory on UAV channels,
we simulate the beam domain temporal ACF of UAV
channel under different trajectories. As shown in Fig. 5, both
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Fig. 3. Typical UAV trajectories under different randomness and turning
radii.

Fig. 4. Frequency domain UAV roll vibration (µω,ϵ = 100 Hz, µγ,ϵ = 55
Hz, µα,ϵ = 70 Hz).

Fig. 5. ACFs of beam domain UAV channel under different trajectories
(vR = 15 m/s, fc = 28 GHz, UAV height = 50 m, σs = 0.05, I = 10,
N = 10, Mn = 10, µω,ϵ = 45 Hz, µγ,ϵ = 55 Hz, µα,ϵ = 70 Hz).

randomness of trajectory and vibration have great impact
on temporal correlation of UAV channels. More frequently
turning and strong vibration can bring more intensive time
variation property and lead to the smaller temporal ACF.

Temporal ACFs of beam domain channels and antenna
domain channels are compared in Fig. 6. We can find that the
temporal ACF in the beam domain is higher than that in the

Fig. 6. ACFs of antenna domain channel and beam domain channel
(vR = 15 m/s, fc = 28 GHz, UAV height = 50 m, σs = 0.05, I = 10,
N = 10, Mn = 10, µω,ϵ = 45 Hz, µγ,ϵ = 55 Hz, µα,ϵ = 70 Hz).

antenna domain while UAV is equipped with the antenna array.
The reason is that after transformation from antenna domain to
beam domain, the UAV channel becomes more sparse and each
channel element is affected by filtered MPC, which suppresses
time variation caused by multipath effect. Taking advantage of
larger temporal correlation, it is possible to capture the channel
variation trend and predict channel information in the beam
domain more effectively.

III. BEAM DOMAIN MPC TRACKING ALGORITHM

In this section, we present an MPC tracking algorithm
for UAV channels based on the proposed BDCM. The MPC
tracking aims to identify the same MPC in different snapshots,
and is the basis of channel prediction [36]. After the UAV
channel being transformed from antenna domain to beam
domain, the channel response matrix will present significant
sparsity due to the dispersed distribution of MPC in UAV-
to-ground propagation environments. Therefore, only limited
beams will contain effective MPCs, and one scatterer will
only affect response of one beam, which makes it possible to
identify the MPC in the beam domain and track the trajectory
of MPC over the continues time period. Here, we use the MCD
to evaluate the difference between MPCs at different time
instants. To map the same MPC over time, a commonly used
criterion is choosing a pair of MPCs in adjacent snapshots with
minimum MCD and repeating this operation until all MPCs
are matched. However, due to that different MPCs in the same
snapshot are possibly to be mapped to the same MPC in next
snapshot, this criterion is not always global optimum.

Under this circumstance, we propose a beam domain
MCD-based tracking algorithm. Firstly, utilizing the sparsity
of beam domain channel matrix, HB can be re-organized
as the ternary table formation, i.e., HB → {θaz

t ∈
RL, θel

t ∈ RL, βt ∈ RL}, where L = N(t) · Mn is the
number of MPCs at time instant t. The sets of azimuth
beam, elevation beam, and amplitude are denoted as θaz

t =
{θaz

1,t, θ
az
2,t, . . . , θ

az
L,t}, θel

t = {θel
1,t, θ

el
2,t, . . . , θ

el
L,t}, and βt =

{β1,t, β2,t, . . . , βL,t}, respectively. Since that cluster number
and ray number are unavailable in real channel data, the
subscript (n, m) is replaced by subscript l hereafter.
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A. MCD

Firstly, we consider MCD of MPCs at any two adjacent time
instants, i.e., t − ∆t and t, where ∆t is the time difference
between adjacent time instants. Let l1 and l2 be indexes of
MPCs. Then, the MCD between l1th MPC at time instant t−
∆t and l2th MPC at time instant t can be denoted as

MCDl1,t−∆t,l2,t =
[
a1

(
∆θaz

l1,t−∆t,l2,t

)2
+ b1

(
∆θel

l1,t−∆t,l2,t

)2
+ c1

(
∆βl1,t−∆t,l2,t

)2

+ a2

(
∆̇θaz

l1,t−∆t,l2,t

)2

+ b2

(
∆̇θel

l1,t−∆t,l2,t

)2

+ c2

(
∆̇βl1,t−∆t,l2,t

)2
]1/2

(24)

where a1, b1, c1, a2, b2, and c2 are weighting variables,
∆θaz

l1,t−∆t,l2,t, ∆θel
l1,t−∆t,l2,t, and ∆βl1,t−∆t,l2,t are beam

direction and magnitude differences defined according to [44]

∆θaz
l1,t−∆t,l2,t =

∣∣∣θaz
l1,t−∆t − θaz

l2,t

∣∣∣ (25)

∆θel
l1,t−∆t,l2,t =

∣∣θel
l1,t−∆t − θel

l2,t

∣∣ (26)

∆βl1,t−∆t,l2,t =
∣∣∣βl1,t−∆t − βl2,t

∣∣∣. (27)

Moreover, to catch periodic varying attitude angles of UAV,
the first order derivatives of beam directions and magnitude to
time t, i.e., ∆̇θaz

l1−∆t,t,l2,t, ∆̇θel
l1,t−∆t,l2,t, and ∆̇βl1,t−∆t,l2,t

are introduced in MCD calculation. At the start of MPC
tracking process, weighting variables can be obtained as

a1 = 1/SD (∆θaz
max) (28)

b1 = 1/SD
(
∆θel

max

)
(29)

c1 = 1/SD (∆βmax) (30)

where the subscript max represents the index of MPC with
maximum power and SD(·) is the unbiased sample standard
deviation, which is defined as

SD (∆X) =

√√√√t0+T∑
t=t0

(
∆X(t)−

∑t0+T
t=t0

∆X(t)
T

)
(31)

where T is the total time length of channel data and X is one
of {∆θaz

max, ∆θel
max, ∆βmax}. Meanwhile, a2, b2, and c2 can

be obtained with the same method.

B. MPC Tracking Algorithm in Beam Domain

The MPC tracking process is illustrated in Fig. 7. At the
initialization stage, the MPC with maximum power is extracted
to obtain the weighting parameters according to (28)–(30).
At each time instant t(t0 < t < T )), the MPC tracking
problem can be regarded as a mapping problem seeking
minimum MCD between snapshots t and t−∆t, i.e.,

Vt−∆t,t = arg min
nl∑

l1,l2=1

MCDl1,t−∆t,l2,t (32)

Fig. 7. Flow chart of MPC tracking process.

in which Vt−∆t,t denotes the targeted mapping relation
between MPC sets at time instants t −∆t and t, i.e., St−∆t

and St, respectively. The set St includes all the MPC at time
instant t.

To avoid the duplicate MPC match and get the globally
optimal solution, after the selection of MPC pair with
minimum MCD Vt−∆t,t(l), the duplicate match checking is
carried out. If there is no duplicate match, i.e., Vt−∆t,t(l)
belong to the remaining MPC set Srem which contains all
MPCs have not been matched, the match relation Vt−∆t,t(l)
will be updated in Vt−∆t,t and corresponding MPC will be
removed from Srem. If not, which means two MPCs at time
instant t − ∆t are mapped with one MPC at time instant t,
duplicate match pair will be rematched in remaining MPC
set Srem, and update Vt−∆t,t according to global minimum
criterion and corresponding MPC also will be removed from
Srem. This process is described in pseudo-code Algorithm 1.

IV. THE BEAM DOMAIN CHANNEL PREDICTION

A. Beam Domain Channel Prediction Framework

Due to 3D random trajectories and vibration of UAV, the
UAV channel usually presents significant time-varying and
non-stationary properties, which brings great challenges for the
acquirement of channel state information (CSI). The channel
prediction utilizing correlation between channels in future
time instant and history time instants could provide precise
CSI without pilot signal. In this section, we develop an
MPC-level beam domain channel prediction scheme for UAV
channels. Firstly, the beam domain channel prediction problem
is formulated as

ĤB(t) = f
(
HB(t−∆t),HB(t− 2∆t), . . . ,HB(t− T )

)
(33)
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Algorithm 1 MPC Tracking Algorithm in Beam Domain
at Time Instant t

Input: θaz
t , θel

t , βt, θ
az
t−∆t, θ

el
t−∆t, βt−∆t, θ

az
t−2∆t, θ

el
t−2∆t,

βt−2∆t, St,Vt−2∆t,t−∆t

Output: Vt−∆t,t

1 Initialize Srem = St;
2 for l1 = 1, 2, . . . , nl do
3 for l2 = 1, 2, . . . , nl do
4 Calculate MCDl1,t−∆t,l2,t according to (24)
5 end
6 Vt−∆t,t(l1) = arg min

l2

MCDl1,t−∆t,l2,t

7 if Vt−∆t,t(l1) ∈ Srem then
8 Srem = Srem − Vt−∆t,t(l1)
9 else

10 l3 = arg
l3

Vt−∆t,t(l3) = Vt−∆t,t(l1)

11 end
12 for l4 ∈ Srem do
13 Calculate MCDl4,t−∆t,l3,t and MCDl4,t−∆t,l2,t

14 end
15 l′3 = arg min

l4

MCDl4,t−∆t,l3,t,

l′1 = arg min
l4

MCDl4,t−∆t,l1,t

16 if MCDl3,t−∆t,l′3,t −MCDl3,t−∆t,l2,t <
MCDl1,t−∆t,l′1,t −MCDl1,t−∆t,l2,t then

17 Vt−∆t,t(l3) = Vt−2∆t,t−∆t(l′3),
Vt−∆t,t(l1) = Vt−2∆t,t−∆t(l2),
Srem = Srem − Vt−∆t,t(l3)

18 else
19 Vt−∆t,t(l1) = Vt−2∆t,t−∆t(l′1),

Srem = Srem − Vt−∆t,t(l1)
20 end
21 end

where ĤB(t) is the predicted CSI at time instant t. The
target for channel prediction is to find a function f(·)
to minimise prediction error between ĤB(t) and HB(t).
To extract principal channel characteristics, we select the non-
zero elements in HB(t) and implement the MPC tracking
algorithm proposed in the last section to eliminate interference
between different MPCs. The prediction process can be
rewritten as{

θ̂az
t , θ̂el

t , β̂t

}
= f

(
{θaz

t−∆t, θ
el
t−∆t, βt−∆t

}
,

{θaz
t−2∆t, θ

el
t−2∆t, βt−2∆t

}
, . . . , {θaz

t−T , θel
t−T , βt−T

})
. (34)

Here, we choose a recurrent neural network (RNN) structure
to capture the variation trend of UAV channels over different
snapshots. To reduce the network training overhead, input
weights and internal connection weights in RNN are fixed,
which forms an ESN to solve the time sequence prediction
problem [45]. As shown in Fig. 8, the ESN model used
in the proposed channel prediction scheme has 3 layers,
i.e., the input layer with 3L neurons, the hidden layer
with M neurons, and output layer with 3L neurons. The
hidden layer including lots of interconnected neurons is also

Fig. 8. The prediction process and network structure of the ESN-based
channel prediction scheme.

called the reservoir, which can record and save dynamic
features of input CSI. Let u(t) ∈ R1×3L containing all
elements in {θaz

t−∆t, θ
el
t−∆t, βt−∆t

}
be the input sequence and

y(t) ∈ R1×3L containing all elements in {θ̂az
t , θ̂el

t , β̂t

}
be

the output sequence, the ESN-based prediction process can be
written as{

x(t) = tanh [x(t−∆t) ∗W + u(t−∆t) ∗Win]
y(t) = [x(t) : u(t)] ∗Wout

(35)

where x(t) ∈ R1×M is the reservoir state at time instant t and
tanh(·) is the hyperbolic tangent function as active function.
Moreover, Win ∈ R3L×M, Wout ∈ R(1+M)×3L, and W ∈
RM×M are the input weight matrix, output weight matrix, and
inner connection weight matrix, respectively. The initial value
of reservoir X is zero, the input weight matrix is generated
according to uniform distribution in (0, 1) and the inner
connection weight matrix is set as a random generated sparse
matrix with 1%-5% sparsity degree. It is worth noting that
the proposed channel prediction scheme utilizes the sparsity
of massive MIMO channel in beam domain. Therefore, the
proposed channel prediction scheme is more appropriate for
UAV communication systems with the large antenna array
configuration.

B. Training and Prediction Process

Since that the input weight matrix and inner connection
weight matrix in ESN are generated at initial stage, the
network training target is to estimate the output weight
matrix Wini

out by minimizing the following optimizing
problem

J1 = ∥XWini
out −Y∥22 + λ2∥Wini

out∥22 (36)

where X is the concatenation matrix containing all input
channel state sequence and reservoir state in training period
X = [x(t) : u(t)], t ∈ [ts, te], where ts and te are the
start time and end time of the training process, Y is the
output matrix containing all target output channel state in
{θaz

t , θel
t , βt

}
, t ∈ [ts, te], and λ2 is the ridge regularization

coefficient. At this time, initial Wini
out can be obtained by the
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least square method

Wini
out = XY T

(
XXT + λ2I

)−1

. (37)

Considering the input matrix having many strong correlated
components, such as MPCs that are close in distance usually
present similar parameter variation trend, except the ridge
regularization item, another Lasso regularization item is
introduced to form an elastic ESN. The loss function of the
optimization problem can be rewritten as

J2 = ∥XWout −Y∥22 + λ1 |Wout|+ λ2∥Wout∥22. (38)

where λ1 is the Lasso regularization coefficient. At this time,
the optimization problem cannot be solved by linear regression
due to the introduction of L1 norm. Therefore, using the
calculated Wini

out in (37) as the initial value, we implement
the coordinate descent method to get the optimized output
weight. Taking the kth row and jth column of Wout as wkj ,
the optimized value of wkj can be obtained as

wkj =

−(B + λ1)/A, B < −λ1

0, −λ1 ⩽ B ⩽ λ1

−(B − λ1)/A, B > −λ1

(39)

in which

A = 2

(
T∑

i′=1

x2
i′k + λ2

)
(40)

B = 2

 T∑
i′=1

∑
j′ ̸=j

x2
i′k · wkj′ +

T∑
i′=1

3L∑
j′=1

xi′k

·
∑
k′ ̸=k

(wk′j′xi′k′ − yi′k′)

 (41)

where xik and yik denote the ith row and kth column
elements of X and Y. The detailed derivation of (39) will
be given in Appendix B. The optimization of Wout will
iterate repeatedly until the loss function convergence. In
different scenarios and time periods, Wout can be updated by
retraining according to corresponding training data obtained
from channel estimation. When Wout is obtained, ĤB(t) can
be predicted by forward computation.

To validate the application potential of the proposed channel
prediction method, a transmission scheme adaptively replacing
part of channel estimation process with channel prediction
process is applied. The basic idea of adaptive channel
prediction is to select using the output of the prediction
network as CSI or implementing channel estimation to get
CSI according to receiving signal to noise ratio (SNR).
If the receiving SNR under predicted CSI is higher than the
threshold, the predicted CSI will be used as input of ESN in
next snapshot. Otherwise, the predicted CSI will be discarded
and the pilot signal will be sent by Tx side to obtain the actual
CSI in the next snapshot. In this way, a lot of pilot overhead
can be saved. To obtain maximum SNR gain, maximum ratio
combination (MRC) criterion [46] is applied in beam domain
channel combination and the SNR at the receiver side can be

calculated as

ρ =

(∑L
l=1 wlβl,t

√
Es

)2

∑L
l=1 w2

l N0

(42)

where Es is the power of the transmitted symbol, N0 is the
noise power, and wl is the combination weight of lth MPC,
respectively. According to the MRC criterion, the combination
weight wl subjects to the proportional relation wl1 β̂l2,t =
wl2 β̂l1,t and (42) can be rewritten as

ρ =
Es

N0

(∑L
l=1 β̂l,tβl,t

)2

∑L
l=1 β̂2

l,t

. (43)

It is worth noting that βl,t is the actual fading coefficient
corresponding to predicted the beam direction. Therefore, the
prediction error of beam direction will also lead to reduction
of receiving SNR. The channel prediction process can be
illustrated as follows

Step 1: Randomly generate Win and W.
Step 2: Update X according to (35) using actual channel

data as the network input.
Step 3: Calculate Wout using actual channel data according

to (36)–(41).
Step 4: Output channel prediction results y(t) → ĤB(t)

and use y(t) as network input y(t) → u(t).
Step 5: Calculate receiving SNR ρ according to (14).

If ρ ⩾ ρth, go back to Step 4. If ρ < ρth, go back to Step 2.

V. RESULTS AND ANALYSIS

In this section, proposed beam domain channel tracking and
channel prediction algorithms are evaluated based on the beam
domain UAV channel model. Firstly, to ensure the applicability
of simulation and evaluation, we generate a number of UAV
trajectories with different randomness and fuselage vibration
amplitudes. Then beam domain channel matrices is generated
according to our proposed BDCM. Finally, the performance
of proposed channel prediction scheme is evaluated based on
simulated beam domain channel matrices. Unless otherwise
specified, following system parameters are setting in the
simulation: MR = 1024, Qh = Qv = 32, and fc =
28 GHz. At the initial time, the UAV height is set to
50 m, the location of GU is set to 100 m from UAV
horizontally. Basic UAV channel parameters are taken from
3GPP TR 36.777: delay spread in dB DS = −7.65, azimuth
angular spread of arrival ASA = 1.79, azimuth angular
spread of departure ASD = 1.32, elevation angular spread
of arrival ESA = 1.17, elevation angular spread of departure
ESD = 1.15, ∆t = 0.005 s, and T = 1 s. Besides,
parameters of the channel prediction network are shown
in Table II.

To evaluate the accuracy of the beam domain MPC tracking,
we use the tracking error probability EMPC which is the
proportion of tracking error node number to total tracking
node number [36], i.e., EMPC = Nerr/Ntot, where Nerr is
the MPC mismatch number between two adjacent snapshots
and Ntot is the total tracking number. We generate 100
UAV trajectories under different UAV vibration parameters
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TABLE II
PARAMETER SETTING OF ESN

Fig. 9. Error probability of beam domain MPC tracking (vR = 15 m/s,
fc = 28 GHz, UAV height = 50 m, σs = 0.05, I = 10, N = 5, Mn = 10,
µω,ϵ = 45 Hz, µγ,ϵ = 55 Hz, µα,ϵ = 70 Hz).

and calculate the cumulative distribution function (CDF) of
error probability. As shown in Fig. 9, our proposed tracking
algorithm considering beam direction and changing rate of
beam direction in MCD calculation outperforms traditional
tracking method. Applying the global optimization criterion
could decrease tracking error probability significantly in
both slow vibration and fast vibration states. The vibration
of UAV attitude will lead to higher MPC tracking error
probability.

Following is the accuracy evaluation of the beam domain
channel prediction. Firstly, the comparison between actual
beam domain CSI generated based on BDCM and predicted
CSI is presented in Fig. 10 (a)–(c). Different curves represent
predicted varying trends of different MPCs. The prediction

Fig. 10. Predicted beam domain channel parameters and actual beam domain
channel parameters at different snapshots (vR = 15 m/s, fc = 28 GHz, UAV
height = 50 m, σs = 0.05, I = 10, L = 5, µω,ϵ = 45 Hz, µγ,ϵ = 55 Hz,
µα,ϵ = 70 Hz, different curves in same color represent different MPCs in
sub-figures (a)–(c)).

process and actual channel response in the beam domain are
plotted in Fig. 10 (d). Colored arrows denote the changing
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directions for different MPCs. It can be observed that the
proposed beam domain channel prediction scheme can capture
variation trends of actual UAV channels and output accurate
beam domain channel parameters in the multi-step prediction
mode. With the increment of prediction step length, the
prediction error arises slowly. In the predicted 30 snapshots,
the error is less than 5%.

To quantitatively evaluate the prediction accuracy of the
proposed predictive channel model, the root mean squared
error (RMSE) and mean absolute percentage error (MAPE)
are used to measure the error between the predicted CSI and
actual CSI. Both RMSE and MAPE have been widely used for
the evaluation of sequence data prediction. Specifically, RMSE
measures the absolute deviation between predicted values and
actual values, whereas MAPE measures the relative deviation
between predicted values and actual values. The RMSE can
be calculated as

R =

√√√√∆t

T

T∑
t=t0

(
ĥt − ht

)2

(44)

where ĥt is one of
{
θ̂az

t , θ̂el
t , β̂t

}
and ht is one of{

θaz
t , θel

t , βt

}
. The MAPE can be obtained as

P =
∆t

T

T∑
t=t0

∣∣∣∣∣ ĥt − ht

ht

∣∣∣∣∣× 100%. (45)

Fig. 11 gives the RMSE results of proposed predic-
tion scheme and traditional angular velocity estimation
scheme [31]. By comparing the prediction RMSE of azimuth
beam direction, elevation beam direction, and beam amplitude,
it can be found that our proposed prediction scheme
outperforms tradition angular velocity estimation scheme. The
underlying reason is that ESN based prediction scheme can
extract the complex variation trend of the UAV channel.
Since that UAV attitude vibration presents periodical property,
the prediction error also shows periodical fluctuation along
the prediction step, especially at the low error region, e.g.,
the error of amplitude perdition at the less randomness
state.

To further analyze the influence of UAV trajectories, MAPE
simulation results of proposed channel prediction scheme at
different trajectories are given in Fig. 12. We set 4 cases of
UAV trajectories including different UAV movement patterns
and vibration parameters as shown in Table. III. We find
that the prediction accuracy is the highest for amplitude,
followed by azimuth beam direction. The prediction accuracy
of elevation beam direction is the lowest. The reason is that
UAV channels show less amplitude variation in the beam
domain, and compared with azimuth direction, beam domain
channel in elevation direction is more sensitive to UAV
vibration. Meanwhile, the UAV attitude vibration tends to
have more significant impact on the prediction accuracy than
UAV movement pattern. That is because the channel variation
caused by UAV movement pattern is relatively slow. Moreover,
the MAPE in snapshots 1–15 is lower than that in snapshots
16–30, which is because the prediction error will accumulate
along with time.

Fig. 11. RMSE of different predicted parameters (vR = 15 m/s,
fc = 28 GHz, UAV height = 50 m, σs = 0.05, I = 10, L = 5, µω,ϵ = 45
Hz, µγ,ϵ = 55 Hz, µα,ϵ = 70 Hz).

To analyze the robustness of the proposed channel
prediction scheme, MAPE values under different error levels
are provided in Fig. 13. In practical applications, the
CSI acquisition will be affected by non-ideal factors such
as the interference and quantization error. The robustness
demonstrates the ability of system resisting error disturbance
or uncertainty. Here, we introduce channel estimation error
in beam domain channel data and evaluate the robustness of
the proposed channel prediction scheme. From the simulation
results, it can be found that channel estimation error will
bring equivalent prediction error but no more additional error
at 5% error level, which verifies robustness of the proposed
channel prediction scheme. When the estimation error rises
to 10%, the prediction error will maintain around 10% at first
10 prediction steps. However, after the first 10 prediction steps,
the additional error will appear and gradually increase. The
reason is that the channel estimation error will accumulate and
generate additional error over time. Therefore, how to enhance
the robustness of the proposed channel prediction scheme
to satisfy the extremely environments with low signal SNR
and fast time varying CSI will be the urgent future research
direction.

Finally, to evaluate the application value of the proposed
channel prediction method, we simulate the pilot saving
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Fig. 12. MAPE of different predicted parameters (vR = 15 m/s,
fc = 28 GHz, UAV height = 50 m, σs = 0.05, I = 10, L = 5,
µω,ϵ = 45 Hz, µγ,ϵ = 55 Hz, µα,ϵ = 70 Hz).

Fig. 13. MAPE of channel prediction considering different channel
estimation error levels (vR = 15 m/s, fc = 28 GHz, UAV height = 50 m,
σs = 0.05, I = 10, L = 5, µω,ϵ = 45 Hz, µγ,ϵ = 55 Hz, µα,ϵ = 70 Hz).

percentage under the adaptive pilot scheme in high dynamic
UAV trajectory scenarios (Case 4 in Table III). The threshold
of receiving SNR ρth is set to 10 dB and the average receiving
SNR for each antenna element before combination is set to
0 dB in the simulation. It can be observed that with actual CSI,
the MRC can achieve about 13 dB combination gain. Applying
the predicted CSI, the adaptive pilot scheme can save 75%
pilot overhead while achieving about 12 dB combination gain.

Fig. 14. SNR and pilot overhead under different CSI acquisition schemes
(vR = 15 m/s, fc = 28 GHz, UAV height = 50 m, σs = 0.05, I = 10,
L = 5, µω,ϵ = 45 Hz, µγ,ϵ = 55 Hz, µα,ϵ = 70 Hz).

TABLE III
PARAMETER SETTINGS OF DIFFERENT SIMULATION CASES

For comparison, the angular velocity estimation prediction
scheme is also evaluated in adaptive pilot scheme. The angular
velocity estimation prediction scheme can save about 43%
pilot overhead, which demonstrates the practicability of the
proposed channel prediction scheme.

VI. CONCLUSION

In this paper, a BDCM for UAV communication systems has
been proposed to characterize random UAV trajectories and
fuselage vibrations. Utilizing the sparsity and high temporal
correlation properties, a beam domain MPC tracking algorithm
has been developed. Then, we have proposed an ESN-
based beam domain channel prediction scheme to predict
beam domain channel parameters based on the developed
MPC tracking algorithm. Simulation results have validated
that the developed beam domain MPC tracking algorithm
considering global optimization presents smaller tracking
errors compared with the traditional local optimization
algorithm. Meanwhile, the error analysis has shown that
the proposed ESN-based beam domain channel prediction
scheme can extract variation trends of dynamic UAV channels
and effectively predict channel information in future time.
The practicability of the proposed channel prediction method
has been evaluated under the adaptive pilot scheme. Results
have shown that adaptively replacing the channel estimation
process with channel prediction process can save the pilot
overhead, illustrating the considerable application potential of
the proposed channel prediction scheme. At last, we have
suggested that further investigation may focus on enhancing
the robustness of the channel prediction scheme to satisfy the
extremely dynamic environments with rapid and unpredictable
UAV movements.
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APPENDIX A
DERIVATION OF (20)

According to (7) and (8), the (i, j)th element of HB(t, f)
can be calculated as

[HB ]i,j =
N(t)∑
n=1

Mn∑
m=1

√
Pn,me

j
[
2π

(∫ t
t0

νn,m(t)dt−fτn,m
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]
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According to the L’Hospital’s rule and substituting Lh/v
n,m =(

I
h/v,e
n,m − I

h/v,s
n,m − 1

)
· dh/v , in (46) we can find that

[HB ]i,j =
∑

mn∈Si,e∩Sa,j

√
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n,mLv
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where Se,i is the set of all paths whose receive angles are
the nearest to the beam direction θ̃el

i and Sa,j is the set of
paths whose transmit angle is exactly equal to the angle θ̃az

j .
Utilizing the sparsity of beam domain channels, [HB ]i,j can
be expressed as

[HB ]i,j ≈
N(t)∑
n=1

Mn∑
m=1

√
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APPENDIX B
DERIVATION OF (39)

Since the L1 regularization term is non-differentiable at
zero point, the gradient descent method is not applicable.
We consider the coordinate descend method to obtain optimum
output weight matrix. The partial derivative of loss function
can be calculated as

∂J2

∂wkj
=2
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i=1

x2
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(49)

Considering different value ranges of wkj , (49) can be
rewritten as

∂J2

∂wkj
=

 Awkj + B + λ1, wkj > 0
[B − λ1, B + λ1] , wkj = 0
Awkj + B − λ1, wkj < 0

(50)

A = 2

(
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i′=1

x2
i′k + λ2
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(51)

B = 2
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To obtain the optimum solution, by solving (49) we can get

wkj =

−(B + λ1)/A, B < −λ1

0, −λ1 ⩽ B ⩽ λ1.
−(B − λ1)/A, B > −λ1

(53)
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