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A 3D Non-Stationary Wideband Massive MIMO
Channel Model Based on Ray-Level Evolution
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Abstract— In this paper, a novel space-time non-stationary
three-dimensional (3D) wideband massive multiple-input
multiple-output (MIMO) channel model is proposed. We then
propose a ray-level process to model the spatial-temporal
evolution of individual multipath components (MPCs), including
near-field effects and (dis)appearance, and cluster-level large-
scale fading. The proposed evolution process can flexibly
control rays’ lifespans and smoothness of (dis)appearance in
both space and time domains. In addition, we propose an
improved Rayleigh-distance criterion to determine the most
adequate wavefront for each cluster and ray. Existing models
can easily implement the proposed criterion and make a more
efficient use of computation resources. Also, a Gamma-Poisson
mixture distribution is introduced to model the distribution
of the number of clusters when multiple locations of the
mobile station are considered. Key statistical properties of the
channel, including the autocorrelation function (ACF), Doppler
power spectral density (PSD), spatial cross-correlation function
(S-CCF), and frequency correlation function (FCF), are derived
and the impact of the ray-level evolution process on them
is analyzed. We demonstrate the correctness of the derived
statistical properties through numerical and simulation results.

Index Terms— Massive MIMO, 3D non-stationary chan-
nel models, ray-level evolution, ray (dis)appearance, Rayleigh
distance.

I. INTRODUCTION

IN THE last decade, massive multiple-input multiple-output
(MIMO) technologies have been proposed as candidates for

the fifth generation (5G) and sixth generation (6G) wireless
communication systems [1]–[3]. In order to evaluate the
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feasibility of these promising technologies, several testbeds
employing a large number of antennas, e.g., tens or hun-
dreds, have successfully been developed [4]–[6]. These have
overcome the most important implementation challenges and
demonstrated that massive MIMO technologies can cope with
the increasing traffic demand and efficiency requirements
of 5G and 6G systems.

From a practical perspective, compact-shape large antenna
arrays are highly desirable as they are easier to deploy.
However, key features enabled by massive MIMO technolo-
gies, e.g., large array and multiplexing gains, extreme angu-
lar resolution, and diversity, are intrinsically related to the
largest dimension of the array and the separation between
its elements [7], [8]. As a consequence, massive MIMO
large antenna arrays are usually affected by new propagation
phenomena, e.g., near-field effects and large-scale fading over
the array, that were negligible in conventional MIMO wireless
communication systems. Near-field effects take place when the
distance between the array and the scatterers is shorter than
the Rayleigh distance, which is 2D2

A/λ with DA denoting
the largest dimension of the array and λ the carrier wave-
length. It is important to note that the Rayleigh distance was
derived assuming free-space line-of-sight (LoS) propagation
and does not consider other phenomena related to multipath
propagation [9], [10].

Massive MIMO channel measurements have demonstrated
that antenna arrays spanning long distances often result in
wireless channels that cannot be regarded as wide-sense
stationary (WSS) [11]–[23]. Measurements employed vir-
tual uniform linear arrays (ULAs) [11]–[16], uniform cylin-
drical arrays (UCAs) [11], [12], [16], and uniform planar
arrays (UPAs) [16], [19]–[22] at a single frequency band,
e.g., 2.6 GHz [11]–[14], and at multiple frequency bands,
e.g., 11, 16, 28, and 38 GHz [19]. They demonstrated different
array-varying characteristics of the channel such as angles
of arrival (AOAs) and departure (AODs), propagation delays,
received power, Rician K-factor, and number of propagation
paths or clusters of multipath components (MPCs). Addi-
tionally, recent measurements employed advanced clustering
and ray tracking algorithms to demonstrate the existence of
massive MIMO effects of both clusters and individual MPCs
or rays as well [21], [22].

The study and modeling of the propagation channel plays
a key role in the performance assessment and design of 5G
wireless communication technologies and beyond. Models
capable of capturing specific characteristics of massive MIMO
channels have recently been developed [24]–[39]. In particu-
lar, near-field effects were captured by employing high-order
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wavefronts, e.g., spherical [24]–[27], [30]–[37], [40]–[42] or
parabolic [28], [29], [38]. High-order wavefronts are computa-
tional more complex than the simple plane wavefront as they
require to calculate the exact or high-order approximations
of the distances between every antenna element of the array
and the surrounding scatterers. In order to determine which
wavefront should be employed, the authors of previous works
calculated the Rayleigh distance using the largest dimension
of the array as defined above without considering clusters’
lifespans over the array. In addition, they assumed that rays’
lifespans over the array were equal to those of clusters.
Therefore, they concluded that high-order wavefronts were
required for most clusters and rays. Clearly, a more efficient
use of wavefronts can be achieved.

In most massive MIMO channel models [24]–[27],
[30]–[33], [35], [37], [40], large-scale fading over the array
was captured focusing on the array-varying number of clus-
ters of rays. For that purpose, birth-death (BD) processes
[24]–[26], [28], [29], [31], [33], [35], [40] or visibility regions
(VRs) [27], [32], [34], [37] were employed. In the BD
approach, clusters (dis)appear over the array according to a
random process. In the VR approach, clusters are assigned
regions of the array whose location and size are randomly
distributed. Thus, if a cluster is alive or visible for a particular
antenna element, its rays can be transmitted (received) by
that antenna. These models predict that the random number
of clusters at any location of the array is Poisson distrib-
uted. However, measurements in [12] reported that a negative
Binomial distribution is more accurate. How to resolve this
apparent contradiction is still an open question.

Aside from cluster (dis)appearance, very few works mod-
eled cluster-level large-scale fading over the array. In [33]
and [34], the slope of the cluster-level large-scale fading was
only considered. In [26], the authors included cluster-level
path loss, but neglected shadow fading. Recent works added a
spatial log-normal process per cluster [28], [29], but neglected
the underlying ray-level (dis)appearance process that causes it.
The readers are referred to [43] and [44] where the authors
presented comprehensive surveys on massive MIMO and 5G
channel measurements and models, respectively.

Although ray-level spherical wave propagation
and (dis)appearance over the array were reported in
measurements [21], [22], models including these phenomena
and comprehensive studies of its impact on the their statistical
properties are still missing. In [37], the authors measured
and modeled ray-level (dis)appearance for the mobile station
side, but they neglected this phenomenon at the base station
array. To fill this gap, we propose a three-dimensional (3D)
non-stationary massive MIMO channel model that includes
ray-level evolution and we study its effects into its small- and
large-scale statistical properties. Next, we highlight the main
contributions and novelties of this paper:

1) We propose a novel 3D non-stationary wideband
massive MIMO channel model that is able to cap-
ture space-time ray-level evolution. The proposed evo-
lution process can flexibly control rays’ lifespans
and smoothness of (dis)appearance in both space
and time domains. Cluster-level large-scale fading is

automatically embedded in the model as a conse-
quence of the ray-level process and smooth cluster-level
(dis)appearance is guaranteed. The proposed channel
model is suitable for 3D antenna-array layouts of arbi-
trary shape.

2) We propose a method to accurately determine the
most adequate wavefront for each cluster and ray. This
wavefront selection criterion extends the definition of
Rayleigh distance and considers the lifespan of rays
and clusters to calculate an effective Rayleigh distance.
We prove that the number of rays that require spherical
wavefronts can be greatly reduced by employing the
proposed method.

3) We derive key statistical properties of the ray-level
evolution process and study the impact of its parame-
ters on the statistical properties of the massive MIMO
channel model. We demonstrate the correctness of our
derivations through simulations.

4) We propose a Gamma-Poisson mixture distribution to
model the number of clusters when multiple locations
of the mobile station are considered. This model solves
the apparent contradiction between previous channel
measurements and models in order to fit the distribution
of the random number of clusters appropriately.

The rest of this paper is organized as follows. In Section II,
we introduce the proposed 3D massive MIMO channel model
including the ray-level evolution process and the improved
ray-level wavefront-selection method. We derive the statistical
properties of the channel model, study the impact of the
ray evolution process on them and introduce the Gamma-
Poisson mixture distribution to model the number of clusters
in Section III. In Section IV, we study the statistical proper-
ties of the channel model through numerical and simulation
results and verify the correctness of our derivations. Finally,
conclusions are drawn in Section V.

II. A WIDEBAND MASSIVE MIMO CHANNEL MODEL

Let us consider a generic 3D wireless channel in which
the transmitter (Tx) and receiver (Rx) can be equipped with
arbitrary-shaped 3D antenna arrays. For simplicity, we assume
that only the Rx is equipped with a large number of antennas.
The p-th (p = 1, 2, . . . , NT ) transmitting and q-th (q =
1, 2, . . . , NR) receiving omnidirectional antenna elements are
denoted as AT

p and AR
q , respectively. The position vector and

distance of the antenna AT
p (AR

q ) measured from the center
of the transmitting (receiving) array are denoted as aT

p (aR
q )

and δT
p = ||aT

p || (δR
q = ||aR

q ||), respectively, with || · ||
denoting the Euclidian norm. We assume that the Tx (Rx)
moves with a velocity vT (vR) of constant magnitude vT (vR).
Scattered rays with similar parameters, e.g., AOAs, AODs,
and delays, are grouped into C clusters composed of Nm,
m = 1 . . . C, rays each. In the following, the n-th scatterer of
the m-th cluster is denoted as Smn and its position vector mea-
sured from the center of the transmitting (receiving) array is
denoted as sT

mn (sR
mn). The azimuth and zenith AODs (AOAs)

of the scattered rays are denoted as φT
mn (φR

mn) and θT
mn (θR

mn),
respectively. The most important elements of the channel
model are depicted in Fig 1. For illustration purposes, we have
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Fig. 1. A 3D massive MIMO channel model including the visibility regions of individual scatterers across the large array.

employed a UPA at the receive side and a conventional ULA
at the transmit side. For the UPA, the horizontal (vertical)
inter-element spacing is denoted as δR

H (δR
V ) and its orientation

is modeled by the zenith and azimuth angles denoted as βR

and αR, respectively. For the ULA, the inter-element spacing
is denoted as δT and its orientation zenith and azimuth angles
are denoted as βT and αT , respectively. Note that the regions
of the UPA where individual scatterers are visible are depicted
in color.

The massive MIMO channel is represented by the channel
matrix H(t, τ) = [hqp(t, τ)]NR×NT with p = 1, . . . , NT and
q = 1, . . . , NR. The channel impulse response (CIR) hqp(t, τ)
can be calculated as the superposition of clusters of rays as

hqp(t, τ) =
C�

m=1

amhm,qp(t) (1)

with am denoting the m-th cluster’s relative amplitude. The
cluster-level CIR is defined as

hm,qp(t) =
Nm�
n=1

gmn,qp(t)

× ej(k0Dmn,qp(t)+θmn)δ(τ − τmn,qp(t)) (2)

where j =
√−1, k0 = 2π/λ. The term gmn,qp(t) accounts

for the gain or amplitude of a ray that has traveled a distance
Dmn,qp(t) from AT

p to AR
q via Smn at time instant t. The

corresponding propagation delay is obtained as τmn,qp(t) =
Dmn,qp(t)/c0, with c0 denoting the speed of light. As signals
from and to sufficiently separated antenna elements of the
array experience different delays, note that τmn,qp(t) in (2)
depends on the antenna indices p and q. In addition, scatterers
introduce phase shifts θmn, which are usually modeled as inde-
pendent and identically distributed (i.i.d.) random variables
uniformly distributed over the interval [0, 2π). The channel
transfer function (CTF) of this model, defined as the Fourier
transform of the CIR with respect to τ , is given by

Hqp(t, f) =
C�

m=1

am

Nm�
n=1

gmn,qp(t)

× ej(k0Dmn,qp(t)+θmn)e−j2πfρmn,qp(t). (3)

A. Ray-Level Evolution Process

In order to model the spatial-temporal ray-level evolution
as it has been recently measured [21], [22], we have selected
a tapered cosine profile due to its flexibility and mathematical
simplicity. The temporal definition of this function is as

gmn(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
cmn 0 ≤ |t| < t�mn

cmn

2

�
1 + cos

�
2π
rTR

mn

[|t|
−t�mn])}

t�mn ≤ |t| < T R
mn

2

(4)

and zero otherwise. The parameter cmn denotes the maximum
amplitude of the n-th ray in the m-th cluster, TR

mn denotes
the period of time when the corresponding scatterer is vis-
ible (ray’s lifetime), and the normalized transition or taper
parameter r ∈ (0, 1) denotes the ratio of the duration of
the tapered region to the ray’s lifetime. Small values of r
model rapid transitions between zero and the maximum gain
of the ray, i.e., rapid (dis)appearance, and vice versa. The term
t�mn = (1 − r)TR

mn/2 denotes the time separating the tapered
from the constant-gain region. Note that the ray’s lifetime TR

mn

is independent of the transition parameter r, i.e., the period of
(dis)appearance is included in the ray’s lifetime.

For an arbitrary-shaped 3D array at the receiving side,
the gain in the spatial domain gmn,qp(aR

q ) can be analogously
defined by using the change of variables t = ||aR

q − wR
mn||

in (4), where TR
mn = 2RR

mn and wR
mn denotes the position

vector from the center of the receiving array to the center of
the ray’s VR. In this case, the parameter RR

mn denotes the
radius of the ray’s VR (see Fig. 1). Note that this definition
assumes spherical symmetry of the ray’s gain for simplicity.

The tapered cosine profile is flexible and mathematically
convenient but further investigation on the actual shape of the
profile is needed. However, results presented in Section IV
show that the impact of the actual shape of the profile
employed for the ray-level evolution process on channel statis-
tical properties is either negligible (Fig. 3) or relatively small
in comparison to the rays’ lifespan (Fig. 4).
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B. Spherical Wavefront vs. Plane Wavefront

The total length of the path from AT
p to AR

q via the first
scatterer ST

mn and the last scatterer SR
mn used in (2) and (3)

can be calculated as Dmn,qp(t) = DT
mn,p(t) + DR

mn,q(t) +
Dmn,s, i.e.,

Dmn,qp(t) =
		sT

mn − aT
p − vT · t		

+
		sR

mn − aR
q − vR · t		+Dmn,s (5)

where the term Dmn,s denotes the propagation distance
between the first and last scatterers. Clearly, for single-
bounced signals SR

mn = ST
mn = Smn and Dmn,s = 0 (see

Fig. 1). However, due to the lack of information, multi-bounce
scattering is usually abstracted as a virtual link between
the first and last bounces. The conventional approximation
for short periods of time and small arrays, i.e., the first-
order or plane-wavefront approximation, reduces the distance
in (5) to [29]

Dmn,qp(t)≈Dmn− δT
p cosψT

mn− δR
q cosψR

mn

− vT t cos ξT
mn − vRt cos ξR

mn (6)

where Dmn is propagation distance from the center of the
transmitting array to the center of the receiving array via Smn.
The angles ψT

mn, and ξT
mn can be easily obtained as

cosψT
mn,p =

aT
p · sT

mn

||aT
p || · ||sT

mn||
(7)

cos ξT
mn =

vT · sT
mn

||vT || · ||sT
mn||

. (8)

The explicit dependency of the angles ψT
mn,p and ξT

mn with
respect to the azimuth and elevation AODs can be seen in
spherical coordinates as

cosψT
mn,p = sin θT

mn sinβT
p cos(φT

mn− αT
p ) + cos θT

mn cosβT
p

(9)

cos ξT
mn = sin θT

mn sinβT
v cos(φT

mn− αT
v ) + cos θT

mn cosβT
v

(10)

where the terms αT
p and βT

p denote the azimuth and ele-
vation components of AT

p with respect to the center of the
transmitting array. Similarly, the terms αT

v and βT
v denote

the azimuth and elevation components of the velocity vector
vT , respectively. The angles ψR

mn,q and ξR
mn are analogously

obtained and are omitted here. In conventional WSS mod-
els [45], the plane-wavefront approximation in (6) is used to
calculate the phase of the signal in (2) and (3). However, this
first-order polynomial in δT

p , δR
q , and t results in linear spatial-

temporal variations of the phase that do not capture the non-
stationary properties of massive MIMO channels. In such case,
the AODs and AOAs are implicitly assumed to be constant
over the array and time. Moreover, the delay τmn,qp(t) in (2)
is usually approximated as a constant value for every path,
i.e., τmn,qp(t) = τmn. However, this may be incorrect for
large arrays and long periods of time as it has been recently
shown in [46].

Fig. 2. Comparison of the conventional Rayleigh distance calculated using
the largest dimension of the array (black) and the proposed effective Rayleigh
distance considering the ray’s VR (red). The ray’s lifespan is depicted as a
red segment over the array.

C. Adaptive Wavefronts Using the Effective Rayleigh
Distance

One of the advantages of the proposed ray-level process
is the possibility of selecting the appropriate wavefront for
each ray. The parameter commonly used to determine which
wavefront is required is the Rayleigh distance, which is DR =
2D2

A/λ with DA denoting the largest dimension of the array
and λ the carrier wavelength. However, as most clusters and
rays only exist over very small regions of the array [20]–[22],
their effective Rayleigh distance is smaller than DA. We define
the effective Rayleigh distance of a ray as DE,n = 2(2RR

n )2/λ
with RR

n the radius of the ray’s VR, i.e., 2RR
n is the ray’s

lifespan over the array. Thus, when a scatterer is located at a
distance rn > DE,n measured from the center of the ray’s VR,
plane wavefronts can be appropriately used. Fig. 2 illustrates
the concept of effective Rayleigh distance using a ULA. Note
that halving the radius of the ray’s VR makes the effective
Rayleigh distance four times shorter. The same concept can
be applied to the time domain for which the effective Rayleigh
distance is calculated as 2(vR · TR

n )2/λ with TR
n = 2RR

n /v
R,

where we assumed the Rx moves at a constant speed vR across
the ray’s VR.

Measurements in [21], [22] have shown that RR
n can accu-

rately be approximated using i.i.d. exponentially distributed
random variables of equal rate λR. Thus, for a particular
cluster of scatterers located at distance r0, it can be seen that
the average ratio of the number NSW

R of scatterers that require
spherical wavefronts to the total number NR of scatterers
is NSW

R /NR = exp(−
r0/r̄R). The parameter r̄R denotes
the effective Rayleigh distance of an average-size ray’s VR,
which is given by r̄R = 16(R̄R)2/λ with R̄R = 1/λR

denoting the average radius of the rays’ VRs. Note that for
an average ray’s lifespan which is 4 times shorter than the
largest dimension of the array, i.e., DA/R̄

R = 8, less than 3%
of the rays would require spherical wavefronts to be employed.
Analogous conclusions apply to the clusters since the radius
of the cluster’s VR is exponentially distributed as well
[21], [22]. However, as clusters’ lifespans are larger in average
than rays’ lifespans, the clusters that require spherical wave-
fronts may be larger.

In order to reduce the computational complexity, the follow-
ing procedure is used with those scatterers located beyond their
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effective Rayleigh distance. First, we use (5) to calculate the
exact distance traveled by the scattered ray only at the center
of the ray’s VR. Second, we use (6) to obtain the approximate
distance traveled by rays received within the VR. This is in
contrast with previous approaches, in which the exact distance
in (5) was used for every ray, antenna element of the array and
time instant. This method enables to reduce the computational
burden of the wavefront computation process by the ratio of
the complexity of computing the spherical wavefront to that
of the plane wavefront.

For practical communication scenarios such as rural macro-
cell, in which cells are deployed over wide areas, users are
often far from the base station, and clutter is more sparse,
the number of rays that require spherical wavefronts can be
significantly lower and their lifespan longer than those in
smaller deployments such as urban microcell, indoor hotspot,
and indoor factory.

III. STATISTICAL PROPERTIES OF THE CHANNEL MODEL

In this section, we will study key statistical properties of
the proposed massive MIMO channel model. Although we
will mainly focus on the small-scale properties, some relevant
characteristics of the large-scale fading will be studied as well.
As we will study the cluster-level statistical properties of the
channel, we will drop the cluster index m in the following
sections when it is not essential for the sake of notation
simplicity and readability.

A. Small-Scale Fading

1) Distribution of the Amplitude of Rays: Measurements
in [21], [22] indicate that the time of arrival tn, with n =
1, 2, . . . , N , of rays within a cluster can be modeled as
i.i.d. random variables uniformly distributed over the interval
(0, TC ]. The cluster and rays within it remain visible over
periods of time denoted as TC and TR

n , respectively. The rays’
lifetimes TR

n can be modeled as i.i.d. exponential random
variables of equal rate λR = λR

n as indicated in [21],
[22]. Thus, the probability distribution function (PDF) of the
amplitude of the rays can be obtained using the theory of
transformation of random variables as

pgn(t)(x) = (1 − pv) δ(x)

+ pv

�
r

π
√
cnx− x2

+ (1 − r)δ(x − cn)
�

(11)

for 0 ≤ x ≤ cn and zero otherwise. The term pv = (λRTC)−1

denotes the probability of a ray being visible at any time t of
the cluster’s lifetime. Hence, the first term (1 − pv) in (11)
denotes the probability of the amplitude of the ray being zero,
i.e., scatterer not visible. The second term corresponds to the
transition period of (dis)appearance and the third to the period
of maximum amplitude cn. Eq. (11) is approximately time
invariant in (λR)−1 < t ≤ TC−(λR)−1 and is time dependent
outside this interval. As the average ray’s lifetime of a ray is
much smaller than that of a cluster [21], [22], i.e., TCλ

R � 1,
the distribution can be approximated by (11) and gn(t) can be
considered as a first-order stationary process. Note that the
time-varying distribution of the amplitude of rays (11) at the

edges of a cluster lifespan ensures that there are no sudden
transitions when a cluster (dis)appears.

The PDF of the amplitude of the rays in the spatial domain
is given by

pgn(rR)(x) = (1 − pv) δ(x) + pv
(2πr0 + r arccos(1 − 2x))2

2π2
√
cnx− x2

+ pv(1 − r)δ(x − cn) (12)

where the probability of a ray being visible at any location is
pv = 4π(R̄R)3/(L�

xL
�
yL

�
z). The parameters L�

x, L�
y, and L�

z

denote the x, y, and z dimensions, respectively, of a region
containing the large array where the rays’ VRs are randomly
generated according to a uniform distribution.

2) Distribution of the Envelope: Next, we will study the
effects of the ray-level gain on the distribution of the cluster-
level envelope process Ξ = |hm,qp(t)| in (2) only in the tem-
poral domain as closed-form expressions can be derived. The
analysis in the spatial domain leads to closed-form expressions
only in the case of ULAs, but it is more complex for 3D
antenna arrays of arbitrary shape. The distribution of Ξ for a
fixed time instant t is given by (see Appendix)

pΞ(z) = (2π)2z
� ∞

0

exp
�
rNa2F3

�
1
4
,
3
4
;
1
2
, 1, 1;−(cπx)2

�
× exp {Na [J0(2πcx)(1 − r) − 1]}J0(2πzx)xdx

(13)

for z > 0, with 2F3(·; ·; ·) denoting the generalized hypergeo-
metric series of order 2, 3 [47] and Na the average number of
active rays within the cluster at any time instant. Note that all
the rays are assumed to have the same maximum amplitude
c = cn in (13). For large values of Na, the integrand of the
previous expression decreases very rapidly. Thus, approximat-
ing the exponent by a third-order Taylor polynomial at x = 0,
pΞ(z) is approximately

pΞ(z) ≈ (2π)2z
� ∞

0

exp
�
−Na(cπx)2

�
1 − 5

8
r

��
× J0(2πzx)xdx. (14)

Let σ be the total received power and the maximum ampli-

tude of all rays is c = σ
�

Na

2 (1 − 5
8r)
�− 1

2 . Finally, the previous
integral can be solved using [47, Equation (6.631.4)] as

pΞ(z) ≈ z

σ2
exp

�
− z2

2σ

�
(15)

for z > 0 and zero otherwise. That is, the envelope is approx-
imately Rayleigh distributed. The maximum amplitude of the

rays c = σ
�

Na

2 (1 − 5
8r)
�− 1

2 depends on the average number
of rays and the transition parameter r. The dependence on r
compensates the effective reduction of amplitude caused by the
taper. The rays’ lifetimes have no effect on the distribution of
the envelope as long as the average number of rays Na remains
constant over the cluster’s lifetime. Note that when the average
number of rays is small (Na < 10), e.g., in millimeter wave
channels, we have empirically determined that the previous
approximation is not valid, and the amplitude is not Rayleigh
distributed. In addition, for rays of non-constant amplitude,
i.e., c �= cn, the distribution of the envelope can be obtained by
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evaluating (45) and it cannot be approximated by a Rayleigh
distribution. However, this provides an additional degree of
freedom that allows for flexibility to model other distributions
at the expense of higher complexity.

In the spatial domain, the analysis is analogous by plug-
ging (12) instead of (11) into (42). Unlike in the temporal
analysis, no closed-form solution has been found to such
distribution for the 3D spatial ray gain.

3) Temporal Autocorrelation Function (ACF):
The normalized temporal ACF of the CIR can be
defined as ρqp(t1, t2) = E[Hqp(t1, f)H∗

qp(t2, f)]/
E[|Hqp(t, f)|2], where

E[Hqp(t1, f)H∗
qp(t2, f)]

=
C�

m=1

C�
m′=1

N�
n=1

N�
n′=1

ama
∗
m′

× E[gmn,qp(t1 − tmn)gm′n′,qp(t2 − tm′n′)]

×E[ejk0[Dmn,qp(t1)−Dm′n′,qp(t2)]] E[ej(θmn−θm′n′)].
(16)

Since E[ej(θmn−θm′n′)] = 1 for m = m� and n = n� and is
zero otherwise, then

E[Hqp(t1, f)H∗
qp(t2, f)] =

�C
m=1 |am|2ρm,qp(t1, t2) (17)

with

ρm,qp(t1, t2) =
N�

n=1

E[gmn,qp(t1 − tmn)gmn,qp(t2 − tmn))]

× E[ejk0[Dmn,qp(t1)−Dmn,qp(t2)]]. (18)

That is, the total ACF is a weighed sum of the cluster-
level ACFs. The total received power can be obtained as

E[|Hqp(t, f)|2] =
�C

m=1 |am|2�N
n=1 E[|gmn,qp(t− tmn)|2]],

where the received power corresponding to a single ray is
given by PR = E[|gmn,qp(t− tmn)|2]] = c2

�
1 − 5r

8

�
TR/TC

for rays of constant lifetime TR
n = TR and PR = c2(1 −

3
4r)/(TCλ

R) when TR
n are modeled as exponential random

variables of rate λR. In the calculation of PR, the boundary
effects caused at the extremes of the cluster’s lifetime have
been neglected.

Due to the complexity and lack of closed-form expressions
of the ray-level gain ACF when TR

n are random variables,
we will derive the ACF for a constant lifetime and study
its impact on the ACF of the channel. The ACF considering
i.i.d. exponentially distributed rays’ lifetimes will be studied
numerically in Section IV. For constant TR, the ACF of the
ray gain can be obtained as ρgngn(t1, t2) = E[gn,qp(t1 −
tn)gn,qp(t2−tn)]/E[|gn,qp(t−tn)|2]], where we have dropped
the cluster index m for clarity. Thus, equation (19), as shown
at the bottom of the page, and zero otherwise. To simplify
notation, we have used τ � = |t2 − t1|(TR)−1, τ �� = τ � − 1.
Equation (19) is valid only for 0 ≤ r ≤ 2/3. For 2/3 < r ≤ 1
the ACF is obtained as (20), shown at the bottom of the page.

As we have shown in (11), the ray gain is a first-order
stationary process in the interval TR/2 < t < TC − TR/2.
As the ACFs in (19) and (20) depend only on the time
difference |t2− t1| for TR/2 < ti < Ts−TR/2 with i = 1, 2,
the process is also second-order stationary and hence WSS
for the majority of the cluster’s lifetime. Assuming that the
amplitudes of the rays are constant cn = σ[Na

2 (1− 5
8r)]

−1/2,
the cluster-level temporal ACF is given by

ρqp(t1, t2) =
1
N

N�
n=1

ρgngn(t1, t2)

× E[ejk0[Dn,qp(t1)−Dn,qp(t2)]]. (21)

When all the rays’ lifetimes are equal or they are
equally i.i.d. random variables, this ACF can be separated as

ρgngn(τ �) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
8 − 5r

�
8− 6r− 4τ �+ (r − 2τ �) cos

�
2π
r
τ �
�

+
3
π
r sin

�
2π
r
τ �
��

0 < τ � ≤ r/2

1
1 − 5

8r

�
1 − 1

2
r − τ �

�
r/2 ≤ τ � ≤ (1 − r)

1
8 − 5r

�
6τ �� + 2r + [τ �� + r] cos

�
2π
r
τ ��
�
− 3

2π
r sin

�
2π
r
τ ��
��

(1 − r) ≤ τ � ≤ (1 − r

2
)

1
8 − 5r

�
−τ ��

�
2 + cos

�
2π
r
τ ��
��

+
3
2π
r sin

�
2π
r
τ ��
��

(1 − r/2) ≤ τ � ≤ 1

(19)

ρgngn(τ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
8 − 5r

�
8 − 6r − 4τ � + (r − 2τ �) cos

�
2π
r
τ �
�

+
3
π
r sin

�
2π
r
τ �
��

0 < τ � ≤ 1 − r

1
8 − 5r

�
4(1 − r) − 2τ �� + (τ �� + r) cos

�
2π
r
τ ��
�

− 3
2π
r sin

�
2π
r
τ ��
�

+ (r − 2τ �) cos
�

2π
r
τ �
�

+
3
π
r sin

�
2π
r
τ �
��

1 − r ≤ τ � ≤ r/2

1
8 − 5r

�
−6τ �� + 2r + (τ �� + r) cos

�
2π
r
τ ��
�
− 3

2π
r sin

�
2π
r
τ ��
��

r/2 ≤ τ � ≤ 1 − r/2

1
8 − 5r

�
−τ ��(cos

�
2π
r
τ ��
�

+ 2) +
3
2π
r sin

�
2π
r
τ ��
��

(1 − r/2) ≤ τ � ≤ 1.

(20)
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ρqp(t1, t2) = ρgngn(t1, t2) · ρS,qp(t1, t2), where

ρS,qp(t1, t2) =
1
N

N�
n=1

E[ejk0 [Dn,qp(t1)−Dn,qp(t2)]] (22)

is defined as the ACF of the cluster without ray-level evolution
process. The rays’ gains introduce several effects in the total
ACF that are worth studying. First, as the ACF of gn(t) is
a decreasing function of the time difference, the total ACF
is tapered off. This effect is more important when the rays’
lifetimes are of the same order of magnitude as the coherence
time of the cluster, defined as min

|t2−t1|
[ρqp(t1, t2) < ρC ], with

|ρC | ≤ 1. An estimate of the rays’ lifetimes guaranteeing that
the reduction of the absolute value of the ACF is at most
1/ρ0 with 0 < ρ0 ≤ 1 for a time difference |t2 − t1| can be
calculated as

TR =
1 − � 1

2r + ρ0

�
1 + 5

8r
��

TC
. (23)

This expression is valid for r < 2/3 and rTR/2 < TC ,
which are reasonable conditions as rays’ lifetimes are shorter
than clusters’ and we assume a short (dis)appearance times.

The ACF derived above considered a constant ray’s lifetime
TR for all rays. However, when TR

n are i.i.d. random variables,
the law of total probabilities can be used as

ρgngn(τ)(x) =
� ∞

0

ρgngn(τ)(x | TR = y)pT R(y)dy (24)

where ρgngn(τ)(x | TR = y) denotes the ACF of the
n-th ray’s gain when its lifetime is a constant value TR = y
as given by (19) and (20). For exponentially distributed i.i.d.
random rays’ lifetimes [21], [22], the closed-form solution
to (24) is ρgngn(τ) = exp (−τ/λR), which is valid only
for r = 0. Although we have not found a general closed-
form solution to the integral above valid for any value of r,
the following approximation

ρ̂gngn(τ) = e−λR(1+3r/8) ρ (25)

has been found to fit very well the results obtained using (24)
for 0 < r < 1. Thus, it can be seen that the exponentially
distributed i.i.d. rays’ lifetimes transform a linear decay into an
exponential one. In addition, whereas the average ray’s lifetime
has a large effect on the total ACF, taper parameter has a
relatively small impact on it.

4) Doppler PSD: The Doppler spectrum of the channel can
be obtained as the Fourier transformation of the ACF of the
CIR with respect to the time difference. As we have shown
in (22), the cluster-level ACF is separable as a product of two
different ACFs. By the convolution property of the Fourier
transform, the cluster-level Doppler PSD can be obtained as

Sqp(ν) = Sgn(ν) ⊗ SS,qp(ν) (26)

where ν denotes the Doppler frequency, ⊗ the convolution
operation, Sgn(ν) the Doppler PSD of the n-th ray’s gain
and SS,qp(ν) that of a cluster without ray-level evolution
process. Due to the convolution, the cluster-level Doppler PSD
is spread. For a constant value of TR, the Doppler PSD Sgn(ν)

is given by the Fourier transform of the ACF in (19) with
respect to τ as

Sgn(ν�)

=
(TR)2

8π2ν�2(ν�2r2 − 1)(ν�2r2 + 1)
[2 (1 + cos (rπν�))

− cos (2πν�) − cos (2πν�(r − 1)) − 2 cos (rπν�(r − 2))]
(27)

where ν� = νTR. Clearly, the rays’ lifetimes and taper
parameter determine the spectral characteristics of the ray-
level evolution process. Whereas TR is a scale parameter that
controls the spread of the Doppler spectrum, r determines both
the spread and level of spectral leakage. The average Doppler
shift and spread can be calculated using the first and second
derivative of the ACF with respect to the time difference ρ̇(0)
and ρ̈(0), respectively, as [45]

B(1)
qp (t) =

1
2πj

· ρ̇qp(t, t)
ρqp(t, t)

=
1

2πj
ρ̇S,qp(t, t)
ρS,qp(t, t)

(28)

B(2)
qp (t) =

1
2π

��
ρ̇qp(t, t)
ρqp(t, t)

�2

− ρ̈qp(t, t)
ρqp(t, t)

=
1
2π

��
ρ̇S,qp(t, t)
ρS,qp(t, t)

�2

−
�
ρ̈S,qp(t, t)
ρS,qp(t, t)

− 4π2

r(TR)2

�
(29)

where we have used the relationships ρ̇gn(t, t) = 0 and
ρ̈gn(t, t) = 4π2

r(T R)2 . Equation (29) is not defined for r = 0
as the derivative of the ACF in (19) does not exist at τ = 0.
The average Doppler shift is not affected by the rays’ gains,
but the Doppler spread always increases. In particular, when
rays’ lifetimes are similar or greater than the reciprocal of
the maximum Doppler frequency, the impact on the Doppler
spread of the channel will be higher.

5) Spatial Cross-Correlation Function (S-CCF): The
S-CCF of the channel can be defined as the correlation
between a signal transmitted from the antenna element AT

p and
received by AR

q and that transmitted from AT
p′ and received by

AR
q′ at time t and carrier frequency f . Thus, it can expressed

as ρqp,q′p′ = E[Hqp(t, f)H∗
q′p′(t, f)]/E[|Hqp(t, f)|2]. Similar

to the derivation of the ACF, as E[ej(θmn−θm′n′ )] = 1 for
m = m� and n = n� and is zero otherwise, then

E[Hqp(t, f)H∗
q′p′(t, f)]

=
C�

m=1

|am|2
Nm�
n=1

× E[gmn,qp(t− tgn)gmn,q′p′(t− tmn)]

× E[ejk0[Dmn,qp(t)−Dmn,q′p′(t)]]. (30)

The S-CCF of the ray-level evolution process can analo-
gously be defined ρS,qp = E[gmn,qp(t − tmn)gmn,q′p′(t −
tmn)]/E[|gmn,qp(t − tmn)|2]]. One important difference in
the derivation of the ACF and S-CCF lies on the number of
dimensions involved. Whereas the ACF is limited to a single
dimension, i.e., time, a larger number of dimensions is required
for antenna arrays at both sides of the communication link.
Single or multiple-dimensional antenna arrangements usually
lead to complex expressions of the S-CCF and closed-form
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expressions are usually not achievable. In the case of ULAs
with antenna spacing at the transmit- and receive-sides δT
and δR, respectively, and multi-bounce propagation (where
independence between the transmit-side and receive-side is
usually assumed), the S-CCF of the ray-level process can
be expressed the product of the transmit-side and receive-
side S-CCFs. In these conditions, the S-CCFs of the ray-level
evolution process can be easily obtained by using (19) and
replacing |t2 − t1| by |δR(q − q�)|. Due to the limitations
described above, we will numerically study the S-CCF in
Section IV.

6) Frequency Correlation Function (FCF): The normal-
ized FCF can be obtained as ρqp(f1, f2) = E[Hqp(t, f1)
H∗

qp(t, f2)]/E[|Hqp(t, f)|2], where

E[Hqp(t, f1)H∗
qp(t, f2)]] = PR

C�
m=1

|am|2
N�

n=1

× e−j2π(f1−f2)ρmn,qp(t). (31)

As delays corresponding to individual rays depend on the
antenna elements of the large array and time instant consid-
ered, the FCF is spatial-temporal variant (STV). As indicated
by [46], the relatively small variation of the delays over the
array enables to use a linear approximation of τmn,qp(t) as

τmn,qp(t) ≈ τ0,mn − τq cosψR
mn − τT

v (t) cos ξT
mn

− τR
v (t) cos ξR

mn (32)

where τ0,mn is the reference delay of the n-th ray in the
m-th cluster from the transmitting to the receiving arrays
centers, τT

v (t) = vT t/c0 and τR
v (t) = vRt/c0 denote the extra

propagation delay induced by the motion of the Tx and Rx,
respectively, and τq = δq/c0 denotes the propagation delay
from the center of the receiving large array to the q-th antenna
element. Therefore, the terms τq cosψR

n , τT
v (t) cos ξT

n , and
τR
v (t) cos ξR

n in (32) model the relative delay experienced by
the signal radiated from AT

p and received by AR
q at time

instant t with respect to τ0,mn. Note that previous models
assumed a constant delay that is independent of the time
instant and antenna element as τqp,mn(t) = τ0,mn, since
δp/c0, δq/c0, vT t/c0, and vRt/c0 are small in conventional
WSS MIMO systems.

B. Large-Scale Fading

The ray-level evolution process may be physically inter-
preted as shadowing of individual rays produced by objects
in the environment. Accordingly, the cluster-level large-scale
fading is implicitly captured in this model due to the ray-level
evolution process.

1) Distribution of the Local-Average Received Power: Even
though the cluster-level average received power is a constant
value PC = Nc2(1−5/8r)TR, the cluster-level local-average
received power is an STV random process describing the
cluster-level shadow fading [48]. A sample function of the
average received power can be obtained through the expec-
tation of the instantaneous received power conditioned to a
set of fixed parameters of the ray-level evolution process,

i.e., conditioned to a fixed large-scale environment, as

E [Hqp(t, f)Hqp(t, f)∗ | gmn,qp(t− tmn)]

=
C�

m=1

|am|2
Nm�
n=1

g2
mn,qp(t− tmn). (33)

Thus, we can model the cluster-level large-scale fading
by extending the formulation of the average received power
proposed in [49] and defining the process γm,qp(t) as [48]

γm,qp(t) =
Nm�
n=1

g2
mn,qp(t− tmn). (34)

Although large-scale fading is usually modeled employing
a Lognormal distribution [45], the sum of Lognormal random
variables is not Lognormal distributed [50], [51], which hin-
ders the modeling of the total large-scale fading. Thus, Gamma
distributions have been proposed as a convenient alternative to
the Lognormal distribution for this purpose [52]. Let c2mn ∼
Γ(kmn, θ), with m = 1 . . . C and n = 1 . . .Nm, be a col-
lection of i.i.d. Gamma-distributed random variables denoting
the maximum squared amplitude of Nm rays in C clusters.
Note that the collection shares the same scale parameter θ,
hence we can use the summation property of i.i.d. Gamma
random variables, i.e.,

�N
n=1 c

2
mn ∼ Γ(

�N
n=1 kmn, θ). For

a sufficiently large average number of visible rays within a
cluster, the resulting process modeling the cluster-level local-
average received power is approximately Gamma-distributed
as γm,qp(t) ∼ Γ(

�N
n=1 kmn, θ).

2) ACF of Cluster-Level Large-Scale Fading: The ACF of
the process γm,qp(t) is obtained as

ργmγm(t1, t2) =
Nm�
n=1

Nm�
n′=1

E[g2
mn,qp(t1 − tmn)

g2
mn′,qp(t2 − tmn′)] (35)

which can be analogously computed to the ACF of the ray
gain in (19) and it is omitted here for brevity. As an example,
closed-form expressions of this ACF can be found for rapid
(dis)appearance of rays (r = 0) as λR exp (−τ/λR) with
τ = |t2 − t1|. This ACF depends only on time difference
|t2 − t1| and has a form similar to that in (19) and (20),
being a smoothly decreasing function of the time difference.
Traditionally, the exponential profile has been widely used
to fit measurement results of the ACF of the large-scale
fading [45].

C. Distribution of the Random Number of Rays and Clusters

As in previous sections, let us assume that the appearance
times of N rays within a cluster are modeled as i.i.d. random
variables uniformly distributed over the cluster’s lifetime as
tn ∼ U(0, TC), with n = 1 . . .N . In addition, rays’ lifetimes
TR

n are modeled as i.i.d. exponentially distributed random
variables with rate λR. The total number of the visible rays
in the cluster at time t is a random variable which can be
expressed as

nR(t) =
N�

n=1

�tn<t<tn+T R
n
. (36)
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The term �tn<t<tn+T R
n

above denotes the indicator func-
tion, i.e., it is unity when tn < t < tn+TR

n and zero otherwise.
For a given time instant t and a constant TR = TR

n , the event
tn < t < tn + TR is a Bernoulli trial with probability of
success given by

p(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1
TC

·
�
t+

1
2
TR

�
−T

R

2
< t ≤ TR

2
TR

TC

TR

2
< t ≤ TC − TR

2
1
TC

�
TC − t+

1
2
TR

�
TC − TR

2
< t < TC +

TR

2
(37)

where TR < TC was assumed. Thus, the probability of a ray
being visible is approximately a constant p ≈ TR/TC over
the majority of the cluster’s lifetime as long as TR 
 TC .
However, as TR

n is random, p(t) can be computed using the
law of total probabilities and is given by

p(t)=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2

1
λRTC

· e2λRt
�
1 − e−2λRTC

�
t ≤ 0

1
λRTC

·
�

1 − 1
2

�
e−2λRt

+e−2λR(TC−t)
�� 0 < t ≤ TC

1
2

1
λRTC

·
�
e−2λR(TC−t) − e−2λRt

�
TC ≤ t.

(38)

The number of visible rays at any time instant nR(t) is
the sum of N Bernoulli trials, so it is Binomial distributed
with parameters N and time-varying probability p(t) as given
by (38). However, as recent measurements [21], [22] showed
that rays’ lifetimes are usually much shorter than clusters’,
e.g., λRTC ≈ 10, from (38) the probability p(t) can be
approximated as p = (λRTC)−1. Thus, the number of visible
rays is Binomial distributed as nR(t) ∼ B �N, (λRTC)−1

�
approximately in the interval 0 < t < TC . Thus, the average
number of visible rays in a cluster is approximately a constant
value NR(t) = E[nR(t)] = Np(t) ≈ N(λRTC)−1.

When the cluster (dis)appears, the number of rays
increases (decreases) exponentially and the raising (decay)
time from (to) the L% to (from) the (1 − L)% of the total
number of rays is

ΔtL% = − 1
λR

· log
�

1
100

· 2L
1 − e−2λRTC

�
(39)

for 0 < L < 50%. Examples of transition periods are Δt10% ≈
1.6(λR)−1 Δt1% ≈ 3.9(λR)−1, where we have assumed
λRTC � 1. The raising (decay) time ΔtL% guarantees a
smooth transition of the cluster’s power when it (dis)appears
without adding additional elements to the model. In addition,
as λRTC � 1 [21], [22], the law of rare events allows
us to approximate nR(t) as a Poisson random variable with
rate parameter N(λRTC)−1, as proposed by previous non-
stationary massive MIMO channel models [24]–[26].

Using an analogous argument, the number of visible clusters
at any time instant nC(t) is Poisson distributed with rate
parameter λC . However, measurements [12] reported that

the number of clusters at different locations of the array
can be accurately modeled by a negative binomial random
variable when multiple locations of the mobile station (MS)
are considered. This apparent contradiction is solved by noting
that a negative binomial distribution can be obtained as a
continuous mixture of Poisson and Gamma distributions. Thus,
a negative binomial random variable denoted as x ∼ NB(r, p)
can be expressed as x ∼ Poisson(λ) where the rate parameter
λ is also a Gamma-distributed random variable λ ∼ Γ(k, θ),
with k = r and θ = p

1−p .
Thus, let λC

l , l = 1, 2, . . . , L, be i.i.d. Gamma-distributed
random rates corresponding to the Poisson-distributed number
of visible clusters at any time instant for L different loca-
tions of the MS. Using the scaling property of the Gamma
distribution and assuming that the L random rates are i.i.d.
as λC

l ∼ Γ(k, θTS/C) with C the total number of clusters,
the aggregated number of visible clusters follows a negative
binomial distribution, i.e., nC(t) ∼ NB(r, p) with parameters
r = k and p = θ/(θ + 1). The average of the aggregated
number of visible clusters is given by NC = E[nC(t)] =
E[λC

l C/TS ] = kθ. Finally, using measured parameters p and r
of the negative binomial distribution as given in [12], the ran-
dom (dis)appearance rates can be modeled as i.i.d. random
variables distributed as λC

l ∼ Γ(r, p
1−p

TS

C ). From the physical
point of view, it is reasonable to expect different average
numbers of visible clusters at different locations of the MS.
This assumption is less restrictive than the opposite, i.e., that
of spatially-invariant average number of visible clusters. The
previous results focused on the temporal characteristics of the
number of visible rays/clusters can be analogously extended
to the spatial (array) domain and they are omitted here for
brevity.

D. Observed Cluster Length and MPC Length Within
Clusters

The observed cluster length and MPC length within clusters
can be used to characterize cluster-level evolution and ray-level
evolution over the array, respectively [21], [22]. The observed
cluster length is defined as

Lcluster =
Is − Ie

2
(40)

where Is and Ie denote the start index and end index in the
array dimension, respectively. Similarly, the MPC length is
defined as

LMPC =
Isn − Ien

2Lcluster
(41)

where Isn and Ien denote the start index and end index of the
n-th ray in the cluster in the array dimension, respectively.
Note that the MPC length within clusters is normalized by the
cluster length Lcluster.

IV. RESULTS AND ANALYSIS

As the main contribution of this work is the ray-level
spatial-temporal evolution process, in this section we will
numerically study the effects produced by the ray-level gain
on the statistical properties of the channel model. Since the
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Fig. 3. Comparison of the theoretical and simulated distribution of the
envelope for rapid and slow (dis) appearance times, i.e., r = 0 and r = 1,
respectively. The Rayleigh distribution of unit variance is also shown for
comparison (σ = 1, Na = 10).

receive array is small and not subject to large-array propa-
gation effects, the statistical properties of the channel model
are the same for all elements of the receive array under the
assumption that all antenna elements are equal. Therefore, only
the results corresponding to a single receive antenna element
are shown for clarity. The results allow to compare relevant
statistical properties of the proposed channel model with those
of the state-of-the-art massive MIMO channel models obtained
without using ray-level evolutions as stated in Section I.
The theoretical results were obtained by numerical evaluation
of the expressions derived in Section III. For the Monte
Carlo simulations, we used the recent massive MIMO channel
measurements reported in [21], [22] to generate the channel
parameters, e.g., ray-level visibility characteristics, angles, and
delays, and computed 103 realizations of the CTF in (3). The
measurements [21], [22] were conducted in a subway station,
employing a virtual 256-element rectangular antenna array at
the Tx side and a single antenna element at the Rx side.
The sounding signals were centered at 6 GHz and spanned
100 MHz in [21] and at 11 GHz and spanned 200 MHz
in [22]. Advanced clustering and tracking algorithms enabled
the authors to obtain both cluster- and ray-level parameters
and their evolution over the array, e.g., ray (dis)appearance
rates. Although both Tx and Rx remained static due to the
limitations of the virtual array technique, we will assume the
Tx moves at a constant speed in order to study the ACF and
Doppler spectrum predicted by the channel model.

A. Envelope Distribution

First, we will study the effect of the ray-level gain and its
parameters on the distribution of the envelope as defined in
Section III-A2. In Fig. 3, the distribution pΞ(z) is depicted
for short and long (dis)appearance times, i.e., for values of the
taper parameter r = 0 and r = 1, respectively. For reference,
the Rayleigh distribution of unit variance is also shown. Both
theoretical and simulated distributions resemble a Rayleigh

Fig. 4. Comparison of the absolute values of the theoretical and simulated
ACFs with and without ray-level evolution for different values of the temporal
taper parameter r (Na = 10, NT = 256, NR = 1, αT = 45◦ , βT = 0◦,
sT

c = (4, 4, 0) m, φT
μ = 45◦ , φT

σ = 4◦, θT
μ = 0◦ , θT

σ = 0.5◦, αT
v = 135◦ ,

βT
v = 90◦, νmax = 24 Hz, νT

max · T R = 0.7).

distribution almost independently of r. The root-mean-square
error of the approximation of the simulation results to the
theoretical ones is below 1% and that of the simulation results
to the reference Rayleigh distribution is below 2%. However,
note that the maximum amplitude of the rays is scaled by

r as c = σ
�

Na

2 (1 − 5
8r)
�− 1

2 to compensate the reduction
of amplitude caused by the taper. This is, the contribution
of every ray to the overall received signal is uneven as the
amplitude of every ray is weighted by the ray gain. In addition,
it can be seen that the average number of visible rays required
to achieve a given level of accuracy approximating a Rayleigh
distribution is larger than that of existing models due to the
random nature of the number of rays.

B. ACF

In Fig. 4, we present a comparison of the theoretical and
simulated absolute values of the array-variant cluster-level
ACFs with and without ray-level evolution for a maximum
Doppler frequency of νT

max = 24 Hz. These results show that
the ray-level evolution process can have a strong impact on
the temporal correlation and hence the coherence time. As the
average lifetime of rays is shorter than the cluster’s coherence
time, the ray-level evolution process significantly reduces the
total cluster-level ACF. For instance, for a correlation level
of 0.5, the coherence time becomes 1/νT

max seconds shorter
in Fig. 4, which represents a reduction of 66% of the coherence
time of the cluster without considering ray-level evolution.

The impact of the (dis)appearance times on the ACF is less
significant than that of the rays’ lifetimes, but its effects are
not negligible. Long (dis)appearance times (r ≈ 1) reduce the
temporal ACF more than short ones (r ≈ 0) because rays’
lifetimes are independent of their duration, i.e., TR

n does not
increase with r. If the total lifetime of the ray depended on r,
the effect would be the opposite. Note that we have used the
spatial rays’ lifespansDR provided in [21] in order to calculate
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Fig. 5. Comparison of the absolute values of the theoretical and simulated
cluster-level Doppler PSDs with and without ray-level evolution for different
values of the temporal taper parameter r (Na = 10, NT = 256, NR = 1,
αT = 45◦, βT = 0◦, sT

c = (4, 4, 0) m, φT
μ = 45◦, φT

σ = 4◦, θT
μ = 0◦ ,

θT
σ = 0.5◦, αT

v = 135◦ , βT
v = 90◦ , νmax = 24 Hz, νT

max · T R = 0.7).

the temporal lifespan as TR = DR/vT . In addition, note that
the ray-level evolution process reduces the differences among
ACFs at different locations of the antenna array produced by
near-field effects.

C. Doppler PSD

In Fig. 5, a comparison of the theoretical and simulated
cluster-level Doppler PSDs is presented. Since the simulated
Doppler PSD has been obtained through the Fourier trans-
formation of the corresponding ACF, the effects of the ray-
level evolution can be deduced by duality. Thus, a short
average lifetime of rays leads to large cluster-level Doppler
spreads. In particular, we observe in Fig. 5 that the cluster-
level Doppler spread increases from 75 to 86 Hz on average,
which represents a 15% approximately. In addition, shorter
(dis)appearance times (r ≈ 0) spread the Doppler PSD less
than longer ones (r ≈ 1). As explained above, this effect is due
to the independence of the rays’ lifetimes on r. Finally, note
the differences in the Doppler spectra at different locations of
the array that demonstrate the non-stationary properties of the
channel in the spatial domain.

D. S-CCF

In Fig. 6, the theoretical and simulated absolute values of
the cluster-level S-CCFs with and without ray-level evolution
of the proposed model as well as the S-CCFs in [25] without
ray-level evolution are compared. The consistency of the
two models without ray-level evolution can further verify the
correctness of the proposed model. The effects of the ray-level
gain are similar to those observed above for the ACF. Thus,
the small sizes of the rays’ VRs tend to reduce the cluster-level
antenna correlation. As presented in [21], the average lifespan
of rays is one order of magnitude shorter that cluster’s. This

Fig. 6. Comparison of the absolute values of the theoretical and simulated
cluster-level S-CCFs with and without ray-level evolution (Na = 10, NT =
256, NR = 1, αT = 0◦, βT = 0◦, sT

c = (5, 5, 0) m, φT
μ = 45◦, φT

σ = 4◦,
θT
μ = 0◦ , θT

σ = 6◦, RR = 0.15 (1.2λ) m).

Fig. 7. Comparison of the absolute values of the theoretical and simulated
cluster-level FCF for different values of intra-cluster delay spread (Na = 10,
NT = 256, NR = 1, αT = 45◦, βT = 0◦, sT

c = (4, 4, 0) m, φT
μ = 45◦,

φT
σ = [6 50]◦, θT

μ = 0◦ , θT
σ = [4 30]◦).

is specially important for clusters highly concentrated in the
angular domain, since they present longer coherence regions.
For widespread clusters in the angular domain, the effect of the
ray-level evolution process is lower as the S-CCF decays faster.
Note also that the effect of the parameter r on the S-CCF is
smaller than that observed in the ACF above due to the 2D
circular shape of the ray-level spatial VRs.

E. FCF

In Fig. 7 we present a comparison of the theoretical and
simulated absolute values of the cluster-level FCFs. The FCF
is unaltered by the ray-level gain as this is independent of
the delay domain. However, note that the FCF depends on
the antenna element considered as a consequence of the delay
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Fig. 8. Comparison of measured in [22] and simulated CDFs of the MPC
length within clusters over the array (NT = 256, NR = 1, δT

H = 0.5λ,
δT
V = 0.5λ).

drifts and spread, as described in [29]. These effects are more
noticeable for values of the delay spread similar to the time it
takes a ray to travel across the array, i.e., when τrms ≈ c−1

0 ·DA,
with DA the largest dimension of the array.

F. Observed Cluster Length and MPC Length Within Clusters

Fig. 8 shows the cumulative distribution functions (CDFs) of
the measured and simulated MPC length within clusters over
the array. The abscissa axis of the figure is the normalized
MPC length within clusters, as defined in Equation (41). The
simulation results show a good agreement with the measure-
ments data presented in [22].

V. CONCLUSION

In this paper, we have proposed a novel 3D space-
time non-stationary wideband massive MIMO channel model
that is able to capture ray-level near-field effects and
smooth (dis)appearance in massive MIMO channels. More-
over, we have studied the impact of the ray-level evolution
process on the most important statistical properties of the
channel model and concluded that the cluster-level ACF,
Doppler PSD, and S-CCF can be largely affected by the rays’
lifespan. The smoothness of (dis)appearance has a relatively
small impact on the statistical properties of the channel, which
makes the tapered cosine function a good candidate due to
its simplicity and flexibility. Additional measurement results
may help select a more accurate function for the ray evolution
process. A comparison of measured and simulated CDFs of the
MPC length within clusters over the array have validated the
ray-level evolution process. We have also proposed a method
to determine the most adequate wavefront for each cluster
and ray. A large percentage of clusters and rays of limited
lifespan can still use plane wavefronts, which can significantly
reduce the computational complexity of the channel model.
The proposed channel model is a general one and can be
applied to many different practical communication scenarios

with different statistical properties such as urban, rural, and
indoor scenarios, by adjusting channel model parameters.

APPENDIX

DISTRIBUTION OF THE ENVELOPE

The distribution of Ξ can be calculated as [53]

pΞ(z) = (2π)2z
� ∞

0

�
N�

n=1

� ∞

0

pgn(yn)J0(2πynx)dyn

�

× J0(2πzx)xdx. (42)

Thus, plugging (11) into (42), we obtain

pΞ(z) = (2π)2z
� ∞

0

�
N�

n=1

� cn

0

[(1 − pv) δ(yn)

+
pvr

π


cnyn − y2

n

+ pv(1 − r)δ(yn − cn)

�

× J0(2πynx)dyn)J0(2πzx)xdx (43)

= (2π)2z
� ∞

0

N�
n=1

[(1 − pv) + pv(1 − r)J0(2πcnx)

+
pvr

π

� cn

0

J0(2πynx)

cnyn − y2

n

dyn

�
J0(2πzx)xdx (44)

= (2π)2z
� ∞

0

N�
n=1

[(1 − pv) + pv(1 − r)J0(2πcnx)

+ pvr 2F3

�
1
4
,
3
4
;
1
2
, 1, 1;−(cnπx)2

��
× J0(2πzx)xdx (45)

for z > 0 and with 2F3(·; ·; ·) denoting the generalized
hypergeometric series of order 2, 3 [47]. For the special case
where all the windows have the same maximum amplitude
c = cn, then

pΞ(z) = (2π)2z
� ∞

0

{1 + pv [2F3 (1/4, 3/4; 1/2, 1, 1;

− (cπx)2
�
r + J0(2πcx)(1 − r) − 1

��N

× J0(2πzx)xdx. (46)

As the number of active rays at time instant t is a Binomial-
distributed random variable with N trials and probability of
success pv = (λRTC)−1, the average number of visible rays
at any time instant is Na = N(λRTC)−1. Thus, substituting
pv = Na

N into (46)

pΞ(z) = (2π)2z
� ∞

0

�
1 +

Na

N
[2F3 (1/4, 3/4; 1/2, 1, 1;

− (cπx)2
�
r + J0(2πcx)(1 − r) − 1

��N

× J0(2πzx)xdx. (47)

In the limit N → ∞ and assuming that the average number
of rays Na is constant, we can use the well-known identity
ex = limn→∞(1 + x/n)n in the integrand of (47) as

pΞ(z) = (2π)2z
� ∞

0

exp
�
Na

�
2F3

�
1
4
,
3
4
;
1
2
, 1, 1;

− (cπx)2
�
r + J0(2πcx)(1 − r) − 1

��
× J0(2πzx)xdx. (48)
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