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Abstract
We propose a novel stochastic slow frequency hopping simu-
lation model for Rayleigh fading channels, which is very use-
ful for investigating the problems of stationary or slowly mov-
ing mobile stations being subjected to prolonged deep fades in
the GSM system. Closed-form expressions are provided for all
parameters of the simulation model. Furthermore, the perfor-
mance of the proposed channel simulator is investigated for typ-
ical frequency hopping mobile radio data transmission scenar-
ios. Numerical results show that the proposed channel simulator
has excellent frequency hopping capabilities and its statistical
correlation properties are in very good conformity with the un-
derlying physical radio channel model.

Keywords
Rayleigh fading channels, stochastic simulation models, slow
frequency hopping, statistics.

1. Introduction
Frequency hopping (FH), which is well known as one of the
efficient techniques in combating channel fading, has been the
subject of considerable research effort in recent years. First of
all, we must differentiate between “fast” and “slow” frequency
hopping techniques. Fast frequency hopping (FFH), in which
the operating frequency is changed many times per symbol, has
widely been used in spread-spectrum multiple access (SSMA)
systems [1]–[6] and Bluetooth wireless networks [7] because
of its excellent anti-interference properties. On the other hand,
slow frequency hopping (SFH), which is of primary interest in
this paper, has been proposed for various narrow-band TDMA
systems, including the GSM Pan-European System [8]. It is
so called because the operating frequency is changed only once
per TDMA frame [9]. FH reduces the signal-to-noise ratio re-
quired for good communications and adds frequency diversity
to the channel [10], because “hopping” over several frequencies
randomizes the occurrence of fades.

Simulation models for mobile fading channels are impor-
tant for the design, performance evaluation, optimization, and
test of modern wireless communication systems. A SFH chan-
nel simulator, which models accurately the physical channel
statistics determined by cyclic or pseudo-random hopping pat-
terns of the carrier frequency, is extremely useful for the inves-
tigation of the problems of stationary or slowly moving mobile
stations being subjected to prolonged deep fades in the GSM
system. In recent years, several channels models with FH capa-
bilities have been developed. For example, a variable data rate
FH channel model has been derived by using frequency trans-
form techniques and digital filter design methods in [11], and

a method of generating correlated multipath fading in order to
emulate FH in a wide-band channel has been described in [12],
only to mention a few.

In this paper, a novel SFH GSM channel simulator for
Rayleigh fading channels is proposed. Due to its high flexibility,
the simulation model enables a better statistical fitting to physi-
cal radio channel model than other channel models, such as the
model introduced in [13]. Our model is based on a finite sum
of weighted harmonic functions with determined frequencies
(Rice’s sum of sinusoids) [14, 15] and takes into account that
the fading envelope of two different frequency-spaced channels
is in general correlated.

2. The theoretical reference model and its
correlation properties

In this section, we briefly describe the reference model, which
is important when discussing the performance and correlation
properties of our stochastic simulation model in Section 4.

Without any loss of generality, we restrict our investiga-
tions to frequency non-selective fading channels, where the co-
herence bandwidth of the channel is large in comparison to the
bandwidth of the transmitted signal, and we describe the chan-
nel model by making use of the equivalent complex baseband
notation. For simplicity, we assume that no line-of-sight path
exists between the base station and the mobile station antennas.
Then, the envelope of the received signals at two different car-
rier frequencies, denoted by �� and ��, can be modelled by the
following Rayleigh processes:

���� � ������ � ������� � at �� � (1a)

����� � ������� � �������� � at �� � (1b)

where both ����� and ������ (� � �� �) are real Gaussian noise
processes, each with zero mean and variance ��� . The existence
of different time delays over the propagation paths causes the
statistical properties of two signals with different frequencies
to become essentially uncorrelated if the absolute value of the
frequency separation 	 � ����� is sufficiently large. Here, 	
is a measure for a frequency hop from �� to ��. But in general,
the received signals ���� and ����� are statistically correlated
due to the limited bandwidth available for the GSM system. For
example, the uplink transmissions are carried out in the 890–
915 MHz band, where the maximum relative hopping frequency
is 25MHz/900MHz � �
�� [8].

The statistics and correlation properties of two signals re-
ceived at �� and �� are completely determined by the correla-
tion properties of the underlying Gaussian noise processes �����
and ������ (�� � � �� �). Therefore, we can restrict our investi-
gations to the following autocorrelation and cross-correlation

[Citation] C.-X. Wang and M. Pätzold, “A novel stochastic slow frequency hopping simulation model for Rayleigh channels,” in Proc. 
4th Int. Symp. on Wireless Personal Multimedia Communications, WPMC’01. Aalborg, Denmark, Sep. 2001, pp. 479–484.



functions:

����� ��� 	� ����������� ��� � (2a)

�����
�
��� 	� 	� ������������ � �� � (2b)

for all � � �� � and � � �� �, where the operator ��� refers
to statistical average. It should be observed that (2b) is a func-
tion of both time separation � and frequency separation 	. The
statistical properties of interest can be derived provided that the
horizontal directivity pattern of the receiving antenna and the
angular distribution of the incident power are known [16]. On
the assumption that the antenna is omnidirectional and the angle
of arrival is uniformly distributed, the expressions (2a) and (2b)
can be solved analytically [16, p. 51]:

����� �� � � �������� � �
�
������������ � (3a)

����� �� � � ���
�
��
�
��� � 
 � (3b)

�����
�
��� 	� � �����

�
��� 	� �

��������������

� � ����	��
� (3c)

�����
�
��� 	� � ������

�
��� 	� � ����	�����

�
��� 	� � (3d)

where � is related to the delay spread and ���� is the maximum
Doppler frequency. The above expressions provide the basis for
the performance evaluation of our stochastic simulation model
in Section 4.

3. Description of the SFH simulation model
In this section, we propose a novel stochastic SFH Rayleigh
fading channel simulator by making use of the fact that the
real Gaussian noise processes ����� and ������ [see (1a) and
(1b), respectively] can be modelled by a finite sum of properly
weighted sinusoids [17]:

������ �
��

������

	�
���

��
� ��������� �� � ���� � (4a)

������ �

��
������

	�
���

��
� ���������� �� � ���� � (4b)

������� �
��

������

	�
���

��
� ��������� ��� � ���� � (4c)

������� �
��

������

	�
���

��
� ���������� ��� � ���� � (4d)

where N-by-M denotes the number of sinusoids, determining
the realization expenditure and the performance of the result-
ing channel simulator. The phases ��� are uniformly distributed
random variables, which can be obtained simply by means of
a random generator with uniform distribution over the inter-
val �
� ���. The so-called Doppler coefficients ��
�, discrete
Doppler frequencies ��, and phases �� (���) are simulation
model parameters, which have to be determined in such a way
that the statistical properties of ������ and ������� are matching
those of the stochastic processes ����� and ������ (�� � � �� �),
respectively, as good as possible. By using the method of exact
Doppler spread [17], we get the following closed-form expres-
sions:

��
� �
���
��

� (5a)

�� � ���� ���

�
�

��
��� �

�
�

�
� (5b)

for � � �� � ���� � �� 
 
 
 � � and � � �� �� 
 
 
 �� .
According to a new computation method proposed in the
Appendix, we can derive the following expressions

�� � ������ � ��� � ����� � 	��� � (6a,b)

with

�� � � ��

�
�

�� �����

	

�
(7)

for � � �� �� 
 
 
 �� . The above expressions (4)–(7) show
us that the occurrence of a frequency hop �� � �� of size
	 � �� � �� in the physical channel model corresponds to
phase hops �� � ��� of sizes ��	�� � ��� � �� (� �
�� �� 
 
 
 �� ) in our simulation model, whereas the other pa-
rameters remain unchanged.

It is important to note that after calculating the quantities
��
�, ��, ��, and ��� with the above mentioned methods,
these parameters are kept constant during simulation. How-
ever, the simulation model is still of stochastic nature, since the
phases ��� are uniformly distributed random variables for all
� � �� �� 
 
 
 �� . Consequently, the processes ������ and �������
are stochastic processes and the overall simulation model is also
a stochastic model that can be used for the approximation and
simulation of stochastic processes such as the above Rayleigh
processes.

Fig. 1 shows the structure of the resulting stochastic
continuous-time SFH Rayleigh fading channel simulator cor-
responding to the received envelope ����� with the carrier fre-
quency ��. By substituting in this figure the phases �� by ���,
we can immediately obtain the model for the received envelope
������ that corresponds to ��.
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Fig. 1: SFH Rayleigh fading channel simulator.



Since all parameters of our stochastic simulation model are
known quantities now, the counter parts of (2a) and (2b) can be
calculated analytically by means of the following definitions:

������ ��� 	� ���
���

�

��

��
��

��
������������� ����� � (8a)

������
�
��� 	� 	� ���

���

�

��

��
��

��
�������������� ����� � (8b)

for all � � �� � and � � �� �. Here, we take into account that dif-
ferent events ��� always result in different realizations for ������
and �������. Therefore, we also consider the statistical average
for all of these realizations with respect to ���. If we substitute
(4a)–(4d) in (8a) and (8b), then we obtain the following rela-
tions after simple computations:

��������� �
��
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	�
���

���
�
�

��������� � (9a)

������ �� � � ����
�
��
�
���
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��

������

	�
���

���
�
�

���������� � (9b)

������
�
��� 	� �

��
������

	�
���

���
�
�

� �������� � ����	� � (9c)

������
�
��� 	� � �������

�
��� 	� �

��
������

	�
���

���
�
�

� ��������� � ����	� � (9d)

for � � �� �. Note that M has no influence on (9a) and (9b) if
��
� take the form of (5a), since

�	
���

�

	
� �.

4. Numerical results and performance
evaluation

In this section, we study the performance of the proposed SFH
channel simulator by comparing the correlation properties of
the simulation model [see (9a)–(9d)] with those of the reference
model [see (3a)–(3d)].

1) Comparison of ��������� with ��������: The substitution of
(5a) and (5b) in (9a) results for � �	 and � �	 in

���
���
	��

�������� � � ���
���
	��

��
������

	�
���

���
���

� ��
�
������� ���

�
�

��
��� �

�
�

�	

� ���
���

��
������

���
��

� ��
�
������� ���

�
�

��
��� �

�
�

�	

� ���
�

�

����
����

���������� ��� ����

� �������������� � �������� 
 (10)

Thus, ��������� tends to �������� if � � 	 and � � 	.
But even a limited number of sinusoids gives excellent approx-
imation results for �������� � ���������, as is demonstrated
in Fig. 2 for � � �
 and � � �
. Note that we can reduce
the number of parameters M without degrading the performance
because M has no influence on ���������.
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Fig. 2: Autocorrelation function ������� � (ref. model) in
comparison with ��������� (sim. model, � � �
, � � �
) for
���� � �� Hz and ��� � �.

2) Comparison of ������ �� � with ��������: Substituting
(5a) and (5b) in (9b) and letting � �	 and � �	 results
in
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 � �������� 
 (11)

From this result, we realize that ������ ��� converges to
�������� if � � 	 and � � 	. Actually, ����� ��� and
��������� are exactly the same even with the reduced number
of parameters N and M in case that M has no influence on
��������� and �� [see (5b)] is a symmetrical function with
respect to �, i.e., ����� � ��� � 
 
 
 � �� � ���. Therefore, it
follows that �������� � � ����� �� � � 
 holds for all � .

3) Comparison of ������
�
��� 	� with �����

�
��� 	�: The sub-

stitution of (5a), (5b), and (7) in (9c) results for � � 	 and
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From (12), we realize that ������
�
��� 	� converges in the

two-dimensional ��� 	�-plane to �����
�
��� 	� if � � 	 and

� � 	. But the quality of the achieved approximation
�����

�
��� 	� � ������

�
��� 	� is good even for moderate values

of N and M. Consider therefore Figs. 4(a) and 4(b), where on
the basis of the COST 207 rural area profile [18] the numerical
results of (3c) and (9c) are shown, respectively. To see more
clearly how close our simulation model is in good conformity
with the reference model, we also give the analytical and
simulation results of �����

�
�
� 	� and ������

�
�
� 	� for � � �


and M=20 (see Fig. 5). Note that these functions represent the
cross-correlation functions ������

�
��� 	� and �����

�
��� 	� along

the 	-axis, respectively.

4) Comparison of ������
�
��� 	� with �����

�
��� 	�: Substi-

tuting (5a), (5b), and (7) in (9d) and letting � � 	 and
� �	 gives us
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 (13)

Thus, ������
�
��� 	� tends to �����

�
��� 	� if � � 	 and � �

	. As shown in Figs. 6(a) and 6(b), excellent approximation
results for �����

�
��� 	� � ������

�
��� 	� can also be achieved

even for moderate values of N and M. Concerning the behaviour
of �����

�
��� 	� and ������

�
��� 	� along the 	-axis, we compare

�����
�
�
� 	� with ������

�
�
� 	� for � � �
 and M=20 in Fig. 7.

5. Conclusions
In this paper, we have proposed a novel stochastic channel
simulator for the emulation of SFH Rayleigh fading channels.
In particular, we have not only derived closed-form expressions
for all parameters of the channel simulator, but also investigated
the correlation properties of the simulation model from the
analytical point of view. Furthermore, the performance of
our simulation model with a limited number of parameters is
evaluated by simulation of a typical GSM FH system. It is
shown that the correlation properties of the proposed simulation
model are in excellent conformity with the underlying reference

model.
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Fig. 6: Cross-correlation function �����
�
��� 	� for the COST

207 rural area profile (� � 

�
�� �s, ���� � �� Hz, ��� �
�): (a) �����

�
��� 	� (ref. model, cf. (3d)) and (b) ������

�
��� 	�

(sim. model, � � �
,� � �
, cf. (9d)).
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the COST 207 rural area profile (� � 
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6. Appendix
In this Appendix, we present a new method to derive an ex-
plicit expression for the quantities �� 
 
 in such a way that
������

�
�
� 	� and ������

�
�
� 	� [see (9c) and (9d) for � � 
] are as

close as possible to �����
�
�
� 	� and �����

�
�
� 	� [see (3c) and

(3d) for � � 
], respectively.
First, we derive �� by starting from ������

�
�
� 	� and

�����
�
�
� 	�. By using (3c), (5a), and (9c), we obtain for the

Fourier transforms of �����
�
�
� 	� and ������

�
�
� 	� the relations

�����
�
�
� �� �

���
��
��

���
� � (14a)

������
�
�
� �� �

���
��

	�
���

�Æ��� ��� � Æ��� ���� � (14b)

respectively. Now, we introduce intervals �� � ������ ���
with �� � 
 in such a way that (14a) and (14b) are related by�

����

�����
�
�
� ���� �

�
����

������
�
�
� ���� (15)

for all� � �� �� 
 
 
 �� . Then, we define an auxiliary function

 ���� 	�

���
��

�����
�
�
� ���� � (16)

which can be written by using (14b) and (16) as follows
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���
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�
� ����

�
���
�
�� �

�

�
� 
 (17)

On the other hand, after substituting (14a) in (16), we obtain for
the auxiliary function the expression

 ���� �
���
�
��� �������

�
�� 
 (18)

Now, the quantities �� can easily be identified from (17) and
(18) as

�� � � ��

�
�

�� �
	

�
(19)

for all � � �� �� 
 
 
 �� . As shown in (7), we substitute on
the right side of (19) the quantity � by �� �!� avoiding that
�� �	 when m=M.

Using the above method, the same result can be achieved
for �� from the relation between ������

�
�
� 	� and �����

�
�
� 	�.
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