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Sub-Array-Based Millimeter Wave Massive MIMO Channel Estimation
Xuan Zhu , Yang Liu , and Cheng-Xiang Wang

Abstract—Combination of millimeter wave (mmWave) and
massive multiple input multiple output (MIMO) forms a promis-
ing technology for future sixth generation networks. As the
number of antennas increases, propagation channel starts yield-
ing spherical wavefronts, for which the traditional channel
estimation algorithms are no longer applicable. To overcome this
technical gap, a novel MIMO channel estimation scheme based on
the assumption of spherical wavefront is proposed in this letter.
The large antenna array is first divided into several sub-arrays,
and then the channel estimation is performed for each sub-array
based on the orthogonal matching pursuit algorithm. In addi-
tion, the joint estimation of angle of arrivals and departures
(AoAs and AoDs) of each uniform planar sub-array is trans-
formed into separate estimation by dimensionality reduction.
Next, an iterative estimation is performed using Taylor expansion
to continuously approximate the real grid points to recover the
AoAs/AoDs. Lastly, the superiority of the proposed algorithm is
verified by numerical simulations, where the proposed algorithm
exhibits the best NMSE performance, compared with the existing
MIMO channel estimation methods.

Index Terms—Massive MIMO, channel estimation, sub-array,
spherical wave, off-grid error.

I. INTRODUCTION

MASSIVE multiple input multiple output (MIMO)
technologies are being effectively exploited in the

fifth generation (5G) and the sixth generation (6G) wire-
less communication systems [1], [2]. Meanwhile, millimeter-
wave (mmWave) communication has been proposed for 5G
and 6G cellular networks to enhance the spectrum effi-
ciency [3], [4]. Accordingly, a combination of mmWave com-
munication and massive MIMO technologies has promised
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to provide higher data rate, throughput, and capacity in the
future communication systems [5], [6]. To achieve the desired
performance, accurate acquisition of channel state information
(CSI) is crucial for the mmWave and massive MIMO
systems [7].

Study on the channel estimation algorithms can be traced
back to [8], where a Gaussian channel was estimated by the
likelihood function method. Over the past decades, various
research groups have intensively studied the estimation algo-
rithms for massive MIMO channel. Generally, these reported
algorithms could be divided into two categories. Among
them, the first type relies on the plane wave model (PWM).
In [9], algorithm based on the alternating direction method of
multipliers (ADMM) for the mmWave channel was proposed
by taking advantage of the channel sparsity and low rank.
In [10], orthogonal matching pursuit (OMP) algorithm was
proposed to estimate the mmWave channel. Progressively,
in [11], a two-dimensional unitary ESPRIT-based algorithm
was proposed to estimate the MIMO channel at mmWave
bands. In [12], a two-stage grid estimation method was
proposed, where the first stage was to obtain a general grid.
Next, the second stage performed a detailed division of the
grid, to obtain the specific CSI. In [13], algorithm based on
analog beamforming was proposed, which can significantly
improve the gain and reduce the overhead.

To reduce the complexity, the antenna array can be divided
into several sub-arrays, and each sub-array can be esti-
mated independently. Reference [14] estimated angles of
arrival/departure (AoAs/AoDs) based on the gradient descent
method. However, these results included the off-grid errors.
Correspondingly, [15] proposed a solution for the off-grid
errors by converting the joint estimation of AoAs/AoDs into
a separate estimate. Reference [16] considered both azimuth
and elevation angles. Moreover, for a large number of anten-
nas, the spatial non-stationarity (SNS) caused by the cluster
appearance and disappearance along the array was addressed
in [17]. Notably, such SNS of the massive MIMO channel
was not considered in the traditional algorithms. Then, [18]
proposed a block matching pursuit algorithm to estimate those
channels. In [19], an end-to-end (E2E) joint training method
based on deep learning (DL) is proposed. However, the above-
mentioned algorithms did not fully support the spherical wave
model (SWM).

Later on, the second type of MIMO channel estimation
algorithms were put forward, which relied on the assumption
of SWM based propagation. When the distance between the
receiver and transmitter ends is less than the Rayleigh distance,
propagation channel possesses the property of spherical wave-
front. Reference [20] proposed a channel estimation algorithm
based on intermediate parabolic wavefront. Reference [21]
proposed an algorithm to estimate the near-field components
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Fig. 1. Structure diagram of hybrid precoding massive MIMO multi-antenna
system, the azimuth angle αl and elevation angle βl .

based on simultaneously OMP algorithm in the polar domain.
However, only near-field channels can be estimated and far-
field channels were ignored. Furthermore, [22] proposed a
hybrid-field algorithm to estimate both the far-field and near-
field components. Reference [23] proposed a spherical wave
channel estimation scheme using deep convolutional neural
network in terahertz scenario. Reference [24] proposed a
hybrid channel estimation scheme by dividing a large array
into several small sub-arrays. But the above methods did not
consider the off-grid error, which may lead to the significant
error of the estimated channel.

To the best of our knowledge, an algorithm for the spherical
channel with small off-grid errors is still missing. To fill this
gap, a scheme to solve the off-grid error problem of estimat-
ing the massive MIMO channel with the spherical wavefront
is proposed in this letter. The main contributions of this letter
include the estimation of channel parameters between each
sub-array separately using a parallel approach. Additionally,
the joint estimation of AoAs and AoDs is transformed into
separate estimation to achieve dimensionality reduction. In
addition, Taylor expansion formula is used to reduce the off-
grid error, so that the estimated angle is close to the real
angle.

The rest of this letter is organized as follows. The system
and channel model are illustrated in Section II. In Section III,
we propose a novel channel estimation scheme based on the
SWM. Section IV evaluates the performance of the proposed
algorithm by Monte Carlo simulations. Finally, Section V
summarizes this letter.

II. HYBRID MIMO SYSTEM AND CHANNEL MODEL

Fig. 1 presents a massive MIMO communication scenario
with Nt (Nr ) antennas at the transmitter (receiver). Uniform
planar array (UPA) is employed at both transmitted and
received ends. This letter mainly focus on the uplink, the
received signal can be expressed as [11]:

Y = WH(HFX+N) (1)

where W = WRFWBB ∈ C
Nr×Nx is the hybrid combiner,

F = FRFFBB ∈ C
Nt×Nx is the hybrid precoder. H ∈

C
Nr×Nt is the channel matrix, X ∈ C

Nx×Nx is the matrix
of transmitted pilot signals. Meanwhile, N ∈ C

Nr×Nx is the
additive zero mean Gaussian noise with variance σn

2.
Our proposed algorithm is based on the non-line-of-sight

(NLOS) propagation [25]. In the spherical wave model, each

element of the channel matrix represents the channel impulse
response between the i th received antenna and the k th

transmitted antenna, expressed as [23]:

(H)ik =

L∑

l=1

∣∣∣μikl
∣∣∣e−j2πd ik

l /λ (2)

where l = 1, 2, . . .L indicates the propagation path
between the transmitted and received antenna pairs. μikl , d ikl
denotes the complex channel gain and the communication dis-
tance of the l th path between the i th received antenna and the
k th transmitted antenna, respectively.

III. CHANNEL ESTIMATION

In this section, based on the OMP, a hybrid pre-coded
channel estimation scheme for the massive MIMO channel
at mmWave bands is proposed. First, the large arrays of trans-
mitter and receiver ends are divided into several sub-arrays. A
sparse signal reconstruction scheme is then used to initial the
sparse support set of each sub-array. Next, Taylor expansion
is used to iteratively find the grid points closest to AoAs and
AoDs of each sub-array. Later, the least square method is used
to estimate the path gain. Finally, according to the obtained
AOAs, AoDs and path gain of each sub-array, the channel
matrix of the large array is reconstructed.

A. Partitioning the Sub-Array

In this letter, the spherical wavefront property of massive
MIMO channel is considered, we divide the large-scale arrays
at the transmitter and receiver into St and Sr subarrays,
respectively. Each sub-array at the z end has NSz

= Nz /Sz
antennas (z = t , r). Thus, the propagation channel between
the small subarrays of the transmitted and received ends may
be assumed to possess the plane wavefront. The channel matrix
between the pth (p = 1, 2, . . . Sr ) received sub-array and the
q th (q = 1, 2, . . . St ) transmitted sub-array at mmWave band
can be written as [15]:

H
pq
sub = Ap

r diag(µ
pq )A

qH
t

=

√
NSt

× NSr

L

L∑

l=1

μpql aprl
(
αp
rl , β

p
rl

)
aqtl

(
αq
tl , β

q
tl

)H (3)

where diag(·) represents diagonal operation and µpq =
(μpq1 , . . . , μpqL ). μpql is the gain of l th path between
the pth received sub-array and the q th transmitted sub-
array, A

p
r = [a

p
r1(α

p
r1, β

p
r1), . . . , a

p
rL(α

p
rL, β

p
rL)] ∈ C

NSr×L

represents the received array response matrix. A
q
t =

[aqt1(α
1
tq , β

1
tq ), . . . , a

q
tL(α

q
tL, β

q
tL)] ∈ C

NSt×L stands for the
transmitted array response matrix. For the pth received sub-
array, αp

rl , β
p
rl denote the azimuth and elevation AoAs of the

l th path, respectively. Similarly, αq
tl , β

q
tl represent the azimuth

and elevation AoDs of the l th path of the q th transmitted
sub-array. aprl (α

p
rl , β

p
rl ) denotes the response vector of the pth

received sub-array, which can be expressed as:

a
p
rl

(
α
p
rl , β

p
rl

)
=

[
1, . . . , ej2πΔd(Nr1−1) sinαp

rl sinβp
rl/λ

]T
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⊗
[
1, . . . , ej2πΔd(Nr2−1) cosβp

rl/λ
]T

(4)

where ⊗ denotes the Kronecker product, Δd represents the
spacing between antennas, Nr1 and Nr2 represent the number
of antennas of the pth sub-array in the horizontal and ver-
tical, respectively. Similarly, the response vector of the q th

transmitted sub-array a
q
tl can be obtained.

The full MIMO spherical wave channel matrix can be
obtained by combining model (2) and model (3) (the bottom
of the page).

B. Optimizing and Reconstructing the Received Signal

The transmitted signal X is assumed to be a unitary
matrix(XXH = INx

). Eq. (1) is multiplied by XT on both
sides, the equivalent received signal can be expressed:

Ŷpq = Âp
r diag(µ

pq )Âq
t + N̂ (6)

where Â
p
r = WHA

p
r , Âq

t = A
qH
t F are the equivalent channel

response matrices, and N̂ = WHNXH is the noise matrix. By
vectorizing both sides of Eq. (6), we get

ŷpq = vec
(
Ŷpq

)
= Âpqupq + n̂ (7)

where Âpq = Â
p
r � Â

q∗
t , upq = vec(diag(µpq )), n̂ = vec(N̂).

The optimal model of the signal can be established:

min‖upq‖0, s .t .
∥∥∥ŷpq − Âpqupq

∥∥∥
2

F
≤ ε (8)

where ε is the error tolerance parameter.
To reduce the computational complexity, a parallel scheme

is used to reconstruct Eq. (7)

ŷpq =

⎡

⎢⎢⎣

Â
p
r diag

(
A
q∗
t

)

1· · ·
Âp
r diag

(
Aq∗
t

)

Nx/St

⎤

⎥⎥⎦u
pq + n̂ (9)

where diag(·)i diagonalizes the i th row of matrix (·).
According to Eq. (9), the AoA-dependent signal model

between the pth received sub-array and the q th transmitted
sub-array can be obtained.

Xpq
r = Âp

r

⎡

⎢⎢⎣

diag
(
A
q∗
t

)

1
upq

· · ·
diag

(
A
q∗
t

)

Nx/St

upq

⎤

⎥⎥⎦

T

+ N̂r (10)

where N̂r is the noise term. Similarly, the AoD-dependent
signal model between the pth received sub-array and the q th

transmitted sub-array X
pq
t can be obtained. Thus the AoAs

and the AoDs can be separated.

C. Reducing the Off-Grid Errors and Recovering
the Channel Matrix

We perform the singular value decomposition (SVD) on the
AoD-dependent signal model Xpq

t = UpqΣpqV
H
pq to distin-

guish the signal from the noise. To extract the information of
AoDs, we select the first L columns of Vpq defined as VL

pq .
Thus the signal subspace can be expressed as Xpq

sv = X
pq
t VL

pq ,
and then calculate its orthogonal projection matrix Epq

t =

I−Xpq
t (XpqH

t Xpq
t )−1XpqH

t .
Due to non-continuity and non-convexit, Eq. (8) is relatively

difficult to solve. Therefore, we perform l1-norm to obtain the
sparse support set:

min
pq

∥∥Upq
∥∥
1
, s. t.

∥∥∥Xpq
sv − Â

pq
t Upq

∥∥∥
2

F
≤ ε. (11)

Using the optimization model expressed in Eq. (11) will
cause large off-grid errors. To reduce the off-grid error,
the first-order Taylor expansion is utilized to complete the
preliminary angle estimation of each sub-array, expressed as:

aqtl
(
αq
tl , β

q
tl

)
=

⎛

⎝aqtl

(
γlg,q

)
+

∂a
q
tl

(
γlg,q

)

∂γlg,q
blq

⎞

⎠

⊗
⎛

⎝aqtl

(
ηlg,q

)
+

∂aqtl

(
ηlg,q

)

∂ηlg,q
clq

⎞

⎠ (12)

where γlg,q , ηlg,q are the grid points closest to α
q
tl , β

q
tl , respec-

tively. blq = αq
tl − γlg,q , clq = βqtl − ηlg,q are the corresponding

off-grid errors. Due to the orthogonality between the signal
and the noise subspace, the optimal model Eq. (11) can be
equivalent as [15]:

argmin
blq ,c

l
q

h
q
t

(
blq , c

l
q

)
= argmin

blq ,c
l
q

∥∥∥EpqH
t a

q
tl

(
α
q
tlβ

q
tl

)∥∥∥
2

2
. (13)

Thus the azimuth and elevation AoDs can be obtained.

αq
tl = γlg,q + b̂lq , β

l
t = ηlg,q + ĉlq . (14)

Similarly, the azimuth and elevation AoDs can be obtained.
According to the estimated AoAs and AoDs, we can obtain

the path gain by the least squares (LS) method [26]. Substitute
to the estimated AoAs, AoDs and path gain, the channel matrix
Ĥ can be reconstructed by using Eq. (5), shown at the bottom
of the page. The proposed algorithm can be summarized as
Algorithm 1.

IV. SIMULATION ANALYSIS

In this section, simulated results based on the proposed
algorithm is given. For comparison, the results of ADMM

H =

√
NSt

× NSr

L

L∑

l=1

⎡

⎢⎢⎢⎢⎣

μl
11a1rl

(
α1
rl , β

1
rl

)
a1tl

(
α1
tl , β

1
tl

)H · · · μl
1St a1rl

(
α1
rl , β

1
rl

)
aSt
tl

(
αSt
tl , β

St
tl

)H

... · · · ...

μl
Sr1aSr

rl

(
αSr
rl , β

Sr
rl

)
a1tl

(
α1
tl , β

1
tl

)H · · · μl
SrSt aSr

rl

(
αSr
rl , β

Sr
rl

)
aSt
tl

(
αSt
tl , β

St
tl

)H

⎤

⎥⎥⎥⎥⎦
(5)
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Algorithm 1 Sub-Array Based Channel Estimation Algorithm
Input: Y, Nr , Nt , Sr , St , L, Δd .
Step 1: Perform singular value decomposition of the signal
model to obtain the objective function;
Step 2: Construct the optimal model for channel estimation
using Eq. (11);
Step 3: Find the grid point that is closest to the true angle
according to Eq. (12);
Step 4: Calculate the off-grid error and approximate the true
angle value using Taylor expansion;
Step 5: Repeat steps 1-4 to obtain the AoDs estimate for
all sub-arrays;
Step 6: Calculate AoAs with the steps similar to 1-5;
Step 7: Obtain the path gain estimation by the LS method;
Step 8: Reconstruct the H according to Eq. (5).
Output: H.

TABLE I
PARAMETER VALUE

Fig. 2. NMSE of the proposed algorithm with Nt = Nr = 64, L = 4. For
comparison, the ADMM, IR, OMP algorithms are also given.

method [9], OMP method [10], iterative reweighting
(IR)-based method [14], and reduced dimensional decomposi-
tion (RDD) method [16] are also given.

Here, the normalized mean square error (NMSE) is used to
evaluate the performance of the proposed algorithm. NMSE
is calculated as E[‖Ĥ−H‖2F /‖H‖2F ], where Ĥ represents the
estimated channel matrix. In addition, the parameters used in
the simulations are listed in Table I.

Evidently, Fig. 2 shows that our proposed scheme has the
best NMSE performance compared with the other schemes.
Due to the spherical wavefront, the RDD algorithm based on
the plane wave model possesses lower performance than the
proposed algorithm. Alternatively, the OMP method exploits
the sparsity of the channel matrix to achieve the channel
recovery. Owing to the limitation of the codebook size, OMP
algorithm is inferior to the proposed algorithm. The ADMM
method exploits the sparsity and low-rank properties of the
channel to achieve a faster convergence. Due to the instability
of convergence, the precision of the ADMM algorithm is lim-
ited. Compared with the IR algorithm, the proposed algorithm

TABLE II
COMPLEXITY AND TRAINING OVERHEAD

Fig. 3. NMSE of the proposed algorithm with Nt = Nr = 64, 128, 256,
St = Sr = 4, L = 4.

adopts the l1-norm with better robustness, and improves the
accuracy. In order to facilitate the performance comparison,
we also introduce Cramer-Rao lower bound [27]: (12), [28],
which can be concluded that the proposed method can achieve
the most ideal results.

Table II shows the complexity and training overhead of
the above algorithm, where M, Lr and Gr are the number
of time slots, RF chains and divided grids, respectively. The
complexity of the ADMM method depends on the predefined
angle grid and high-dimensional dictionary. The IR method
uses the gradient descent to solve the off-grid problem, but
its iteration cost is relatively high, resulting in higher com-
plexity. It can be seen that when the number of paths and
sub-arrays are small, the proposed algorithm possesses lower
complexity. In addition, compared with IR algorithm and RDD
algorithm, the proposed algorithm may require more training
expenses. As the number of subarrays increases, the train-
ing expenditure will also increase. However, due to the small
number of antennas in the sub-array, compared with other
methods, fewer pilots can be allocated, and the training cost
is moderate. Thus, the tradeoff between accuracy, complexity
and number of training frames should be considered in the
future work.

Progressively, Fig. 3 displays the NMSE of our scheme for
different number of antennas, i.e., 64, 128 and 256. When
the number of sub-arrays is fixed as 4, it can be seen that
as the number of antennas increases, the performance of
NMSE descends. The reason for this conclusion is that NMSE
depends on the off-grid errors of the AoAs and AoDs. The
equation of NMSE shows that the more antennas there are,
the larger off-grid error will be.

Fig. 4 shows the NMSE of the proposed scheme with the
number of paths set as 2, 4 and 6, respectively. It can be
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Fig. 4. NMSE with the number of paths L = 2,4,6.

seen that the higher the number of observed paths, the more
accurate the estimated results. However, increasing the number
of paths leads to increased complexity, and there is an inherent
trade-off between the accuracy and complexity.

V. CONCLUSION

In this letter, a hybrid pre-coded mmWave massive MIMO
system channel estimation scheme based on the spherical-
wave model has been proposed. Relying on the characteristics
of spherical wave propagation, the large antenna array have
been divided into several sub-arrays, and each sub-array can
be estimated separately. Firstly, a dimensionality reduction
method has been used to reconstruct the signal, and the joint
estimation of AoAs and AoDs has been transformed into sepa-
rate estimation to reduce the complexity. Then, singular value
decomposition has been used to distinguish the signal subspace
from the noise subspace, and the sparse signal sets of each
sub-array have been obtained via sparse signal reconstruc-
tion. Finally, the Taylor formula has been used for iteration
to reduce the off-grid error and obtain the optimal value.
Accuracy and complexity of the proposed algorithm have been
compared with the other algorithms. Results have showed that
the proposed scheme can obtain a better performance.
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