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Abstract—This paper analyzes the capacity of the finite
scatterer (FS) multiple-input multiple-output (MIMO) channel
model with finite angular resolution. The rank of the channel
is bounded by not only the number of antennas but also the
finite angular resolution of antenna arrays. The probability
mass function (PMF) of rank is studied and derived based
on the Stirling number of the second kind. As a result, the
closed-form expression of the capacity of a FS MIMO channel
model is obtained. Furthermore, asymptotic analyses such as
the large-scale system analysis, infinite scatterer analysis, and
the multiplexing gain analysis are investigated.

Keywords - Finite scatterer model, Stirling number of the
second kind, asymptotic analysis.

I. INTRODUCTION

It has been demonstrated that MIMO systems are able
to significantly increase spectral efficiency and improve link
reliability [1]-[5]. Capacities of MIMO systems under various
channel models were extensively analyzed in the previous lit-
erature. The capacity of classic MIMO channels with indepen-
dent and identically distributed (i.i.d.) Rayleigh sub-channels
was investigated in [1]-[5]. Besides, [2] and [5] investigated
the impact of antenna correlations of the Kronecker MIMO
channel model on the channel capacity. For the Kronecker
MIMO channel model, correlations of the transmitter and
receiver are assumed to be separated. On the other hand,
the capacity of the Weichselberger MIMO channel model,
which considers joint correlations between the transmitter
and receiver, was studied in [6]. The channel capacity of
another correlation-based MIMO channel model known as the
virtual representation channel was given in [4] and [7]. It was
shown that the channel capacity would be greatly reduced if
correlated MIMO models were used.

Also, asymptotic capacity analysis of MIMO systems was
given in the literature. The authors in [8] derived the asymp-
totic capacity of MIMO channels in low signal-to-noise ratio
(SNR) regime when SNR tends to zero. Conversely, behaviors
of MIMO channel capacity in high SNR regime were dis-
cussed in [4], [5], [9]. Furthermore, [10] and [11] evaluated
the asymptotic capacity of Kronecker channel models for
large-scale MIMO systems, i.e., the numbers of transmit and
receive antennas tend to infinity. Asymptotic capacities of
other MIMO channel models, such as the i.i.d Rayleigh model
and the Weichselberger model, in large-scale MIMO systems
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can be found in [4] and [12], respectively.

In this paper, attentions are paid to the FS MIMO channel
model [13], which assumes that there are only a limited
number of multipath components in the radio environment.
In this case, the capacity of the channel will be constrained
by the limited number of scatterers. Limited efforts were
devoted to calculating capacities of FS MIMO models. In
[13], Burr was the first to provide the general description of
the FS MIMO channel model and derived the capacity bound
of the FS MIMO channel model with the large-scale system
assumption. Then, [14] extended these results and investigated
the performance of FS MIMO model in cellular networks.
Also, the multiplexing gain of the FS MIMO channel model
with multi-user MIMO (MU-MIMO) was studied in [15],
while [16] analyzed the performance of MIMO systems with
MU-MIMO and large MIMO in cellular networks using the FS
MIMO channel model. However, the analysis methods used in
[13]-[16] implied that the angular resolution of antenna arrays
is infinite, which is not practical in realistic scenarios.

The contributions of this paper are listed as below:

1) This paper analyzes the capacity of the FS MIMO channel
model with finite angular resolution. In this case, the
rank of the FS channel is constrained by the number
of scatterers and the angular resolution. The closed-form
expression for the PMF of rank in terms of different
numbers of scatterers and angular resolutions is derived
based on the Stirling number of the second kind [17].

2) Asymptotic analyses for the large-scale system capacity,
infinite scatterer capacity, and multiplexing gain of the
finite scatterer MIMO channel model are provided with
simulation results.

The remainder of this paper is organized as follows. Sec-
tion II gives the general description of the FS MIMO channel
model. Section III calculates the capacity and asymptotic
results of the FS MIMO channel model based on the derivation
of the PMF of rank. Simulation results are shown in Section
IV and conclusions are finally drawn in Section V.

II. FINITE SCATTERER MIMO CHANNEL MODEL

We consider a MIMO system with My and M7 uniform
linear omnidirectional receive and transmit antennas. Let us
assume that there are a finite number of scatterers, say ng
scatterers, with angles of arrival (AoAs) ¢r, (p =1, -+ ,ny)
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and angles of departure (AoDs) ¢ ,. The FS MIMO channel
matrix H can be expressed as

H=0;=0! (1)

where W p and W are the steering matrices of the receiver and
transmitter, respectively. The dimensions of ¥ and W are
Mp xng and M7 X ng, respectively. The columns of ¥ and
W are Yr(dr,p) 0 =1,---,ns) and Yy (Pr,,), respectively,
while = is an ns Xng diagonal matrix whose diagonal elements
are &, denoting the amplitude gains of scatterers. Additionally,
normalization has been performed so that the power of the
channel equals the number of transmit antennas

E [trace(H"H)| = M7 )

where E[-] denotes the expectation and the operator trace(-)
is defined as the sum of the elements on the main diagonal of
a square matrix.

In [13], only the channel capacity with an infinite number of
antennas was analyzed. An infinite number of antennas means
infinite angular resolution. In this case, two scatterers, say
scatterer ¢ with ¢; and scatterer j with ¢;, are irresolvable if
and only if |¢; — ¢;| = 0. Let us assume that ¢;, ¢; € [0, 2)
and define €2;(;) = cos ¢;(;). The condition |¢; — ¢;| = 0 can
be equivalently expressed using the absolute difference |AQ)],
ie.,

|AQ| = |Q; — Q;] = | cos ¢; — cos ¢;| = 0. 3)

However, a finite-element antenna array should have a finite
angular resolution [4]. An example is illustrated in Fig. 1.
Scatterers 1 to 4 surround the antenna array, the absolute
directional difference between Scatterers 1 and 2 is |AQy|,
and the absolute directional difference between Scatterers 3
and 4 is |AQs|. In this example, Scatters 1 and 2 are not
resolvable for the antenna array because |A€| is less than
the minimum resolvable angular difference €,,;,. As a result,
Scatters 1 and 2 are regarded as coming from one effective
direction. On the other hand, since the absolute directional
difference |AQs| between Scatterers 3 and 4 is larger than
€min, Scatterers 3 and 4 can be resolved as they are from two
distinct directions.

Next, to obtain the angular resolution of the receive and
transmit antenna arrays, let us assume a signal is arriving
from direction €2, where ) is the cosine value of AoA for
the receiver or the cosine value of AoD for the transmitter.
Then, the array responses can be computed as [4]

1 . . T
'l/]R(Q) — MR |:1 6.7271'539 ... 6]2W(A4R_1)6RQ:| (4)

1 j271-6TQ j27T(MT—1)5TQ T
(@) = 1 e | ®

where dg and dp are the normalized antenna spacings of
the receive array and transmit array, respectively. When two
signals are arriving from €2 and Q+A(), the angular correlation

Antenna array

Scatterer 1

Scatterer 4
Angular differences in the directional
cosine domain

Fig. 1: An example of antenna array with finite angular resolution,
resolvable scatterers, and irresolvable scatterers in the directional
cosine domain.

functions of the receiver fr(AQ) and transmitter fr(AS) are
defined as [4]

JrR(AQ) =pr()TPr(Q+ AQ) =

1 . sin(MrmérAQ)
i 1)) ERTTRTNY
MR exp(jﬂ-(SRAQ(MR )) Sin(ﬂ§RAQ)
(6)
Fr(AQ) =¢r(Q)Mr(Q + AQ) =

1 . sin(MTm?TAQ)
(7
respectively. It can be seen that fR(m) =0 =

1,2,--- ,Mp—1)and fr(375-) =0 (k=1,2,--- , Mp—1).
Therefore, the angular resolutions at the receiver and transmit-
ter sides are m and ﬁ, respectively. Let us define the
minimum resolvable angular difference €%, at the receiver
side and the minimum resolvable angular difference €l at
the transmitter side as one half of their angular resolutions,

i.e.,

1
R _
€min = 2MR5R (8)
1
T _
€min — 2MT6T . (9)

Two scatterers are irresolvable at the receiver (transmitter) side
if their absolute directional difference |A(2| is smaller than

R (el. ). Then, the entire two dimensional space is divided

€min (emin

4560



IEEE ICC 2014 - Signal Processing for Communications Symposium

into N virtually separated parallel direction zones. As a result,
N can be calculated as
I
eII]lH

where | -] is known as the floor function. Without loss of any
generality, we use the same antenna configurations at both the
transmitter and receiver, i.e., Mt = Mg and 0 = dr. Then
(10) reduces to

szm@thATJL (10)

min

= in {21},

min

(1)

Physical scatterers appeared within the same direction zone
are not resolvable by the antenna array because of the limit of
angular resolution. As a result, the number of parallel single-
input single-output (SISO) channels , or equivalently the rank
r of the channel, is bounded by

r<N. (12)

ITII. CAPACITY ANALYSIS
A. Ergodic Capacity

With the singular value decomposition (SVD), the channel
matrix in (1) can be decomposed into

H=VAU! (13)

where V and U are unitary matrices whose columns are the
eigenvectors at the receiver and transmitter, respectively. Each
eigenvector in V or U represents a beam direction of the
antenna array. The entries of the diagonal matrix A are the
square roots of the eigenvalues of H"H. Let us denote \; (i =
1,--- ) as the i-th eigenvalue of H'H. Then, the normalized
channel capacity without channel knowledge at the transmitter
can be calculated as [5]

C= Z log,(
i=1

where p is the SNR. In this case, the channel capacity is
equivalent to the total capacity of r parallel SISO channels
[5].

Furthermore, let us assume that scatterers appear indepen-
dently and uniformly in the directional cosine domain. The
probability of their appearances in each of the N virtually
separated parallel direction zones is equal. Let us denote the
PMF of the rank r as pgr(r) and the probability density
function (PDF) of \; when rank is 7 as pa, (A;|7). Then, from
(14) the ergodic capacity of the channel can be obtained as

szmw+ﬁmuWA<>

r=11i=1 (15)

It is further assumed that each virtual parallel SISO channel
encounters the same power attenuation on average. Then, the
mean power of a virtual parallel SISO channel X, can be
calculated as X, = % Assuming that the power gain of

PAi
My ) (14)

parallel channels obeys exponential distribution, the PDF of
A; when rank is r can be acquired as

B
=X, Xp X, )

Then, (15) can be further expressed as

E[C] = i {hf? exp (;) Ei (;)] pr(r) (17

r=1

pa; (Ailr) (16)

where Ei (+) is the exponential integral function and is given

by [18]
00 _—t
Ei (r> - 7/ € ar
p z 1

In order to derive pgr(r), we need to calculate the ratio of
the number of ways that n, scatterers appear in N direction
zones with r direction zones not empty to the total number
of ways that ng scatterers appear in N direction zones.
With the assumption that scatterers appear in direction zones
with equal probabilities, those falling into the same direction
zone cannot be resolved by the antenna array due to its
limited angular resolution. Consequently, the rank r of the
channel is equivalent to the number of non-empty virtually
separated parallel direction zones after randomly placing these
ng scatterers in the space. This problem is to count the number
of ways of partitioning a set of ns labeled objects into r
nonempty unlabeled subsets, which can be described by the

(18)

Stirling number of the second kind T; } and given by [17]

{"}=asew () e

() =757

and z! = x(x—1) - - - 1. For the Stirling number of the second
kind, {’3} =0ifz <y and {I}
Y )

y are integers.

Next, there are A}, ways to select 7 direction zones among
N with orders, where A’y is the permutation of r objects
among a set of N objects and can be given by

, N!
Ay = N0 (21)
Additionally, it can be obtained that the total number of
ways of scatterers randomly falling into /N direction zones
is N"=. Hence, when the total number of scatterers is ng, the
probability that there are r of N virtually separated parallel
zones with scatterers can be calculated as

Ay [ns
Nns |7 )7

It should be noticed that (22) is also the PMF of r.

19)

where

(20)

=1if x =y, where = and

Pr(r) = (22)

4561



IEEE ICC 2014 - Signal Processing for Communications Symposium

B. Asymptotic Analysis

Asymptotic results are derived in this subsection, under the
assumption that antenna spacings are normalized to a half of
the wavelength.

1) Large-scale system analysis (Mpr — oo, Mp — o0):
When the numbers of receive and transmit antennas tend to
infinity, the number of resolvable parallel zones N tends to
infinity as well. In this case, the PMF pg(r) of rank can be
calculated as

N
t
: AN [ns [ ns)| . t=N—rt1
J\;gnoch(T)_ngnoo Nms {T}_{T}J\Ilgnoo Nns
(23)

When r > ng, (23) equals 0 because {7;5} is 0 [17]. When

N
r < ng, 11

t=N-—r+
expanded as a polynom1al of N with the highest order of r.

t
t=N—r+1
Nms

t has finite terms (r terms) and can be

Hence, equals 1 if and only if » = n,. Otherwise,
N

¢
=S equals 0. Therefore, (23) reduces to a discrete Dirac

delta function, i.e.,

1\}13100 pr(r) = 0[r — ns] (24)

where 4[] is the discrete Dirac delta function defined as

1, z=0
Ola] = { 0, otherwise. (25)
Then, the ergodic capacity in (17) becomes
B[C] = ——% exp (”) Ei <—"> . (26)
In 2 p p

2) Infinite scatterer analysis (ns — o0): When the number
of scatterers n, tends to infinity, the PMF of rank pg(r) can
be calculated as

. . A% [ ns
nlgnoopR(r) - Ng— 00 N’JLV& { T }
— tim NSy (1) (L,

As L < 1, (“52)™ equals 1 if and only if r — j = N;
otherwise it equals 0. Additionally, the summation in (27) has
finite terms (r + 1 terms). Therefore, (27) reduces to a discrete
Dirac delta function, i.e.,

27)

lim pgr(r)=0[r — NJ. (28)
In this case, the ergodic capacity in (17) becomes
N N N
EC]=——exp|— |Ei|l——]). (29)
In2 P p

3) Multiplexing gain analysis (p — o0): Following the
definition in [4] and [9], the multiplexing gain gy, can be
presented as the ratio of MIMO capacity to SISO capacity,
ie.,

= lim E[C]
Jmul = P00 10g2( )

z > [J5 1084

r=14=1

MT X, exp( )/\(;) dAZ} -pr(r)

= 1.
= In 21og,(p)

p—00

— log, r + const] - pr(r)

logs (p)

© (eein)] 770"

(30)

IV. SIMULATION RESULTS AND ANALYSIS

In this section, simulations results are presented and an-
alyzed. Fig. 2 depicts the angular correlation in terms of
different antenna numbers in the directional cosine domain. It
can be observed that as the antenna number increases, the main
lobe of the angular correlation function becomes narrower and
the correlations of side lobes reduce as well. These indicate
that a larger number of antennas is equivalent to a better
angular resolution.

Next, the PMF pg(r) of rank r for a finite number of
scatters and parallel channels is illustrated in Fig. 3, where
two scenarios are presented. Both curves start climbing at the
beginning when the value of r is increasing. However, after
they reach their own peaks, the PMFs drop gradually to zero. It
should also be noticed that there is only a single peak in the
PMF of rank. Also, the excellent match between analytical
and simulation results demonstrates the correctness of both
derivations and simulations.

Furthermore, the PMFs in asymptotic cases are depicted in
Fig. 4. It can be seen that as N and ng tend to infinity, the
PMFs become discrete Dirac delta functions as derived in (23)
and (27), respectively. These two theoretical results can only
be approximated with large values of ng and V.

The theoretical as well as simulated capacities of the finite
scatter MIMO model are illustrated in Fig. 5. When nj is
fixed as 8, the theoretical upper bound in (26) (i.e., the number
of direction zones N tends to infinity) is depicted. Then, as
N increases from 6 to 170, their corresponding capacities
gradually approach the upper bound. On the other hand, when
N is fixed as 6, another theoretical upper bound in (29)
(i.e., the number of direction zones ns tends to infinity) is
shown. As ng, increases from 8 to 40, the gaps between
the corresponding capacities and the theoretical upper bound
slowly reduce. Specifically, when ns = 40, the gap is small
enough to be omitted.

4562



IEEE ICC 2014 - Signal Processing for Communications Symposium

! R\
ﬂ‘\
0.9r LT # Antenna=4 ||
iy A T # Antenna=8
0.8 ARRE = = = # Antenna=1§ -
it
0.7} p s §
g
' 1
g 0.6 (] vy B
5 [
© 05r Pl o ]
S 1! !
\
S o4l Pl i
; [
1 1 i
03r i 1 q
: \
s i ! 1o -
0.2t AT I v .
~) AL 1y .
L £ 7 ,'\’ 11 ik S =\
0.1 3 v, VI ot AR
AT AN P R LYY RV ANE.
VYN R o i Ny Mo M

0
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
Angular difference in directional cosine domain, A

Fig. 2: Angular resolution in the directional cosine domain in terms
of different antenna numbers.
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Fig. 3: The PMF of r.

Last, the multiplexing gain of the FS MIMO model in
terms of various numbers of scatterers and direction zones
is presented in Fig. 6. It can be seen that the multiplexing
gain is not only bounded by the number of scatterers, but also
the angular resolution of antenna arrays, i.e., the number of
direction zones. In low angular resolution cases, say N < 5,
gmul does not vary greatly for different numbers of scatterres.
However, this will change as the angular resolution continues
to grow. As a result, gaps can be observed and g, will be
larger with more scatterers.

V. CONCLUSIONS

The capacity of the FS MIMO channel model with finite
angular resolution has been studied in this paper. With the
assumption of finite angular resolution, the rank of the channel
is bounded by not only the number of antennas but also
the number of resolvable direction zones. The closed-form
PMF of the rank has been derived using the Stirling number

1
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Fig. 4: The asymptotic PMF of r.
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Fig. 5: The capacity of the FS MIMO channel model.
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Fig. 6: The multiplexing gain of the FS MIMO channel model in
terms of different scatterer numbers.
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of the second kind. Thus, the capacity of the FS MIMO
channel model with different numbers of scatterers and angular
resolutions has been investigated based on the derived PMF of
the rank. Then, it has been proved that PMFs of rank converge
to discrete Dirac delta functions as the number of scatterers or
direction zones tends to infinity. Based on these, asymptotic
analyses such as large-scale system analysis, infinite scatter
analysis, and multiplexing gain analysis have been studied.
In addition, upper bounds of large-scale systems as well
as infinite scatters have been provided. Finally, simulation
results have shown good match with theoretical analysis,
which demonstrates the correctness of both derivations and
simulations.
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