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Abstract—1In this paper, we first propose a 3-dimensional
(3-D) non-stationary geometry-based stochastic model (GBSM)
for maritime massive multiple-input multiple-output (MIMO)
communication systems with the uniform circular array (UCA)
configuration. To reduce the model complexity and improve
the mathematical tractability, a novel beam domain channel
model (BDCM) is then proposed based on the transformation
of the corresponding GBSM from the array domain to the
beam domain for maritime communications. In the proposed
BDCM, the beamforming matrices suitable for UCA structures
are constructed and their invertibility is demonstrated to
ensure the practicability of the BDCM. Two methods are
used to characterize the array non-stationarity in maritime
massive MIMO channels. First, the evolution of clusters over
the large UCA is modeled by the visibility regions (VRs)
attached to individual multipath components (MPCs). Second,
the sphere wavefront (SWF) effect is captured by dividing
the UCAs into several sub-arrays. Based on the proposed
GBSM and BDCM, some important channel statistical properties
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are studied and compared, including channel power, power
leakage, space-time-frequency correlation function (STF-CF),
and root-mean-square (RMS) Doppler/beam spreads. Also, the
importance of considering the array non-stationarity in maritime
communication channels is revealed.

Index Terms— Maritime communications, beam domain
channel model, geometry-based stochastic model, massive MIMO,
uniform circular array.

I. INTRODUCTION

S AN important part of the future sixth-generation

(6G) space-air-ground-sea integrated communication
networks, maritime communications are attracting the arising
interests of researchers due to the rapid development of
the marine economy [1], [2], [3]. Both traditional maritime
industries and emerging tourism have put forward urgent
demands for providing higher data rates [4], [5]. Massive
MIMO, which can greatly improve the spectral/energy
efficiency and user throughput, is a promising solution to
enhance the performance of maritime wireless communication
systems [6], [7], [8], [9]. Specially, considering the advantages
over uniform linear arrays (ULAs) and uniform rectangular
arrays (URAs), uniform circular arrays (UCAs) are usually
employed in maritime wireless mesh networks to achieve
energy bundling for longer distance transmission [10], [11].
In addition to providing a relatively compact structure, the
geometric symmetries of UCAs can mitigate the mutual
coupling effect and achieve uniform beam patterns around the
azimuth angle. These features ensure that the beam shapes of
UCAs do not change significantly in any direction [12], [13],
[14], [15].

As the basic fundamental to constructing a maritime
massive MIMO communication system using UCA, the
characterization of maritime channels that considers the new
channel characteristics brought by massive UCA should be
conducted. For example, with the expansion of array size, the
array stationarity assumption in conventional maritime MIMO
channels is violated. The array non-stationarity including
the sphere wavefront (SWF) effect and birth-death behaviors
of clusters along the array axis should be considered.
In addition, the usage of UCA will bring some unique
channel characteristics. The effects of array configuration
on channel characteristics need to be investigated. Some
channel measurement campaigns using large-scale UCAs have
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been carried out. In [13] and [16], a virtual UCA with
720 antenna elements was exploited to analyze the spatial-
temporal characteristics in indoor scenarios at sub-6 GHz
and millimeter wave (mmWave) bands. The comparison of
measured channel impulse responses (CIRs) over different
array elements proved the existence of array non-stationarity.
In [17] and [18], the channel characteristics of massive
MIMO channels with 128-element virtual ULA and UCA
in typical indoor and outdoor scenarios were compared.
Based on the measurement results, the effects of antenna
configuration on wireless channel were discussed. Besides, the
visibility regions (VRs) of some scatterers were demonstrated
to be not the whole array but only a part of the array.
For maritime communication scenarios, massive MIMO
communication systems with antenna panels have been used
in some measurement campaigns [19], [20]. Nevertheless, the
measurement results only focused on the system performance,
and the channel measurement of maritime communications
with massive UCAs is still lacking. Therefore, the channel
characteristics of maritime massive MIMO communications,
especially those with UCA configuration, need to be further
studied.

The stochastic channel models for massive MIMO com-
munications can be broadly divided into geometry-based
stochastic models (GBSMs) and non-geometrical stochastic
models (NGSMs). For GBSMs, the non-stationarity is
generally modeled by the birth-death process or the VRs
of clusters. For example, in [21], [22], and [23], the birth-
death process was deployed to describe the evolution of
scattering clusters on the array axis. While in [24] and [25],
the concept of VR was introduced to determine the antennas
that can see the clusters. These methods can capture the
dynamic characteristics of clusters to some extent. However,
these methods are all based on clusters and ignore the birth-
death phenomenon of multipath components (MPCs) within
clusters, which has been validated by the measurement results
in [26]. As for the maritime communication scenarios, most
existing maritime GBSMs mainly concentrate on the effect
of the scattering environments and only support traditional
MIMO communication channels [27], [28]. In [29], a twin-
cluster maritime massive MIMO GBSM was proposed, which
can characterize the marine environment properties and
support the array/time non-stationarity. However, this model
only considered the ULA configuration and there is still a
lack of an appropriate maritime GBSM for massive MIMO
communication channel with UCAs. Additionally, due to
the considerable increase in the number of antennas, the
number of radio frequency (RF) chains for massive MIMO
systems will become dramatically large. This phenomenon
will result in high hardware cost and transceiver complex-
ity [30]. Correspondingly, the channel matrix of GBSM will
become complicated.

Compared with GBSMs, the NGSMs, which mainly include
the correlation-based stochastic models (CBSMs) and beam
domain channel models (BDCMs), can usually provide
simpler structures to facilitate signal processing research.
For CBSMs, a simplified spatial correlation model of UCA
was proposed in [31], and the closed-form expressions of
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the spatial correlation matrices were derived. However, the
model was built based on the simple distribution assumptions
for the angles of arrival (AoAs) or the angles of departure
(AoDs), and did not consider the non-stationarity in the array
domain. Therefore, this kind of model is not suitable for
characterizing maritime massive MIMO channels. From a
practical point of view, the BDCMs were proposed and applied
in [32], [33], [34], and [35]. Due to the limited number
of nonzero channel elements, the BDCMs had obvious
advantages in calculation complexity. The essence of BDCM is
to transform the channel from the array domain into the beam
domain with the help of beamforming matrices. This approach
is inherently suitable for massive MIMO scenarios because
the correlation of channel elements in BDCM decreases as
the number of antennas increases. The multipath fading of
each channel element can be approximately ignored when
the number of antennas tends to infinity [36], [37]. Besides,
the sparsity of maritime channel components makes BDCM
and the maritime scenario a good fit. Based on the channel
properties in the beam domain, the beam division multiple
access (BDMA) transmission scheme was produced to obtain
relatively low implementation complexity [36], [38]. However,
most existing BDCMs focused only on ULA, which only
supports 2-dimensional (2-D) space angular resolution. On the
contrary, little attention has been paid to the discussion of
UCA, which can inherently provide angular resolution in
3-dimensional (3-D) space. Furthermore, the spatial non-
stationarity in BDCMs for massive MIMO systems with UCAs
has not been fully investigated. The realistic BDCMs are
the basis for measuring the performance of the emerging
beam domain transmission technologies and their ability to be
applied in maritime scenarios. Hence, it is necessary to build
practical BDCMs for UCA maritime communication systems.
Motivated by the deficiencies in the current GBSMs and
BDCMs for massive MIMO systems with UCAs in maritime
communication scenarios, we propose a novel GBSM and a
corresponding BDCM with the consideration of array non-
stationarity to address the gaps mentioned above. In order
to take full advantages of BDCMs, we will focus more
on exploring the characteristics of maritime beam domain
channels in the following sections. The novelties and main
contributions of this paper are summarized as follows:

o A novel 3-D GBSM for maritime communication systems
with the UCA configuration is proposed, which takes
into account the array non-stationarity for massive MIMO
communications. Then, by transforming the proposed
GBSM from the array domain to the beam domain, a
3-D BDCM for maritime massive MIMO systems with
UCAs is derived. The interconvertibility between the
BDCM and GBSM is guaranteed by the invertibility of
beamforming matrices.

e The VR method is introduced and the SWF effect is
taken into account in the proposed GBSM and BDCM to
reflect the array non-stationarity. The VR of each MPC in
clusters is considered individually to mimic the evolution
of MPCs over the UCAs.

o Key statistical properties of the proposed BDCM
are derived and simulated, including channel power,
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power leakage, space-time-frequency correlation function
(STF-CF), and root-mean-square (RMS) Doppler/beam
spreads. Both the theoretical and simulation results of
the statistical properties verify the effect of array non-
stationarity. Besides, their consistency verifies the cor-
rectness of both theoretical derivations and simulations.
In addition, the STF-CF and Doppler spread of the
corresponding GBSM are presented for comparisons.
The remainder of this paper is organized as follows.
In Section II, a novel maritime massive MIMO GBSM
considering near-field effect is proposed. In Section III,
detailed derivations of the proposed 3-D BDCM for UCAs
under both array stationary and array non-stationary conditions
are given. Based on the proposed models, key statistical
properties are derived in Section IV. In Section V, derivation
and simulation results of those statistical properties are
provided and compared. Finally, conclusions are drawn in
Section VI.

II. A NOVEL GBSM FOR MASSIVE MIMO MARITIME
COMMUNICATIONS WITH UCASs

Based on the ship-to-ship channel model in [29], we propose
a novel maritime GBSM of the massive MIMO systems using
UCAs. The simplified illustration of the GBSM is given
in Fig. 1.

As shown in Fig. 1, we assume the UCAs are configured
on the masts of ships as the transmitter (Tx) and receiver
(Rx) to minimize the impact of hull blocking, and the ships
move with velocities v and v, respectively. Considering
the fluctuation characteristics of the actual sea surface and
the motion of ships, the birth-death process of clusters in the
time domain exists for maritime communication channels.
The detailed derivation of the time non-stationarity can be
found in [29]. To describe the movements of Tx and Rx
in the 3-D space, the time-variant locations of the UCA
centers at Tx and Rx in the global coordinate system (GCS)
are denoted by the vectors AT(t) and AF(t). The effects
of the velocities v” and v’ are reflected in the changes
of the UCA center locations. The angular positions of p-
th (p = 1,...,Mp) Tx antenna element, i.e., A , and ¢-th
g=1,..., MR) Rx antenna element, i.e., Aq , are determined
as pI' = 27 (p—1) /My and ¢} = 2m(q—1)/Mg. Without loss
of generality, we assume that the origins of local coordinate
systems (LCSs) are set at the centers of the UCAs and the
antenna arrays are placed in the x — y plane of LCSs. Then
the positions of the antenna elements A’ and A in their LCSs
can be expressed as Al = [Rycos ¢], Rysin¢,, 0] and AF =
(R, cos ¢, Ry sin ¢l 0], respectrvely, where R; and R, are
the radii of the UCAS at Tx and Rx, respectively. Besides,
the spacings between the adjacent antenna elements of Tx
and Rx are denoted by d; and d,, respectively. Considering
the maritime scattering environment generated from rough sea
surface, other ships, duct effect, etc, the resulting multipath
propagation between AZ and Aff can be abstracted as multi-
bounce clusters propagation [39]. To make it clear, only the
n-th (n = 1,..., N) scattering path is illustrated in the figure.
For the n-th path, the first-bounce cluster C:4 and the last-
bounce cluster CZ represent the scatterers near the Tx and
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Fig. 1. Illustration of a 3-D massive MIMO maritime communication channel
using UCAs.

Rx, respectively. The virtual delay 7, is assumed to reflect
the effect of the transmission link between C7' and CZ. The
virtual delay is drawn from exponential distribution, and the
detailed derivation can be found in [40] and [41]. The azimuth
AoD (AAoD) and zenith AoD (ZAoD) from the center of Tx
to m-th ray in the n-th cluster are defined as <pm and 97Tn
in Fig. 1. The azimuth AoA (AAoA) and zenith AoA (ZAoA)
from the center of Rx to m-th ray in the n-th cluster are
obtained as gpm and Hﬁ according to the same definition
principle. The locations of C' and C? in GCS, i.e., CA(t)
and CZ(t), can be determined by time-varying {¢}, 6% 1,
{gpﬁnﬂﬁ }, and randomly generated distances relative to
the centers of the UCAs. The specific deduced process and
corresponding stochastic distributions can be found in [29].
For the large size array, some clusters will be in the near-field
range because of the increased Rayleigh distance, which leads
to the SWF effect and cluster birth-death phenomenon on the
array. To capture the angle drifting of the channel components
over arrays caused by the SWF effect, the large UCAs are
divided equally into {S;, S} sub-arrays of smaller size, which
are distinguished by different colors in Fig. 1. Over different
sub-arrays, the angular parameters of these clusters show
variations, while that can be assumed to be constants over
the antennas in the same sub-array considering the reduced
Rayleigh distance of the sub-arrays. Then, the AAoD/AAoA
and ZAoD/ZAoA from the antennas in s;-th or s,-th sub-array
to m-th ray in the n-th cluster are defined as {75, pl-5}
and {077;;? , Hﬁf" }, respectively. The array evolution of clusters
is modeled by VR method and will be discussed later. Besides,
for the clusters in the far-field range, the angular parameters
of MPCs on the whole array can be regarded as identical to
satisfy the plane wavefront (PWF) assumption. The related
parameters of the model are summarized in Table 1.

For the GBSM, the time-variant channel transfer function
(CTF) between Ag and Af can be modeled as

K
hp.q(t f) = ies -/ Kiﬂh;?qs(t, f)
N(t) M, ()
+ Z Z nmn : K +1 hzl\)uz;)fnn (t’ f) (1)
n=1m,=1

where hL°S(t, f) and h)00 (¢, f) are the line-of-sight (LoS)
component and non-LoS (NLoS) component in the channel,
respectively, K is the Ricean factor, P,,, (t) is the power of
the m-th ray for the n-th path, {n;¢{,n52} € {0,1} are
the visibility coefficients, and the values 1 and O indicate

whether or not the channel component can be observed by the
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TABLE I
DEFINITION OF THE MAIN CHANNEL PARAMETERS
Parameters Definitions
N, M, The total number of paths between Tx and Rx and the total number of rays in the n-th cluster
C;;‘, Cf The first- and last-bounce clusters for the n-th scattering path, respectively
Ag, Af The p-th Tx antenna element and g-th Rx antenna element, respectively
¢Z, ¢>(I;‘ The angular positions of the p-th Tx antenna element and g-th Rx antenna element
ol vl The velocities of Tx and Rx, respectively
St, Sr The total numbers of the sub-arrays of Tx and Rx, respectively
Vsis Vs, The ranges of the s;-th and s,--th sub-arrays of Tx and Rx, respectively
{of, wﬁn }{oL Gﬁn AA0oD/AA0A and ZAoD/ZAoA from the Tx/Rx array centers to m-th ray in the n-th cluster
{w%’ff , (p,l;—‘;’jr}, {03;;? , Qﬁfr} AA0D/AAOA and ZAoD/ZAoA from s;-th or s,-th sub-array to m-th ray in the n-th cluster
R, Ry The radii of the UCAs at Tx and Rx, respectively
di, dr The spacings of the Tx antenna elements and the Rx antenna elements, respectively

antenna pair Ag and A(If, respectively. In order to facilitate
the representation, we think of the LoS path as O-th cluster
with only one ray, i.e., n = 0 and My = 1. Then, the CTF

can be written as
N(t) M,

hoa(t, f) =D > ml-

n=0 m,=1

2 (e F)(rh, OFTELW®) (2

with
K 0
=
K+1
Pu, ()= 5 " 3)

P 1 NG
K+1

where f. is the carrier frequency, P,,, and ®,, represent

the general power coefficient and initial phase (uniformly
distributed in (0, 27]) of the m-th ray in the n-th cluster, To,
is the transmission delay between the centers of UCAs at Tx
and Rx through the m-th ray of the n-th path, and 77,7 is the
delay difference caused by the positions of p-th Tx antenna
element and g-th Rx antenna element [12], [42]. The delay
parameters can be calculated as

|AZ#) — AT ()] /e,
(lca, 1) — AT @)
+||CEZ. (t) — AE@)|)/c + T,
n=1,...,N(t)
A (t) & —(Rysin 0% (t) cos(p% (t) — ¢ )
+ R, sin 095 (t) cos(pbr (1) — o) /e (5)

n=>0

“4)

where c is the speed of light, s; and s, represent the parts
of arrays to which the p-th Tx antenna element and ¢-th Rx
antenna element belong. Because of the time-variant antenna
and cluster locations, Doppler effect will appear in the channel.
The CTF matrix H(t, f) € CMrXMr of GBSM can be

obtained as

N() M,
H(t, f) = Z Z meﬁ?mn ei2m(fe=f)r,, ()

n=0 my,=1

U, (t) ©Bp,  (6)

where U,,, (t) € CMr*Mr jg the response matrix for UCAs,
© represents the Schur-Hadamard product, and B, is the
visibility coefficient matrix indicating whether the m-th ray
in the n-th cluster exists in the links between different Tx
and Rx antenna elements. The response matrix U, (t) can
be determined as U, , (t) = [agm, (Har,,. (t)]*, where the
response vectors [43] ag m, (t) and ar,,, (t) are given in (7)
and (8), respectively. The parameters aj; (0505 (t), plb57(t))

My

and a3 (075 (t), ¢1;%(t)) in (7) and (8), shown at the bottom
of the page, are presented as (9) and (10), shown at the bottom
of the page. In (9) and (10), A is the carrier wavelength,
{6l ol }and {¢F ,¢I } arethe angular positions of the
start and end elements of the s;-th or s,-th part in the Rx/Tx
arrays, respectively, []T denotes the transpose operation, and
[]" denotes the conjugate operation. For the response vectors,
the effect of frequency shift f on wavelength is approximately
ignored since the frequency shift is much smaller than the
carrier frequency.

According to the Rayleigh distance, i.e., df/ . =
2(2R,;1)*/X, it can be judged whether the n-th cluster

T
AR, (1) = [aR(OR1(0, 01 (0), a5 (05 (1), o2 (1), . a5y (OF5 (1), o5 (1) )
T
arm, (1) = [ab (051 (1), ¢l (1), a5 (052 (1), st (1), af (055 (1), oS (1) (®)
a%y (015" (1), psr (1)) = {eﬂ%m Sin 0717 (1) cos(li s (0=91,,) 3% Resin0ir (0) cos(p (tw?m)} )
-2 s T, s cos(oT 5t (1) — T 2% R, sin 91t cos(oT 5t (1) — T
al (95{? (t)gp,Tn’j‘ () = {eg%m sin 075t (t) cos(p,, 5t () ¢st,s), s ZX Ry sin 0.5t (t) cos(p St (t) ¢St,e)} (10)
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experiences array non-stationary process, and from this,
different forms of {@=r L5t} {plsr phse} “and B,,,
are generated. Based on th1s the CTF matrix H(¢, f) can be
rewritten as

H(t, f) = H(t, f) + H(t, f) (11)

where H(t, f) and H(t, f) represent the CTF matrices for
the clusters that undergo and do not undergo the array non-
stationary process, respectively. The BDCMs for ﬂ(t, f) and
H(t, f) will be discussed separately in the following.

III. A NovEL BDCM FOR MASSIVE MIMO MARITIME
COMMUNICATIONS WITH UCAs

The BDCM aims to describe the influence of MPCs
on different beams and can be generated based on the
corresponding GBSM utilizing the beamforming transform
matrices. Here, we discuss the BDCMs of MPCs under
different stationary conditions separately.

A. The 3-D BDCM for MPCs Under Array Stationary
Condition

For the clusters under array stationary condition, the VRs
should be the whole array and the PWF assumption holds.
Therefore, the visibility coefficient matrix B,,, is a matrix of
ones, and the AAoA/ZAoA and AAoD/ZAoD of each ray are
similar for all the antenna elements in the Tx and Rx arrays,
e, 085 (t) = OF (8), R () = of (£),5, = 1,..., 5,
and Gﬂ’ft(t) = 03er (t), @Tn;st( ) = @?nn(t)vst =1,...,5.
Then, the CTF matrix H(¢, f) can be obtained as

M,
— Z Zmejq)mn ejzﬂ'(f“_f)T:"” (t)fjmn (t)

n€Ny (t) mp=1
(12)

where N1 () is the set of the clusters under array stationary
cond}tion at time instant ¢, and the response vectors
of Uy, (t) = [an(8f ()08 (0)ALED (1).¢5 (1),
which can be simplified from (7) and (8), are provided in
(13) and (14), shown at the bottom of the page.
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Based on the beamforming operation of UCAs, the BDCM
can be obtained from the proposed GBSM, i.e.,

Hp(t, f) = URH(, £)Or

where Upr and Ur are the beamforming matrices and can be
expressed as

15)

Op = [OW, 00,07, 04™] a6
Mg
- 1 oy - _ -
UT:7[Ug>,ug?>,...,ug?T>,...,U<TKT>} (17)
Mr
h " (kRr) _ ~r(kT) _
wereUR (kR—l,...,KR)andUT (kT—17--~7KT)

account for the azimuth beamforming matrices of the kr-th
and kp-th zenith spatial beams, K and Kp are the total
numbers of the zenith beams for Rx and Tx, respectively. The
zenith beams are uniformly spaced samplings in [0, 7/2) with

the spacing 7/(2K) and 7/(2K7), ie., 0 = ”(;‘%;1) and
ir _ w(kr—1) -

GgT = —35; - The azimuth beamforming matrix U%CR) and
fJgf ) can be defined as

~ (k ~ Y ~ A ] D
O = [an(@F,. @), (0L, 5F).

a0, o1, (8)

O = [ar(@f,. ¢1). ... ar (0L, &1,),
ar(@f,.o1,)| a9
where cpl = lR 2r(lr—1) (lr=1,...,Lp) and golT = M

(Ir=1,. LT) are the a21muth beams which are obtalned
as Lg and L7 uniformly spaced samplings of [0, 27). For
the sake of clarity, the structure of beamforming matrix U
is presented in Fig. 2, while Uy is similar to Up in structure.

Combining (12) and (15)-(17), the channel element in the
i-th ¢/ =1,...,KgLg) row and j'-th (' = 1,..., KrLt)
column of Hp(t, f) can be obtained as (20), shown at the
bottom of the page, where Jy(-) is the zero order Bessel

function of the first kind, & = 2{ is the wave number,
kr = [LZR], lp = i — (kr — 1)Lg, kr = (LJ—T] and

Bp(08, (1), 08 (1)) = [/ FrinOR, Oeon(ell, (=) % RosindlL, () con(el, (00| a3)
ar (O, (1), o, (1) = [ejQT”Rf sin 07, (1) cos(wflnu)—ab?),m?eﬂ%m sineﬁnu)cos«oﬁ,n(t)—wMT)r (14)
hE (¢, f) = [ORlo Ji(t, £)[O1) = > Z VP (D) mn ei2n(Fe= D)5, (0)
n€Nq (t) mn=1
| Mz i
x 72 ejQTWR,,.[sin QER cos((ﬁ{;fzbg)fsin Gﬁn (t) Cos(gpﬁln (t)—qﬁf)]
My 2
| M ) i i )
% 726]. 2% R, [sin Bk cos((plequ)fsinGm" (t) cos(p,,, (1) —,)]
p 1
'Vl . . T . — TC ~ Tmn
D X VP, et et O gy g (0) o Ry () 20)

TLENl(t) mp=1
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Ir = j' — (kr — 1)Ly are the beams corresponding to 4’
and j', and {p"" (1), pZT"lL;( )} are defined as

kr,r

kaRT"ll; (t) = R. {(sm OkR cos <le —sin HR ) cos <pmn )
1
3

- 2
+ (sin Hij sin gElRR — sin 97}2”( ) sin cpmn( )) }
21
N 2
pr";; (t) = Ry {(sin 9,2 cos @lTT — sin 972" (t) cos wfnn (t))
1
- 2732
+ (sin 0r sing] —sin Gﬁn (t) sin gpﬁn (t)) }
(22)

The detailed derivations of (20) are given in Appendix A.

In order to ensure the practicability and generality of the
BDCM, the convertibility of BDCM to GBSM needs to be
guaranteed, i.e., the beamforming matrices U and Ur should
be invertible. Due to the special structures of the beamforming
matrices, we only need to prove that there exists a left inverse
for UE and a right inverse for Ur, i.e., U and Uy are row
full rank matrices. In the proposed BDCM, we assume that
the number of azimuth beams should be equal to the number
of antennas, i.e., Lr = Mp and Ly = My, to guarantee
the invertibility of the beamforming matrices. Under this
assumption, the azimuth beamforming matrices U( %) and
Ug,fC ) are square matrices. In view of the variability of Kr
and K, the right inverses of U r and fJ'T can be considered
to exist with probability one. The detailed proof can be found
in Appendix B.

B. The 3-D BDCM for MPCs Under Array Non-Stationary
Condition

For the clusters that can only be observed by some of
the antenna elements of Tx and Rx, the entries in B,,
are determined by the VRs of MPCs [24], [37], which are
introduced to describe the birth-death mechanism of MPCs
along the array axis. It should be noticed that the entries in
B,,, are 1 only if the m-th MPC in the n-th cluster can be
observed by both Al and AF.

Different MPCs of a cluster have different birth-death
behaviors on the arrays, thus it is necessary to generate VRs for
each MPC separately. Besides, the VRs of the MPCs should be
contained within the VRs of the corresponding clusters. Here,
we first determine the VRs of clusters and then further discuss
the evolution of MPCs. By considering the arrangement of
antennas in UCAs, we assume the VRs are circular ranges,
which can be determined by the center antennas and diameters.
The center antennas of the VRs, denoted by {I IF}, follow
uniform distributions [44], i.e., IT ~ U [1, M7] and IF
U [1, MR]. The diameters of VRs denoted by {rL,rE}, can
be decided according to the exponential distribution, i.e.,
rT ~ Exp(A\T) and rZ ~ Exp(Af), where AT and A\F are
the rate parameters of exponential distributions for Tx and
Rx arrays, respectively. Then, the VRs of MPCs (V,; and

’NL
VR ) are generated in the similar way. The center antennas
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{IL 1B } of {V.I m R Y follow uniform distribution and
the diameters {rm T } with respect to {rl rZ} follow
exponential distributions [24] which are controlled by the
rate parameters A5, and AZ. It should be noted that the
positions of {1} Jﬁ } need to be restricted to the VRs of
the corresponding clusters. Besides, the distribution of center
antennas and VR diameters can be adjusted according to
specific scenarios. A simplified example of the VR generation
process is shown in Fig. 3. In the simulations of Fig. 3,
the rate parameters are obtained from [24]. Without loss of
generality, the distance between two adjacent antenna elements
is assumed to be half a wavelength. Then the radii of Tx and
Rx UCAs can be calculated as [30]

A

iy 27
2\/2 ~2c0s (527

As illustrated in Fig. 3, the VRs of different clusters are
distributed in different areas of the array and there may be
overlap between VRs such as cluster 2 and cluster 4. The
circle with a dashed line represents the VR of cluster 4 and
the VRs of two MPCs in cluster 4 are circled by dot dash lines.
The antennas inside the circle of each MPC are considered to
be able to observe the MPC and the corresponding entries of
the antennas in B,,, are set as 1, while other entries are set
as 0. It is important to highlight that though the VRs of some
MPCs are beyond the VRs of their corresponding clusters,
there is no need to consider the out-of-range antennas due to
the limitation of the clusters’ VRs on the MPCs’ VRs.

Therefore, the CTF matrix H(t, f) needs to account for the
effect of the visibility coefficient matrix, and can be written as

Ry = (23)

M”L
Z Z \/mqu)mn ejzﬁ(fc*f)‘r;n (t)
n€Ngz(t) mn=1

'Umn (ﬁ) © an

where No(t) is the set of the clusters under array non-
stationary condition at the time instant .

After a similar process, the BDCM for H(t, f) can be
obtained as

(24)

Hp(t, f)=U

where the channel element of Hp(¢, f) can be expressed as
(26), shown at the bottom of the next page, with

Sy %)
=Y > fulae

sp=1a=—o00

RH(t, /)Ur (25)

ja(m/2—&7 (1))

7kRr,\lR 1
Jm" ( RAR

x Ja(kpi e (1) 27)
Jhridr 3y = Z Z Jb<w/2—siigf7;(t))
! st=1b=—oc0 "
x Jy (ko (1)) (28)

where V,Iosr = VE OV, and VIt = VI NV, represent
the ranges of antennas that exist in both the VRs of
the MPCs in Ny and the s,-th or s;-th partition of the
Rx/Tx arrays, Js(z) = (1/7) [ cos(fa — asina)da is
the n-th order Bessel function of the first kind, fJr (a)
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Fig. 2. The structure of the 3-D beamforming matrix for Rx.
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Fig. 3. A simplified diagram showing the VRs of clusters.
and fyt (b) are the coefficients that can determine the
influence of Bessel functions of different orders. The detailed

derivation of {f3 (a), fat (b)}, {EZ;T;( ), &l ()}, and

k1
Lol (), pitTTT"( )} is hlso given in AppenfiixT A. Since
for (a) and fyi (b) are complex weighted Dirichlet sinc
functions [45] on the orders of Bessel functions, the zero
order Bessel function is still the principal term. However,
some low-order Bessel functions and the angular drifting on
different partitions of arrays also introduce a non-negligible
effect, which will result in power leakage in the channel. The
related discussion will be given in the subsequent sections.
In addition, based on the above analysis, the overall beam
domain model can be expressed as

For the sake of understanding and using the proposed models
better, a brief flow chart about how to generate the CTFs of
GBSM and BDCM is given in Fig. 4.

IV. STATISTICAL PROPERTIES OF THE
PrROPOSED GBSM AND BDCM

A. Channel Power

For the proposed BDCM, the total power of the channel can
be calculated as

KrLr K7Lt

ZZ ni o]

where A5 i/ j+ 18 the element in ¢ ’-th row and j’-th column
of Hp, and E denotes the statistical average. For the
sake of conciseness, the variables time and frequency
are omitted in the derivations of channel power and
several following statistical properties. Under the uncorrelated
scattering assumption, the power of the channel elements can
be obtained as

023 E (trace [H 30)

E[|ng ;[P = 6% 5 + 00 5 (31)

where 62 ;- and 52 ;» represent the power of the clusters under
array stationary and non-stationary conditions, respectively,
which can be calculated as

65 R Z ZPmn ’Jo kPkRRWlL; ))‘

n€ENy (t) mp=1

2
. A 7. AT my
Hy(t, f) = Hp(t, ) + Hp(t, f). 29) EACACH 2
i it f) = [ORle H(t, £)[Or).
M,
D DY/ L AN
n€ENg(t) mnp=1
27 s AR ~R Ry_ . pR,sp R,sp R
Xi Z Z j 2z Rr[smekR COS(L,DLRf(ﬁq )—sin 0,7 () cos(p,, " () —dy")]
Sr—l qevnlf ySr
1 & 2r R [sinéT cos( 5T 7¢T)7sin0T’St (t) cos( T,s¢ (t)7¢T)]
N J 5 1t ko Pip—Pp mn Py D
2 2
s1=1 pey, ot
My,
> Y VP () el e DT, O Jhb () R (1) (26)

n€ENg(t) mnp=1
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Fig. 4. Flow chart of channel generation procedure.

M,
> D Pn)

neNz(t) mn=1

| Jhmtn(p)|* | Jhrte (1)

(33)
- 2
In fact, the shapes ’JO kpp i (t ))‘ and
- 2
Jo(kpr";;( ))‘ are peaky around Fkg-th/kp-th and
r-th/lp-th beams and similar to that of the Dirac delta

function for sufficiently large antenna numbers. Therefore,
the power of MPCs under array stationary condition can
be considered to be almost entirely distributed over the
corresponding beams with negligible power leakage. In other
words, the power on a certain beam is the sum of the
power of MPCs that are divided into this beam according
to their angles. However, for the MPCs under array non-
stationary condition, the superposition of non-zero order
Bessel functions will lead to interference with the mutual
selection between the beams and the MPCs. In this case,
the spatial resolution of the BDCM will decrease and the
power of this kind of MPCs will disperse on different beams,
causing the inescapable power leakage.

B. Power Leakage

As mentioned in the previous sections, power leakage exists
between the beams in BDCM. In fact, the power leakage in
the model can be divided into two categories, one from the
imperfect beam sampling [46], [47], and the other from power
dispersion caused by small VRs and the resulting low spatial
resolution [37]. In order to reflect the phenomenon of power
leakage clearly, we only consider the case where only one
scattering path exists in the channel. Then, the power leakage
can be calculated in a simplified way as

%))

where max(-) indicates the selection of the maximum value.

n=1- max( Uh (34)

C. STF-CF

For GBSM, the correlation characteristics between the
channel elements hy, ,(¢, f) and hy o (t + At, f + Af) can
be reflected in STF-CF, which can be calculated as
kG, (L, fi At AS)

p,q:p",q

= Elhp,q(t, f)(hp o (t+ AL f+Af))7]
N(t) M,

=5 3 U DI W (0=, (A - A (A8
n=0 m,=1

LN L N R S (t+At)]a;;zr,lc71L,p’,q’ (t, At) (35)
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X Obtaining CTF
| of BDCM

Time evolution of the
channel parameters

Obtaining CTF
of GBSM

>

where (-)* denotes the complex conjugation operation, At
and Af are the time and frequency differences, respectively,
afﬁg/’p"q/ (t,At) = nhd nf,;;?/ /P, (t) P, (t + At) deter-
mines the contribution of the m-th ray in the n-th cluster to
the STF-CF.

By replacing the array domain channel elements in (35) with
the beam domain channel elements 1% jo(t, f) and hZ o (t+
At, f + Af), the STF-CF of BDCM can be calculated as

B
1 Jl /’// //(t f At Af)
=K [n7 (t, F)(hi ju(t+ At f+ AF)*] (36)
Considering the uncorrelated scattering environment,
k5 v g can be written as the summation of different

components’ correlations, i.e.,

Kt oo (b s AGAF) = &5 o i (E, 3 A AS)
+Kxi/ j/ i’ '//(t,f7At,Af) (37)
where &7 i i iu(t, [ AL AS) and &7 (L, i AL AS)

can be obtamed by substituting (20) and (26) into (36), and
are presented in (38) and (39), shown at the bottom of the next
page, respectively. In (38) and (39), k' = fL 1, lg" =i" —
(I{JR —1)LR, kT = [T] and lT = j —(I{JT —1)LT are the
beams corresponding to hz// L (t+ AL f+AS). As previously
stated, the beamwidths of the MPCs under array non-stationary
condition will increase due to the superposition of non-zero
order Bessel functions, which will introduce higher correlation
between this kind of channel elements.

D. Beam Spread

To describe the power dispersion of BDCM, beam spread is
adopted [37]. The calculation method of beam spread is similar
to angular spread. For example, the azimuth beam spread at
Rx side can be expressed as

CA(t) =\ ¢% — Pr (40)
where
Lr Kgr KrLr KrLgr KrLt
Fh=2 D D g P@R)? > Z [k
lr=1kr=1 j'=1 i'=1 =
41)
Lr Kgp KrLp KrLgr KrLp
Pr= >, > gl Y0 Y Ihi,
lr=1kr=1 j'=1 i'=1 j'=1
(42)

where 7 in the numerator of (41) and (42) is determined
according to I and k. The zenith beam spread at Rx side can
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be obtained by replacing ‘Pz with 9 and the azimuth/zenith
beam spreads at Tx side can be obtamed in the similar way.
It should be noticed that the degree of the power leakage
associated with the VRs and the array antenna numbers will
affect the characterization of the power dispersion of MPCs
in 3-D space.

V. RESULTS AND ANALYSIS

In this section, the statistical properties are simulated
and the corresponding discussions are given. Furthermore,
a comparison of some channel characteristics in array domain
and beam domain is provided. In the maritime communication
scenarios, two kinds of clusters exist besides the LoS path,
i.e., scattering clusters from evaporation duct propagation
and scattering clusters caused by rough sea surface. In the
simulation, the LoS path is neglected to ensure that the channel
properties can be clearly observed. Besides, to better embody
the small-scale properties, the large-scale fading is normalized
in the following simulation results. Unless otherwise specified,
all the simulation results are obtained at the Rx side and the
following simulation parameters are consistent in all statistical
property simulations: f. = 5.8 GHz, Mr = 256, S, = 4,
Mr =1, 8 =1,d = d = \/2, \F = 0.103, and
A, = 4.07 [24]. Other specific simulation parameters can
refer to [29]. In the simulation, the proportion of clusters
that undergo the array non-stationary process is described by
the coefficient v and the single antenna assumption of Tx is
adopted to improve simulation efficiency.

Fig. 5 visualizes the normalized power of the channel
elements in the proposed BDCM and the channel power
of BDCM can be found to be sparse. The sparsity of the
beam domain channel elements can offer significant benefits
for reducing the computational complexity of transmission
schemes. In Fig. 5(a), the power of channel elements at initial
moment ty is obtained under the array domain wide sense
stationary (WSS) assumption. This assumption ignores the
near-field effect and assumes all the clusters are under array
stationary condition, i.e., v = 0. The beam with higher power
in the bottom-right corner of Fig. 5(a) shows the presence
of the scattering clusters from evaporation duct propagation,
which are more concentrated due to the smaller angular spread.
In comparison, the angles of scattering clusters caused by the
sea surface fluctuations are more dispersed. Hence multiple
beams with slightly lower power can be observed. The channel
element power shown in Fig. 5(b) is generated with v # 0, i.e.,
the near-field effect of the clusters which are under array non-

2495

stationary condition is considered. In fact, due to the large
distances of the evaporation duct clusters from the antenna
arrays, almost all evaporation duct clusters are in the far-field
range, and only part of the sea surface clusters’ array non-
stationarities need to be considered. The ratio of array non-
stationary clusters to all clusters v can be adjusted according
to specific scenarios. In our simulation, the statistical average
of  at different time instants is around 0.53. In Fig. 5(a), the
interaction between the MPCs is weak due to the high spatial
resolution. Intuitively, it appears that the number of clusters
in Fig. 5(b) is reduced in comparison with that in Fig. 5(a).
But in reality this is due to the dispersion of cluster power,
which reduces the relative power of the clusters with small
VRs. Therefore, such clusters become relatively insignificant
in Fig. 5(b). To illustrate the dispersion of power caused by the
decrease in spatial resolution more specifically, the normalized
power of the channel elements in Hp is shown separately
in Fig. 5(c). It can be found that some clusters cannot be
well resolved and their power is diffused over many beams.
Therefore, the interaction between the MPCs with small VRs
is introduced into the beam domain channel, making multipath
fading non-negligible. As the antenna position shifts and
the maritime environment changes, some old clusters will
disappear and some new clusters will arise at different time
instants, which leads to the time non-stationarity. In Fig. 5(d),
the normalized channel power for the time instant ¢t = t9+5 s
is presented to show the time non-stationarity of the channel
model. From Fig. 5(d), the birth-death process of clusters in
the time domain can be observed.

Fig. 6 shows the power leakage with different antenna array
sizes. The simulation is carried out by taking the numbers of
antennas with interval of 32. Here, it is assumed that there is
no array non-stationary phenomenon on the array, and the VR
of the cluster can cover the whole array. From Fig. 6, it can
be found that the variation of power leakage with increasing
number of antennas is not monotonic, which may be caused
by the narrower beamwidth and the deviations between beam
samplings and the AoAs of MPCs. Because the number of
beam samplings is related to the array size, the number of
antennas in the array will affect the beam division and thus
has an influence on the power leakage. Fig. 7 illustrates the
effect of the VR size on power leakage in BDCM. Three
arrays of different antenna numbers are used in the simulation
to explore the impact of the total number of antennas on
power leakage for a given number of visible antennas. As the
number of visible antennas increases, a decreasing trend in

it joam o (t, [ O Af) &

SIS SRVO

n€Ny(t) mp=1
% e]27rAme”(t+At) > JO(kpk

M,

(t+ At)e J2n(fe=Plrm, =75, (t+AL)]

Rt o o (b f3 AL Af) =

2. D VP

n€ENg(t) mnp=1

x IO Ty (HHAL) o Jhiilr (p) Jhrlr (t)(j,’;';i/’l’*/(t + At))*(j,’;f:’lT/(t + At))*

w0 Jo (R (0) Jo (ki (84 Ao (py 77 (E + A))
(38)
t+ At)e i2r(fe=)lrm,, (=7, (t+A1)]
(39)
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Fig. 6. The power leakage at different antenna array sizes under array domain
WSS assumption.

power leakage can be seen. Besides, with the same number
of visible antennas, the less the total number of antennas, the
faster the power leakage drops. The reason behind this is that
the larger the proportion of the visible antenna number to the
total antenna number, the narrower the beamwidth, and the
lower the power leakage. This result means that the ratio of
the visible antenna number to the total antenna number is a
key factor in determining power leakage.

The comparison of the spatial CFs (SCFs) for the BDCMs
under array domain WSS and non-WSS assumptions are
given in Fig. 8. To be succinct, only the correlation matrices
of azimuth beams, which are obtained by adding up the
correlations on all corresponding zenith beams with At =
Af =0, are discussed here. Fig. 8(a) is obtained with v = 0,
which means the array non-stationarity is not regarded. While
in Fig. 8(b), the clusters in the near-field range show the
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Fig. 7. The power leakage with the varying number of visible antennas at
different total numbers of antennas.

evolution process on the array. As shown in these two figures,
the elements near the diagonal have relatively large values, i.e.,
the adjacent beams show relatively large correlation. From the
comparison of the parts framed by rectangles, the correlation
of these channel elements in Fig. 8(b) become low, which
may be caused by the power reduction resulting from the
small VRs of the corresponding clusters. As illustrated in the
parts framed by the ellipses, the correlation of nearby beams
become higher, which is caused by the power dispersion of
the clusters that have large VRs. Besides, it can be found
that the correlations of beams are related to the AoAs of
MPCs, which implies the channel is not WSS in beam domain.
Furthermore, it can be inferred from the comparison that the
channel non-stationarity in the array domain can further trigger
the channel non-stationarity in the beam domain, which is
caused by the dispersion of cluster power over the beams.
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This phenomenon indicates that the GBSM and BDCM are
internally consistent in terms of spatial stationarity.

In Fig. 9, the frequency CFs (FCFs) of the proposed
GBSM and BDCM are presented. The simulation result of
BDCM shows the correlations calculated directly from the
definition, while the analytical result of BDCM is obtained
from the detailed derivation of (37) with the approximation
using Bessel functions. The good match of the two kinds
of curves proves the reasonableness of the approximation.
Similarly, the correctness of the simulations and derivations
can be verified by the consistency between the analytical result
and simulation result of GBSM FCF. As shown in Fig. 9,
the fluctuation in frequency correlation of BDCM is smaller
than that of GBSM, i.e., the frequency response of BDCM is
flatter. The reason behind this may be that the correlation of a
certain cluster corresponding to the beam takes the dominant
role, which weakens the influence of other clusters so that the
frequency correlation does not change much.

The effects of array non-stationarity and array size on the
temporal autocorrelation functions (ACFs) of the proposed
GBSM and BDCM are reflected in Fig. 10. As shown in
Fig. 10, both the ACF curves of the GBSM and BDCM
are affected by power distribution changes of array non-
stationary clusters on the antennas and beams. Moreover, the
beam domain channel changes more slowly. Meanwhile, the
influence of different array antenna numbers on the ACF
curves of BDCM is investigated. The beams selected for
comparison under different antenna sizes represent similar
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0.03

ranges in the angle domain. When the number of antennas
is higher, the beamwidth becomes narrower and the dominant
path effect is stronger, so that the correlation changes less
both when the WSS assumption in array domain holds
or not. In Fig. 11, the maritime channel characteristics in
the beam domain can be reflected. Beam 1 stands for the
beam corresponding to a sea surface cluster, which is in the
near-field range and experiences the array evolution process
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when considering the non-stationarity in the array domain.
Therefore, this path becomes less dominant, which makes the
ACF curve change rapidly. Beam 2 stands for the beam to
which the clusters from evaporation duct propagation belong,
and the clusters are almost all in the far-field range. The reason
for the increase in correlation after considering the array non-
stationarity may lie in the diminished impact of the clusters
belonging to the surrounding beams.

In Fig. 12, the cumulative distribution function (CDF)
curves of the RMS Doppler spreads for the proposed GBSM
and BDCM are compared. The Doppler spread of GBSM
is obtained under the array domain WSS assumption and is
larger than that of the BDCM. Because the Doppler spread of
BDCM is obtained for one of the beams, which means that
only the Doppler frequencies of clusters within the beam range
affect the simulation results. When the array non-stationarity
is considered in the BDCM, the value of Doppler spread will
increase. Fig. 13 illustrates the azimuth beam spreads at the Rx
side. Similarly, the array non-stationarity leads to dispersion
of cluster power on the beams, resulting in changes of beam
spread. According to the simulation results, it can be known
that the array non-stationarity cannot be ignored in order to
obtain accurate beam domain channel characteristics.
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VI. CONCLUSION

In this paper, we have proposed a 3-D non-stationary
massive MIMO GBSM and a corresponding BDCM for
maritime communication systems using UCAs. In the
proposed BDCM, the appropriate beamforming matrices have
been adopted to transform the corresponding GBSM from
the array domain to the beam domain and the proof of
their invertibility has been given. By introducing the VR
method into the proposed GBSM/BDCM and dividing UCAs
into sub-arrays, the array non-stationarity in massive MIMO
channels has been characterized. Statistical properties of both
models including channel power, power leakage, STF-CF, and
RMS Doppler/beam spreads have been derived and simulated,
and the influence of the array non-stationarity on statistical
properties has been explored. According to the derivation
and simulation results, it can be concluded that the array
non-stationarity greatly affects the characteristics of maritime
massive MIMO channels and therefore cannot be ignored in
the modeling effort. In addition, compared with the GBSM,
the corresponding BDCM presents sparsity in terms of the
channel matrix and therefore is more insensitive to the Doppler
effect, which can give insights to the design of beam domain
transmission schemes in maritime communications.

APPENDIX A

For the sake of convenience, we rewrite (20) as

My,
hg’j/ (t, f) — Z Z mej(bnzn ej27r(fc_f)7—-,cnn (t)

n€Nj (t) mn=1

Tt 0 LT () @3)
with
7 1 & jkR, sin 1 cos(~R —d)R)
R
q=1
. e dkRysin07 (1) cos(ey, (H)=85) (44)
4 1 X ikR; sin 07 cos(gr —o¢T)
I (0) = g 2/ e e e
p=1
. e—dkResinb (1) cos(ey,, (D—dy) (45)

The definitions of the variables 51?,;7; (t) and 55:}; (t) are
given in (46) and (47), shown at the bottom of the next page.
By combining (21), (44), and (46), [,"}" (t) can be reduced
as

kr,lr

JRmn (t) _ 1 % ejl::p,fgtll'; (t) cos({,i’;ll’; (t)—¢)
Mp =

m

c > ja r/2—¢gmn ~ m
WS IR O) s (R (1)

kr,lr
a=—00

(48)

where c; holds because the antenna elements in the array are
angular symmetric, i.e., ¢f = 2r(q — 1)/Mg [42]. In fact,
the zero order Bessel function Jy(-) is the principal term
of I &Tg [12]. Therefore, when the number of the antennas
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elements is sufficiently large, I ,fRTR‘ (t) can be approximated
as
[ (t) ~

kr,lr

To(kpiim (1))

kr,lRr

(49)
Through a similar process, I, J"Im(t) can be approximated as

120 0

kT lT kT lT

(50)
By substituting (49) and (50) into (43), (20) can be obtained.
Similar to (43), the channel element of the BDCM under

array non-stationary condition in (26) can be rewritten as
MIL

Z Z VP, (£)€?®mn 27 (fe= N7, (1)

,L/ J/
n€Ng(t) mn=1
FR,m,, 7T mp,
'IkR,lR (t) 'IkTJT (t) (50
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s, o
VR,m,, kR, smOk cos(ule—¢R)
kR,lR M Z Z
sr=1¢g= qmn
e—]kR 51n9§l;’”(t) cos(cpm”’“(t) qSR) (52)
S, P,
VT;rnn Jth smechos(cﬁ?T ¢ )
k'Tle
st=1p=p'7,
o IR R sin 0270 (1) cos( T3 (1)~ 6T) (53)

where {q¢"'z ,pi'z } and {¢"z ,p{'z } are the start and end
indexes for the antenna eclements in VR S and VT St
respectively. By combining (21), (46), and (52) 1, R m"( ) can
be reduced as

IFmn ()

kr, R

acl.

Z Z ejkpkﬁ,’?" (t) cos(&xm 1 () —dg)
M
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R,s
P

(t), and f;r (a) can be expressed as
sr(q) = ejﬂa(q; n+al'n ~2)/Mn

sin [ma (¢ — gz +1) /Mg)]
Mg sin(ra/Mg)

(55)

Similarly, /™" () can be expressed as

LSS S T O, (e (1) £ (1

st=1b=—o00

= JETIT(t)

“T;rnn
kT,lT

(56)

where p;""" (t) and &2"/"(¢) can be obtained by replacing
or, (¢ ) and ¢, (t)in (22) and (47) with 67> (t) and ©;% (),
and i (b) can be calculated as

fst’ ( ) — ejﬁb(p?zzf«i»p;?:‘t*Q)/MT
sin [7b (p'y. — pI'z. +1) /M)
My sin(wb/ M)

(67

APPENDIX B

Here, we take Up as an example and the invertibility of
Us can be proved in a similar way. The kgr-th azimuth
beamforming matrix fJ%CR) in Up can be written in the
expanded form as (58), shown at the top of the next page,
where by, = %R, bln9 is expressed as a coefficient to
simplify the equatlon

From (58), it can be found that ﬁ%m) is a circulant Toeplitz
matrix when L = Mg holds. Then, the matrix can be directly
diagonalized by using Fourier transform matrix [15], i.e.,

AR — ARG A L (59)

where Ap € CMrXMr s the Fourier transform matrix

whose (I, k)-th (I,k = 1,...,Mpg) entry can be expressed

as [Ag,, = (1/V/Mg) - e 72 (=0G=D/Mr ang AT s

a d1a§0nal matrix. Based on (59), the i-th dlagonal entry of
[48] can be expressed as
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_ . 2r(lp—1 . 2m(Lg—1)y -
eibig IR cos(GE=H) b oS
~ . — 27 (1 . 2w (L p—
Ung) _ ejka cos(%ﬁ{@) kaR COS(%) ejka cos( (MI; Q)) (58)
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(kr)

Then, the i-th (: = 1,..., MRp) singular value of U can

be obtained from the i-th d1agonal entry of A% [48] ie.,

Hl i) = HA%”} - (61)

)

According to Lemma 1 and Theorem 2 in [15], the property
of the singular values can be presented as

D i) 2 M i (rg)| - (62)
where (co) and (c3) hold when the number of antennas is
sufficiently large. Besides, (c3) is only applicable when ¢ >
2 and shows that the singular values of U( #) are symmetrlc
It should be noted that the singular values of U%CR)
dependent on the value of by,,. Considering the effect of zenith
beams, the values of by, are taken discretely in the range
[0, 2TWRT) for different Ij%m). By changing the number of
zenith beams, the values of by, can be varying, making it
possible for by, to take any value in the range [O,QT“RT).
Based on the symmetry and finiteness of the singular values,
we can deduce that there must exist a value of by, such
that the values of the Bessel functions at b, for 0 to
(Mg — 1)-th orders are not 0, which means that the singular
values of the corresponding fJ%CR) are all non-zero and
therefore fJ%CR) is row full rank matrix. In this case, the
probability of the existence of a right inverse for Uy, can be
considered as 1.

Mf(ka)
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