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Abstract— Massive multiple-input multiple-output (MIMO)
channels are distinctly characterized by their array non-
stationarity, which has not been considered in the existing beam
domain channel models (BDCMs). In this paper, the array
non-stationarity of massive MIMO channels is modeled by the
spatially consistent visibility regions (VRs) over a large uniform
planar array (UPA) in terms of individual multipath components
(MPCs). Based on this, a novel three-dimensional (3D) BDCM
incorporating the effects of array non-stationarity is proposed.
Statistical properties of the proposed BDCM including channel
power, power leakage, space-time-frequency correlation function
(STF-CF), and beam spread are derived. The ergodic and outage
capacities are evaluated. The impacts of array non-stationarity
on those statistics and channel capacity are analyzed. Results
suggest that the beamwidths or spatial resolutions of the BDCM
for different directions are not equal due to the array non-
stationarity. This in turn increases the power leakage and
correlation between channel elements and reduces the beam
domain channel capacity.

Index Terms— Massive MIMO systems, array non-stationarity,
BDCM, GBSM, statistical properties.

I. INTRODUCTION

MASSIVE multiple-input multiple-output (MIMO),
or very large MIMO, plays an essential role in the
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fifth generation (5G) systems and will receive increasing
attention in the future sixth generation (6G) systems due
to its numerous merits, e.g., improving spectral efficiency,
power efficiency, and physical layer security [1]. Meanwhile,
the high frequency bands, i.e., millimeter-wave (mmWave)
and Terahertz (THz) bands, have gathered great interests from
researchers due to abundant available spectrum resources [2].
The severe path loss at high frequency bands can be overcome
with the help of beamforming technique that generates narrow
beams in specific directions. Besides, as the antenna number
increases, the beamwidth becomes narrow, which decreases
the inter-user interference and reduces the opportunity of
eavesdropping [3]. The integration of massive MIMO and
mmWave/THz communication technologies has become a
consensus for future wireless communication systems [4].

In massive MIMO systems, the base station (BS) is
equipped with large numbers of antennas, resulting in pro-
hibitively high overhead of channel estimation and tremendous
transceiver complexity. In [5], the beam division multiple
access (BDMA) transmission scheme was proposed by trans-
forming the massive MIMO channel from space domain
into beam domain. As the number of antennas increases,
channel elements tend to be uncorrelated and multipath fad-
ing disappears. The BS is able to simultaneously communi-
cate with a certain number of user terminals (UTs) through
non-overlapping beams. Thus, a multiuser channel can be
decomposed into several single-user channels, which greatly
reduces the transceiver complexity and channel estimation
overhead [6]. Furthermore, as an emerging technology, recon-
figurable intelligent surface (RIS) has the ability to change
electromagnetic field in a customizable manner [7], [8].
However, the channel estimation is challenging since RIS is
passive and the number of RIS elements is large. Note that
the RIS channel exhibits a sparsity nature in beam domain.
Therefore, the channel estimation can be treated as a sparse
signal recovery problem and addressed by compressive sensing
methods [9]. As the foundation of system performance evalu-
ation, understanding the beam domain channel properties and
developing realistic beam domain channel models (BDCMs)
are indispensable.

A. Related Works

Due to large aperture size of the antenna array, mas-
sive MIMO channels are basically non-stationary in the
array domain [10]. In [11], measurements were conducted
at 5.8 GHz using a linear array and a square array. Results
show that the channel experiences significant variations over
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the array. Similarly, measurements in [12] were performed
at 6 GHz using a 64-element virtual linear array. Results
reveal that the multipath components (MPCs) of the mas-
sive MIMO channel are evolved over the array. The quasi-
stationarity region in the array domain was estimated. Apart
from sub-6 GHz, more meaningful results were obtained at
mmWave bands [13], [14]. Measurement results show that
mmWave massive MIMO channels are significantly array non-
stationary. The birth-death processes associated with each
cluster are correlated. The closer between two antennas, the
more common scatterers they share. Compared with sub-
6 GHz bands, mmWave massive MIMO channels illustrate
more dramatic changes of cluster number across the array due
to the significant scattering effect and high attenuation.

In general, the stochastic massive MIMO channel mod-
els can be divided into geometry-based stochastic models
(GBSMs) and non-geometrical stochastic models (NGSMs),
depending on whether the geometric distributions of scatterers
are taken into account [10], [15], [16]. For massive MIMO
GBSMs, the widely adopted approach is combining traditional
GBSMs with array birth-death or Markov processes, which
are used to simulate the non-stationary behavior of clusters
over array [17], [18]. The model in [19] was designed by
combining a twin-cluster model and a two-state Markov
process. Similarly, the model in [20] was developed by extend-
ing a 3GPP/WINNER-like model with birth-death processes.
Another method for massive MIMO channel modeling is
introducing the concept of visibility region (VR) into array
domain [21], [22]. The VR refers to a region on the large
array and each cluster is assigned to a specific VR. Only when
an antenna is in the VR, the corresponding cluster can be
observed by the antenna.

Benefitting from the simple structure, NGSMs are often
used in system performance evaluation. Different from the
GBSMs, researches on massive MIMO NGSMs are in the
preliminary phase. Most of the existing works were developed
as classical correlation-based stochastic models (CBSMs), e.g.,
Kronecker models [23] and Weichselberger models [24]. Other
massive MIMO NGSMs were designed as traditional BDCMs,
e.g., [5], [6], [25], and [26]. By sampling the propagation
environment in the angular domain, BDCMs characterize
the power coupling between transmit and receive beams.
As antenna number increases, beam domain channel elements
tend to be uncorrelated and illustrate a frequency-flat prop-
erty [6]. However, most of the existing BDCMs were devel-
oped based on the simple Saleh-Valenzuela (SV) model [5],
[26], [27], [28] or spatial spreading function without con-
sidering the array non-stationarity [6], [25]. This makes
those models not accurate enough and can lead to erroneous
results about the performance of beam domain communication
systems.

B. Motivations

A realistic and efficient BDCM plays a fundamental
role in design and performance evaluation of beam domain
massive MIMO systems. However, to the best of the
authors knowledge, none of the existing BDCMs take the
array non-stationarity into consideration, which has been

shown to have great impacts on massive MIMO channel
behaviors [14], [21]. Besides, in the existing massive
MIMO channel models, the birth-death processes or the
VRs associated with different clusters are modeled indepen-
dently [19], [29]. However, measurements indicate that the
array non-stationarities for different clusters are correlated.
The smaller distance between two antennas, the more common
clusters they can observe [12]. Furthermore, most of the
existing massive MIMO channel models described the array
non-stationarity in cluster level. This implies that the MPCs
within a cluster experience the same birth-death process or
have the same VR, which is inconsistent with the measure-
ment results [14]. It is more reasonable to model the array
non-stationarity in the MPC level. In sum, how to model
the array non-stationarity realistically, how to incorporate
array non-stationarity into the BDCM, and how does array
non-stationarity affect the beam domain channel behaviors.
These challenges have not been well addressed.

C. Contributions

In this paper, we propose a novel 3D BDCM by incorpo-
rating the array non-stationarity of massive MIMO channels.
The impacts of array non-stationarity on beam domain channel
statistics and system performance are analyzed. The main
contributions are listed as follows:

1) A novel BDCM is proposed, which is the first BDCM
incorporating the effects of array non-stationarity.
We find that the beamwidths and spatial resolutions of
the beam domain channel for different directions are
not equal due to the array non-stationarity, which is
different from the existing BDCMs. By adjusting model
parameters, the proposed model can support various
propagation scenarios and array configurations.

2) A new modeling method called spatially consistent clus-
ter VR is proposed to describe the visibility of clusters
over a large array considering the correlations among
different clusters. Based on the cluster VRs, the array
non-stationarity is depicted in terms of individual MPCs.

3) The impacts of array non-stationarity on beam
domain channel statistics are firstly revealed, includ-
ing beamwidth, channel power, power leakage, and
space-time-frequency correlation function (STF-CF).
The influences of array non-stationarity on ergodic
capacity and outage capacity are also analyzed. Power
dispersion of the beam domain channel is described by
a novel statistic called beam spread, which is compared
with angular spread and validated by measurements.

The rest of this paper is organized as follows. In Section II,
the novel BDCM incorporating the array non-stationarity of
massive MIMO channels is proposed. The statistical properties
of the proposed BDCM are derived in Section III. Section IV
extends the proposed BDCM for different array configurations.
Results and analysis are given in Section V, and conclusions
are drawn in Section VI.

Notation: | · | returns absolute value, � · � calculates length
of a vector, (·)∗, (·)T, and (·)H denote complex conjugation,
transpose, and conjugate transpose operations, respectively, �·�

Authorized licensed use limited to: Southeast University. Downloaded on January 22,2024 at 01:33:13 UTC from IEEE Xplore.  Restrictions apply. 



1620 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 22, NO. 3, MARCH 2023

Fig. 1. Wideband massive MIMO communication systems. (a) Angular para-
meters of the massive MIMO channel, (b) Multi-bounce scattering propagation
with WV-clusters and PV-clusters.

is the ceiling function, � and ⊗ are the Schur-Hadamard
product and Kronecker product, respectively, E(·) accounts
for statistical average, δ(·) is the Kronecker delta function,
tr(·) denotes the trace operator, and det(·) denotes determinant
operation.

II. NOVEL BEAM DOMAIN CHANNEL MODEL FOR

MASSIVE MIMO SYSTEMS

Fig. 1(a) shows the massive MIMO communication system
where the BS employs a large uniform planar array (UPA) and
communicates with a single-antenna UT. The BS is assumed to
be fixed and the UT can move in horizontal plane with speed
v and moving direction α. Without loss of generality, the large
UPA is aligned on the y-z plane and has a dimension of P =
Ph×Pv, where Ph and Pv are the numbers of antenna elements
in horizontal and vertical dimensions, respectively. Symbols dh

and dv denote the horizontal and vertical spacings between
adjacent elements, respectively. Considering a multi-bounce
scattering propagation containing N clusters, each cluster can
be described by the first-bounce cluster, i.e., CT,n and the last-
bounce cluster, i.e., CR,n. For clarity, only the nth cluster is
shown in Fig. 1(a). The azimuth angles of departure (AAoDs),
elevation AoDs (EAoDs), azimuth angles of arrival (AAoAs),
and elevation AoAs (EAoAs) of the mth (m = 1, . . . , Mn)

path in the nth cluster is denoted by φaz
n,m, φel

n,m, ϕaz
n,m, and

ϕel
n,m, respectively. The propagation between the first- and

last-bounce clusters is not defined and considered as a virtual
link [30]. Key parameters of the channel model are collected
in Table I.

A. Novel GBSM for Massive MIMO Systems

Considering the large aperture size of the array, clusters in
massive MIMO channels can be classified as wholly visible
(WV)-clusters and partially visible (PV)-clusters, which are
shown in Fig. 1(b). The WV-clusters are defined as clusters
that can be observed by the whole array. The PV-clusters
indicate clusters that can only be seen by part of the array.
The PV-cluster percentage η is introduced to describe the
proportion of PV-clusters in the whole clusters. For a certain
number of antennas, a compact planar array can experience
smaller array non-stationarity compared with a large linear
array, and therefore resulting in a lower PV-cluster percent-
age [11]. Besides, it is found that the WV-clusters are caused
by the reflections from dominant scatterers. However, the
PV-clusters are more likely to be observed in rich scattering
environments where MPCs experience complex scattering
paths [14]. To reduce the portion of PV-clusters, compact
antenna arrays should be used and the locations of BS and
UT should be carefully chosen, hence more energy can be
received via dominant scatterers. For simplicity of simulations,
in this paper the PV-cluster indexes are randomly drawn from
the whole cluster set following the uniform distribution. The
channel transfer function corresponding to the antenna in the
ith (i = 1, . . . , Pv) row and the jth (j = 1, . . . , Ph) column
of the UPA, i.e., Ai,j , can be modeled as

hi,j(t, f) = hWV
i,j (t, f) + hPV

i,j(t, f) (1)

where hWV
i,j (t, f) and hPV

i,j(t, f) are the WV and PV compo-
nents of the transfer function, respectively, and are given as

hWV
i,j (t, f) =

�
n∈BWV

Mn�
m=1

βn,m · ej[2π(νn,mt−fτn,m)+Φn,m]

×ej 2π
λ [(i−1)dh cos φel

n,m sin φaz
n,m+(j−1)dv sin φel

n,m]

(2)

hPV
i,j(t, f) =

�
n∈BPV

Mn�
m=1

βn,m ·ξij,nm ·ej[2π(νn,mt−fτn,m)+Φn,m]

×ej 2π
λ [(i−1)dh cos φel

n,m sin φaz
n,m+(j−1)dv sin φel

n,m]

(3)

where Mn is the number of paths in the nth cluster, λ
stands for the wavelength, BWV and BPV denote index sets of
WV- and PV-clusters, respectively. In (3), the partially visible
property of each MPC is modeled by the path visibility factor
ξij,nm ∈ {0, 1}, indicating whether the mth path in the nth
cluster can be observed by the antenna Ai,j . Details on ξij,nm

are described in Section II-B. Note that the line-of-sight (LoS)
component can be viewed as a special WV-cluster containing
one path. Therefore, the path gain of the LoS component can

be defined as βn,m =
�

KR

KR+1 where n = 0 and the path
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TABLE I

SUMMARY OF KEY PARAMETER DEFINITIONS

gains of NLoS components are defined as βn,m =
�

Pn,m

KR+1

where n = 1, . . . , N . Besides, KR designates the Rice factor,
τn,m and Pn,m account for the delay and power of the mth
path in the nth cluster, respectively. Furthermore, νn,m =
fm · cosϕel

n,m cos(ϕaz
n,m − α) is the Doppler frequency due

to the movement of the UT, where fm = v/λ. The phase
shifts Φn,m are caused by the interactions between the waves
and scatterers and modeled as i.i.d. random variable uniformly
distributed over [0, 2π).

In the proposed model, the MPC VR refers to a region on
the large array which can be observed by the MPC. A cluster
VR is defined as the union of VRs of the MPCs within
the cluster. This implies that each MPC within a cluster can
have its own evolution process, which is more consistent with
the measurement results [13], [31]. For ease of analysis, the
channel transfer function is written as a Pv × Ph matrix, i.e.,

H(t, f) = HWV(t, f) + HPV(t, f) (4)

with

HWV(t, f) =
�

n∈BWV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

×U(θaz
n,m, θel

n,m) (5)

HPV(t, f) =
�

n∈BPV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

×Û(θaz
n,m, θel

n,m) (6)

where U(θaz
n,m, θel

n,m) ∈ CPv×Ph is the response matrix of the
UPA, i.e.,

U(θaz
n,m, θel

n,m) =⎡
⎢⎢⎢⎢⎣

1 · · · ej2π(Ph−1)θaz
n,m

ej2πθel
n,m · · · ej2π[θel

n,m+(Ph−1)θaz
n,m]

...
. . .

...

ej2π(Pv−1)θel
n,m · · · ej2π[(Pv−1)θel

n,m+(Ph−1)θaz
n,m]

⎤
⎥⎥⎥⎥⎦ (7)

where θaz
n,m = dh/λ cosφel

n,m sin φaz
n,m and θel

n,m =
dv/λ sinφel

n,m are spatial frequencies in azimuth and ele-
vation directions associated with the mth path in the nth
cluster [32]. For the critically spaced arrays, i.e., dh =
dv = λ/2, {θaz

j , θel
i } ∈ [−0.5, 0.5]× [−0.5, 0.5]. Furthermore,

Û(θaz
n,m, θel

n,m) is the response matrix for the PV-MPCs, and
can be obtained as

Û(θaz
n,m, θel

n,m) = U(θaz
n,m, θel

n,m) � ξn,m (8)

where ξn,m is the mask matrix composed of ξij,nm and defines
the VR of the mth path in the nth cluster over the UPA.

B. VR Modeling in the Array Domain

In the proposed model, the VRs in the array domain are
modeled in two stages. Firstly, the lengths and positions of the
cluster VR in horizontal and vertical directions are generated.
Then the VRs of MPCs within the cluster are determined,
including their lengths and positions.

1) Cluster VR Length: The horizontal and vertical dimen-
sions of the VR for the nth cluster in the UPA are defined
as

Lh/v
C,n = (Ih/v

e,n − Ih/v
s,n ) · dh/v (9)

where Ih
s,n and Ih

e,n stand for the start and end column
indexes of the antenna elements in the cluster VR, respectively.
Symbols Iv

s,n and Iv
e,n account for the start and end row

indexes of the antenna elements in the cluster VR, respec-
tively. In general, the channel non-stationarity in the array
domain is not isotropic, which implies that the cluster VR
lengths in horizontal and vertical directions are different, and
can be modeled as independent random variables following
exponential distribution, i.e., Lh/v

C,n ∼ Exp(λh/v
C ) [13].

2) Spatially Consistent Cluster VR Positions: Similar to
other channel parameters, VR positions should be spatially
consistent, which means two closely located clusters can have
similar VRs [33]. Inspired by [34], the concept of cluster
distance is introduced to measure the distance between two
clusters. The distance between the kth and the lth clusters is
calculated as

CDkl =
�
�CDφ,kl�2 + �CDϕ,kl�2 + CD2

τ,kl (10)

where

CDφ/ϕ,kl =
1
2




ΩT/R
k − ΩT/R

l




 (11)

and ΩT/R
k are angle unit vectors of departure/arrival waves of

the kth cluster, i.e.,

ΩT
k = [cosφel

k cosφaz
k , cosφel

k sin φaz
k , sinφel

k ]T (12)

ΩR
k = [cosϕel

k cosϕaz
k , cosϕel

k sinϕaz
k , sin ϕel

k ]T (13)

where φaz
k , φel

k , ϕaz
k , and ϕel

k are the mean values of AAoDs,
EAoDs, AAoAs, and EAoAs of MPCs within the cluster,
respectively. Note that the value of |ΩT/R

k −ΩT/R
l | represents
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the distance of two vectors on the unit sphere. The coefficient
1/2 ensures that �CDφ/ϕ,kl� is in the interval of [0, 1]. The
delay distance can be written as

CDτ,kl =
|τk − τl|
Δτmax

· τstd

Δτmax
(14)

where τk denotes the delay of the kth cluster, Δτmax =
max(τk) − min(τk), τstd is standard deviation of cluster
delays. The cluster distance can be viewed as the radius of
a hypersphere in the normalized cluster parameter distance
space. Based on CDk,l, spatially consistent VR positions can
be generated using the exponential spatial filter method as
follows [35]

Ĩ
h/v
s,k =

�
l∈BPV

Î
h/v
s,l · ρ(k, l). (15)

Here, Î
h/v
s,l and I

h/v
s,l = �Ĩh/v

s,k � are the independent and
correlated start column/row indexes of antennas, respectively,
ρ(k, l) is the exponential spatial filter, i.e.,

ρ�(k, l) = e
− CDk,l

ΔC . (16)

Note that the spatial filter should be normalized as ρ(k, l) =
ρ�(k,l)�

l∈BPV
ρ�(k,l) . Parameter ΔC is the cluster correlation factor

controlling the shape of the filter. In general, Îh
s,l and Îv

s,l fol-
low uniform distributions in horizontal and vertical directions
within the UPA, respectively.

3) VR of MPCs Within the Cluster: Since the dimensions
of cluster VR have been modeled, the dimensions of MPC VR
are defined with respect to the cluster VR, i.e.,

Lh/v
M,nm =

(Ih/v
e,nm − I

h/v
s,nm) · dh/v

Lh/v
C,n

(17)

where I
h/v
s,nm and I

h/v
e,nm are the start and end column/row

indexes for the mth path in the nth cluster, respectively.
According to the channel measurements in [14], the horizontal
and vertical lengths of the MPC VR within a cluster are mod-
eled by the exponential distribution with the rate parameter
λ

h/v
M . Furthermore, positions of MPC VRs in horizontal and

vertical directions are found to be uniformly distributed within
the cluster VR.

C. Novel BDCM for Massive MIMO Systems

For ease of analysis, the channel transfer function in (4) is
rearranged as a 1 × P matrix,

H(t, f) = HWV(t, f) + HPV(t, f) (18)

with

HWV(t, f) =
�

n∈BWV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

×[b(θel
n,m) ⊗ a(θaz

n,m)]T (19)

HPV(t, f) =
�

n∈BPV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

×[b̂(θel
n,m) ⊗ â(θaz

n,m)]T (20)

where a(θaz
n,m) and b(θel

n,m) are response vectors of in azimuth
and elevation for the WV-MPCs, respectively, i.e.,

a(θaz
n,m) = [1, ej2πθaz

n,m , . . . , ej2π(Ph−1)θaz
n,m ]T (21)

b(θel
n,m) = [1, ej2πθel

n,m , . . . , ej2π(Pv−1)θel
n,m ]T. (22)

Furthermore, â(θaz
n,m) and b̂(θel

n,m) are the response vectors
for the PV-MPCs, and given as

â(θaz
n,m) = [OIh

s,nm−1, e
j2π(Ih

s,nm−1)θaz
n,m , . . . ,

×ej2π(Ih
e,nm−1)θaz

n,m ,OPh−Ih
e,nm

]T (23)

b̂(θel
n,m) = [OIv

s,nm−1, e
j2π(Iv

s,nm−1)θel
n,m , . . . ,

×ej2π(Iv
e,nm−1)θel

n,m ,OPv−Iv
e,nm

]T (24)

where On stands for a row vector with n zeros entries. The
BDCM is generated based on the proposed GBSM through a
discrete Fourier transform (DFT)-based beamforming opera-
tion as follows [6]

HB(t, f) = H(t, f)Ũ∗ (25)

where Ũ ∈ CP×P is the transmit beamforming matrix and
defined as

Ũ = Ũel ⊗ Ũaz (26)

where

Ũaz =
1√
Ph

[a(θ̃az
j )]j=1,...,Ph

∈ C
Ph×Ph (27)

Ũel =
1√
Pv

[b(θ̃el
i )]i=1,...,Pv ∈ C

Pv×Pv . (28)

The columns of Ũaz and Ũel are response vectors associated
with Ph and Pv uniformly spaced spatial frequencies, respec-
tively, i.e., θ̃az

j = 2j−1
2Ph

− 0.5 and θ̃el
i = 2i−1

2Pv
− 0.5. Since

the Kronecker product of two unitary matrices is still unitary,
H(t, f) and HB(t, f) are unitary equivalence. By substituting
(18) into (25), the beam domain channel matrix considering
WV- and PV-clusters can be further expressed as

HB(t, f) = HWV
B (t, f) + HPV

B (t, f) (29)

where HWV
B (t, f) and HPV

B (t, f) are the WV and PV compo-
nents of BDCM. The channel element corresponding to the
jth AAoD and the ith EAoD is given as

hB,ij(t, f) = hWV
B,ij(t, f) + hPV

B,ij(t, f) (30)

with

hWV
B,ij(t, f) =

1√
P

�
n∈BWV

Mn�
m=1

βn,m · ej[2π(νn,mt−fτn,m)

+Φn,m]f1,Pv (θel
n,m − θ̃el

i ) · f1,Ph
(θaz

n,m − θ̃az
j )
(31)

hPV
B,ij(t, f) =

1√
P

�
n∈BPV

Mn�
m=1

βn,m · ej[2π(νn,mt−fτn,m)

+Φn,m]fIv
s,nm,Iv

e,nm
(θel

n,m − θ̃el
i )

·fIh
s,nm,Ih

e,nm
(θaz

n,m − θ̃az
j ) (32)
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Fig. 2. Normalized absolute values of fIs,Ie (θ0 − θ̃j) for (a) a WV-MPC
with θ0 = −0.2 and (b) a PV-MPC with θ0 = 0.1 (Ph = 32, θ̃j =
2j−1
2Ph

− 0.5, j = 1, . . . , Ph, Ie − Is = 7 ).

where

fIs,Ie(x) = ejπx(Is+Ie−2) sin[πx(Ie − Is + 1)]
sin(πx)

. (33)

The derivations of (31) and (32) are given in the Appendix-A.
Fig. 2 shows the normalized absolute values of fIs,Ie(θ0 −

θ̃j) for a WV-MPC and a PV-MPC in azimuth where Ph = 32.
The WV-MPC can be observed by the whole 32 antennas and
the VR of the PV-MPC covers 8 consecutive antennas. In the
two cases, fIs,Ie(θ0 − θ̃) are uniformly sampled at directions
θ̃j (j = 1, . . . , Ph) and are peaky around θ0. Compared to
the WV-MPC case, the beamwidth for the PV-MPC is wider
due to the partially visible property. The beamwidth associated
with the VR length can be measured as Δθ = 1

Ie−Is+1 , which
is inversely proportional to the VR length of the MPC. Note
that fIs,Ie(x) is zero when x is an integral multiple of Δθ.
By setting Is = 1, Ie = Ph, the beamwidth for the WV-MPC
case becomes 1

Ph
. This indicates that in massive MIMO beam

domain channels, the beamwidths or spatial resolutions for
different directions may not exactly equal due to the partially

visible property of PV-MPCs. The WV-MPCs lead to the
narrowest beams and a shorter VR of PV-MPC results in a
wider beamwidth.

III. CHARACTERISTICS OF THE PROPOSED BDCM

A. Channel Power

The power of the beam domain channel can be calculated
as

E{tr(HH
BHB)} =

Ph�
i=1

Pv�
j=1

E

�

hB,ij



2� . (34)

Based on (30)–(32) and uncorrelated scattering assumption,
the power of the channel elements can be written as

E

�

hB,ij



2� = ΩWV
i,j + ΩPV

i,j (35)

with

ΩWV
i,j =

1
P

�
n∈BWV

Mn�
m=1

β2
n,m



DPh
(θaz

n,m − θ̃az
j )



2

×

DPv (θel
n,m − θ̃el

i )


2 (36)

ΩPV
i,j =

1
P

�
n∈BPV

Mn�
m=1

β2
n,m



DIh
e,nm−Ih

s,nm+1(θ
az
n,m − θ̃az

j )


2

×

DIv
e,nm−Iv

s,nm+1(θel
n,m − θ̃el

i )


2 (37)

where Dn(x) = sin(πnx)
sin(πx) denotes Dirichlet sinc function of

degree n. As the dimensions of the array increase, DPh
(θaz

n,m−
θ̃az

j ) and DPv (θel
n,m − θ̃el

i ) become peaky around the physical
angles θaz

n,m and θel
n,m, respectively. Thus, we have the follow-

ing approximations

ΩWV
i,j ≈ P

�
n∈BWV

Mn�
m=1

β2
n,mδ(θaz

n,m − θ̃az
j ) · δ(θel

n,m − θ̃el
i ).

(38)

For the WV components, each WV-MPCs can be resolved in
azimuth and elevation directions due to the large spatial reso-
lution of the array. The power of each channel element corre-
sponds to the power of the WV-MPC associated with a specific
direction defined by (θel

n,m, θaz
n,m). Therefore, multipath fading

vanishes and the power leakage can be neglected. However, for
the channel power contributed from the PV-MPCs, i.e., ΩPV

i,j ,
the above approximated cannot hold because of the short VR
lengths, which decrease the spatial resolution and introduce
multipath fading for the beam domain channel.

B. Power Leakage

As is shown in Fig. 3(a), the power leakage refers to the
fact that the power of a path spreads over a range of beam
directions. In the traditional BDCM, the power leakage is
caused by the mismatch between physical path angles and
the spatial frequency sampling points [36], [37]. However,
previous researches neglected the effects of partially visible
property of MPCs, making the results not accurate enough
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Fig. 3. Illustrations of the power leakage for a 32 × 32 UPA considering
a single PV-MPC. (a) Beam pattern of the UPA. (b) Normalized amplitude
distribution of the beam domain channel elements (Kh = Kv = 6, I

h(v)
e −

I
h(v)
s = 7, θel

0 = 4.5/Pv , θaz
0 = 4.5/Ph).

when evaluating massive MIMO systems. The power leakage
for a PV-MPC can be defined as

Γ = 1 −


j∈U(θaz
0 ,Kh),i∈U(θel

0 ,Kv)



hPV
B,ij



2
Ph,Pv

i,j=1



hPV
B,ij



2 (39)

where, U(θaz
0 , Kh) and U(θel

0 , Kv) are column and row index
sets for a Kv × Kh submatrix centering around the physical
direction of the MPC, i.e., (θel

0 , θaz
0 ). Therefore, the power

leakage in (39) is actually measured by calculating the ratio
of the power of the Kv × Kh submatrix around the main
lobe direction to the total channel power. For clarity, Fig. 3(b)
shows the amplitude distribution of channel elements for a
32 × 32 UPA. The red lines indicate the amplitudes of 6 × 6
channel elements around the direction (θel

0 , θaz
0 ). The power

leakage stems from the rest of nonzero elements illustrated by

blue lines. By substituting (32) into (39), we have

Γ = 1 −
4

Kh/2−1
i=0 D2

Ih
e −Ih

s +1(
2j+1
2Ph

) · Kv/2−1
j=0 D2

Iv
e −Iv

s +1(
2i+1
2Pv

)

(Ih
e − Ih

s + 1)(Iv
e − Iv

s + 1)P
.

(40)

The derivation of (40) is given in Appendix-B. By imposing
Ih
s = Iv

s = 1, Ih
e = Ph, and Iv

e = Pv , the power leakage for
a WV-MPC is obtained as

Γ = 1 −
4

P 2

Kh/2−1�
j=0

sin
�

(2j + 1)π
2Ph

�−2

·
Kv/2−1�

i=0

sin
�

(2i + 1)π
2Pv

�−2

.

(41)

C. STF-CF

The STF-CF between hB,ij(t, f) and h∗
B,i�j� (t+Δt, f+Δf)

is defined as

γij,i�j� (Δt, Δf) = E
�
hB,ij(t, f)h∗

B,i�j�(t + Δt, f + Δf)
�

.

(42)

Here, Δt and Δf are time and frequency differences, respec-
tively. Subscript (·)ij,i�j� indicates the two transmit antennas
Aij and Ai�j� separated by horizontal distance Δj · dh and
vertical distance Δi·dv , where Δi = i�−i and Δj = j�−j. The
STF-CF can be further written as the summation of PV and
WV components, i.e. γij,i�j� (Δt, Δf) = γWV

ij,i�j� (Δt, Δf) +
γPV

ij,i�j� (Δt, Δf). By substituting (31) and (32) into (42), the
PV and WV components of STF-CF can be further expressed
as

γWV
ij,i�j� (Δt, Δf)

=
1
P

�
n∈BWV

Mn�
m=1

β2
n,m · ej2π(Δfτn,m−νn,mΔt)

×ejπ (Pv−1)Δi
Pv · ejπ

(Ph−1)Δj

Ph DPv (θel
n,m − θ̃el

i )DPv

×(θel
n,m − θ̃el

i� )DPh
(θaz

n,m − θ̃az
j )DPh

(θaz
n,m − θ̃az

j� ) (43)

γPV
ij,i�j� (Δt, Δf)

=
1
P

�
n∈BPV

Mn�
m=1

β2
n,m · ej2π(Δfτn,m−νn,mΔt)

×ejπ(Iv
s,nm+Iv

e,nm−2) Δi
Pv · ejπ(Ih

s,nm+Ih
e,nm−2) Δj

Ph

×DIv
e,nm−Iv

s,nm+1(θel
n,m − θ̃el

i )DIv
e,nm−Iv

s,nm+1(θel
n,m

×− θ̃el
i� )DIh

e,nm−Ih
s,nm+1(θ

az
n,m − θ̃az

j )

×DIh
e,nm−Ih

s,nm+1(θ
az
n,m − θ̃az

j� ). (44)

Analogously, the STF-CF of the GBSM can be obtained as
ζij,i�j�(Δt, Δf) = ζWV

ij,i�j�(Δt, Δf) + ζPV
ij,i�j�(Δt, Δf), with

ζWV
ij,i�j� (Δt, Δf) =

�
n∈BWV

Mn�
m=1

β2
n,m · ej2π(Δfτn,m−νn,mΔt)

×e−j 2π
λ [Δj·dhcos φel

n,msin φaz
n,m+Δi·dv sin φel

n,m]

(45)
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ζPV
ij,i�j�(Δt, Δf) =

�
n∈BPV

Mn�
m=1

β̃2
n,m · ej2π(Δfτn,m−νn,mΔt)

×e−j 2π
λ [Δj·dh cos φel

n,m sin φaz
n,m+Δi·dv sin φel

n,m]

(46)

where β̃2
n,m = β2

n,m · ξij,nm · ξi�j�,nm, which implies that only
when the path is visible to Ai,j and Ai�,j� , it can contribute to
the STF-CF. According to the definition in (25), the STF-CFs
of the proposed GBSM and BDCM are related as RB =
ŨHRGŨ, where RB = E{HT

BH∗
B} and RG = E{HT

GH∗
G}

are P × P correlation matrices of the BDCM and GBSM,
respectively. Considering the large aperture size of the UPA,
γWV

ij,i�j� (Δt, Δf) can be approximated as

γWV
ij,i�j�(Δt, Δf) ≈

�
n∈BWV

Mn�
m=1

β2
n,m

× · ej2π(Δfτn,m−νn,mΔt) × δ(θel
n,m− θ̃el

i )

δ(θaz
n,m− θ̃az

j )δ(θel
n,m − θ̃el

i� )δ(θ
az
n,m− θ̃az

j� ).
(47)

The above approximation shows that the beam domain channel
elements converted from WV-MPCs are approximately uncor-
related. On the contrary, the beam domain channel elements
converted from PV-MPCs are correlated with each other due
to the wide beamwidths. This indicates that the traditional
BDCMs neglecting the array non-stationarity may underes-
timate correlation among beam domain channel elements.

D. RMS Beam Spread

The beam spread describes the power dispersion of the beam
domain channel over different beam directions. Similar to the
angular spread, the root mean square (RMS) azimuth beam
spread can be defined as

σaz
B =

����
Ph,Pv

i,j=1 |hB,ij |2(φ̃az
j − μaz)2Ph,Pv

i,j=1 |hB,ij |2
(48)

where μaz is mean value of sampling azimuth angle φ̃az
j

and can be calculated as the ratio of summation of the
power-weighted azimuth angles to the total channel power,
i.e.,

μaz =

Ph,Pv

i,j=1 |hB,ij |2φ̃az
jPh,Pv

i,j=1 |hB,ij |2
. (49)

The elevation beam spread σel
B can be obtained by replacing

φ̃az
j and μaz with φ̃el

i and μel in (48) and (49), respectively.
The sampling azimuth and elevation angles, i.e., φ̃az

j and
φ̃el

i , are determined according to the spatial frequencies as
θ̃az

j = dh/λ cos φ̃el
i sin φ̃az

j and θ̃el
i = dv/λ sin φ̃el

i . A large
beam spread means a large energy dispersion of the beam
domain channel, which usually corresponds to a rich scattering
environment. Both the angular spread and beam spread can
depict the multipath richness of the channel. Note that the
angular spreads are independent of array and only depend
on the powers and angles of MPCs. However, the powers

of beams are affected by the power leakage problem due
to limited spatial resolution and array non-stationarity. The
sampling angles φ̃az

j and φ̃el
i are also affected by the antenna

numbers of the array. These make the beam spread array-
dependent.

E. Channel Capacity

The spectral efficiency (in bit/s/Hz) for the proposed
BDCM, considering channel knowledge at the Rx and is not
available at the Tx, is calculated as [38]

C(x) =
1

Nf

Nf�
i=1

log2

�
det

�
IQ +

ρ

P
HB,fi(x)HH

B,fi
(x)

��

(50)

where HB,fi(x) stands for the xth realization of the beam
domain channel matrix at frequency fi, Nf is the number of
frequency points with bandwidth W , IQ is Q × Q identity
matrix, ρ is average signal-to-noise ratio (SNR). Here, the
ergodic and outage capacities are adopted as the capacity met-
rics. The ergodic capacity, i.e., Cerg = E{C(x)}, is obtained
as the statistical average of C(x) over Nx individual channel
realizations. The outage capacity Cout indicates the capacity
where the cumulative distribution function (CDF) of C(x)
equals to the outage probability Pout.

IV. EXTENSION FOR DIFFERENT ARRAY CONFIGURATIONS

A. UPAs at Both Ends

Considering both the Tx and Rx are equipped with large
UPAs, the channel matrices in (19) and (20) are rewritten as
Q × P matrices

HWV(t, f) =
�

n∈BWV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

×[bR(ϑel
n,m) ⊗ aR(ϑaz

n,m)][bT (θel
n,m) ⊗ aT (θaz

n,m)]T

(51)

HPV(t, f) =
�

n∈BPV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

×[b̂R(ϑel
n,m) ⊗ âR(ϑaz

n,m)][b̂T (θel
n,m) ⊗ âT (θaz

n,m)]T

(52)

where ϑaz
n,m = 0.5 cosϕel

n,m sin ϕaz
n,m and ϑel

n,m =
0.5 sinϕel

n,m. Besides, Q = Qh×Qv, where Qh and Qv are the
dimensions of Rx array in azimuth and elevation, respectively.
The response vectors of the Rx array for the PV-MPCs, i.e,
âR(ϑaz

n,m) and b̂R(ϑel
n,m), are generated following the same

procedure as discussed in Section II-B. The beam domain
channel matrix can be obtained as [6]

HB(t, f) = ṼHH(t, f)Ũ∗. (53)

Here, Ṽ ∈ C
Q×Q is the receive beamforming matrix

and obtained as Ṽ = Ṽel ⊗ Ṽaz , where Ṽaz =
1√
Qh

[a(ϑ̃az
l )]l=1,...,Qh

and Ṽel = 1√
Qv

[b(ϑ̃el
k )]k=1,...,Qv . Fur-

thermore, ϑ̃az
l = 2l−1

2Qh
− 0.5 and ϑ̃el

k = 2k−1
2Qv

− 0.5 are

uniformly spaced spatial frequencies at the Rx side. The beam
domain channel elements in (53) depict the coupling between
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transmit and receive beams. The elements in HWV
B (t, f) cor-

responding to the coupling between the beam with jth AAoD
and ith EAoD, and the beam with lth AAoA and kth EAoA
are expressed as

hWV
B,ij,kl(t, f)

=
1√
PQ

�
n∈BWV

Mn�
m=1

βn,m · ej[2π(νn,mt−fτn,m)+Φn,m]

×f1,Pv(θel
n,m − θ̃el

i ) · f1,Ph
(θaz

n,m − θ̃az
j )

×f1,Qv(ϑel
n,m − ϑ̃el

k ) · f1,Qh
(ϑaz

n,m − ϑ̃az
l ). (54)

Analogously, the elements in HPV
B (t, f) are extended as

hPV
B,ij,kl(t, f)

=
1√
PQ

�
n∈BPV

Mn�
m=1

βn,m · ej[2π(νn,mt−fτn,m)+Φn,m]

×fIv
s,nm,Iv

e,nm
(θel

n,m − θ̃el
i ) · fIh

s,nm,Ih
e,nm

(θaz
n,m − θ̃az

j )

×fJv
s,nm,Jv

e,nm
(ϑel

n,m − ϑ̃el
k ) · fJh

s,nm,Jh
e,nm

(ϑaz
n,m − ϑ̃az

l )
(55)

where J
h/v
s,nm and J

h/v
e,nm are start and end column/row indexes

of Rx antennas, respectively, which describe the VR of MPCs
on the Rx array. Derivations of (54) and (55) are omitted due
to the space limitation.

B. ULAs at Both Ends

When uniform linear arrays (ULAs) are employed at the Tx
and Rx, by setting Pv = Qv = 1, the beam domain channel
elements associated with the jth AoD and the lth AoA are
given as

hWV
B,j,l(t, f)

=
1√
PQ

�
n∈BWV

Mn�
m=1

βn,m ·ej[2π(νn,mt−fτn,m)+Φn,m]

×f1,P (θaz
n,m − θ̃az

j ) · f1,Q(ϑaz
n,m − ϑ̃az

l ) (56)

hPV
B,j,l(t, f)

=
1√
PQ

�
n∈BPV

Mn�
m=1

βn,m ·ej[2π(νn,mt−fτn,m)+Φn,m]

×fIs,nm,Ie,nm(θaz
n,m − θ̃az

j )fJs,nm,Je,nm(ϑaz
n,m − ϑ̃az

l ).
(57)

The above result reveals that the linear array only has
angular resolution in one dimension. However, the planar
array can resolve waves in two dimensions. Note that the
(sub)superscripts “h” are omitted for simplicity.

V. RESULTS AND ANALYSIS

In this section, results of the proposed BDCM are presented.
The impacts of array non-stationarity on beam domain channel
characteristics are investigated by comparing the statistics and
capacities of the proposed BDCM with those of traditional
BDCM (by imposing η = 0), GBSM, and measurement
results. Unless otherwise specified, the following parameters

Fig. 4. Contour plots of |HB | for (a) traditional BDCM, (b) proposed BDCM
for η = 0.45, and (c) proposed BDCM for η = 0.8. (d): Angular distribution
of MPCs with η = 0.45.

are chosen in simulations: fc = 11 GHz, Nf = 51, W =
160 MHz, Pout = 0.1, ρ = 10 dB, α = π/6, and v =
5 m/s. The parameters of MPCs such as powers, delays,
and angles are generated according to 3GPP TR38.901 in
the indoor NLoS scenario [39]. The VR-related parameters
are set according to channel measurements: λh

C = 0.112,
λv

C = 0.127, λ
h(v)
M = 4.07, and η = 0.45 [13], [14].

Figs. 4(a)–(c) show the contour plots of |HB| for tradi-
tional BDCM and proposed BDCM with different PV-cluster
percentages using a 64 × 64 UPA. The angular distribution
of MPCs is shown in Fig. 4(d), where markers “o” and
“x” indicate the WV-MPCs and PV-MPCs, respectively. The
sizes of marker represent the relative powers of MPCs. Note
that the proposed BDCM can be simplified to the traditional
BDCM by imposing η = 0. For purpose of comparison,
other model parameters and system configurations are kept
the same. In Fig. 4(a), the MPCs for different directions can
be well resolved due to the large spatial resolution. Fig. 4(b) is
generated considering both WV- and PV-MPCs by setting η =
0.45, which decreases the spatial resolutions for the directions
of PV-MPCs due to the partially visible property. For example,
compared to Fig. 4(a), the beams around (40, 20) become
indiscernible, which correspond to the PV-cluster centering
around (15◦,−20◦) in Fig. 4(d). Fig. 4(c) is generated by
setting η = 0.8. As η increases, only a small number of
beams can be well resolved. The results indicate that the
array non-stationarity of massive MIMO channel can increase
the beamwidth and decrease the spatial resolution for the
directions of PV-MPCs.

Fig. 5(a) shows the power leakage of the proposed BDCM
versus VR length of the MPC. Three types of UPA, i.e., 4×32,
4×48, and 4×64, are used for testing. Due to the small number
of antennas in elevation, clusters are only evolved in azimuth
direction. It is shown that the power leakage reduces as the
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Fig. 5. Power leakage versus VR length when clusters evolved in (a) hori-
zontal and (b) both horizontal and vertical directions (Kh = Kv = 4).

VR length increases. For example, in the 4 × 32 case, 53%
of the power is leaked when the VR length is 2λ. The power
leakage reduces to 10% when the VR length is 6λ, i.e., about
one third of the array length. Besides, with a given VR length,
the power leakage is worse for a larger array. Furthermore, the
power leakage becomes more severe when cluster evolutions
occur in both azimuth and elevation directions. As is shown in
Fig. 5(b), where 32×32, 48×48, and 64×64 UPAs are used
in the simulations. A VR with 2λ in azimuth and elevation on
the 32 × 32 UPA can lead to nearly 80% power leakage. For
the 48×48 UPA, the power leakage further increases to 90%.
Note that in traditional BDCMs, all the clusters are considered
as WV-clusters that have VRs covering the entire array. This
makes the traditional BDCMs underestimate power leakage
of the massive MIMO beam domain channel and may lead to
inaccurate results in system evaluation.

Fig. 6 shows the comparison of proposed BDCM, traditional
BDCM, proposed GBSM, and traditional GBSM in terms
of spatial, temporal, and frequency CFs using a 4 × 64
UPA. The spatial CFs shown in Fig. 6(a) reveal that when

Fig. 6. Comparison of proposed BDCM, traditional BDCM, proposed
GBSM, and traditional GBSM in terms of (a) spatial CF, (b) temporal CF,
and (c) frequency CF.

array non-stationarity is neglected, the beam domain channel
elements are approximately uncorrelated, which is consistent
with the analysis in (47). For the proposed BDCM, the spatial
correlation increases due to the wide beamwidths stemming
from PV-MPCs. For the GBSM, array non-stationarity is
shown to have an opposite effect. The reason is that a
visible MPC may become invisible over the distance Δj · dh,
which in turn decreases spatial correlation of the GBSM.
Figs. 6(b) and (c) show the temporal and frequency CFs,
respectively. For the BDCM and GBSM, the impacts of array
non-stationarity stem from different reasons. In the BDCM,
the array non-stationarity increases the beamwidths for the
PV-MPC directions, making the power of those MPCs diffuses
to adjacent beams. In the GBSM, a larger η implies a smaller
number of MPCs between Tx and Rx antennas, which in turn
influences the temporal and frequency CFs.

Fig. 7(a) shows the azimuth beam spread of the proposed
BDCM, azimuth angular spread of the proposed GBSM, and
measurement result in [14]. The measurement was conducted
at 11 GHz in a theater scenario using a 256-element virtual
UPA with two array configurations, i.e., 64 × 4 and 4 × 64.
Model parameters μlgASD, σlgASD, and cASD are optimized by
fitting the angular spread to measurement data, where μlgASD

and σlgASD are mean and standard deviation of the AAoD
spread lognormal distribution in the cluster level, cASD is
AAoD spread within a cluster [39]. For the BDCM with
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Fig. 7. Comparison of beam spread, angular spread, and measurement
result [14] in (a) azimuth and (b) elevation (μlgASD = 1.296◦ , σlgASD =
0.067◦ , cASD = 5◦, μlgESD = 0.086◦, σlgESD = 0.528◦, cESD = 0.3◦).

Ph = 16 and η = 0, the beam spread is found to be larger
than the angular spread and measurement result. This is caused
by the finite spatial resolution of the array, leading to the
power of the MPC diffuses to several beams. As the number
of antennas increases, i.e, Ph = 64, the power leakage is
approximatively eliminated. This results in a good fit among
the beam spread, angular spread, and the measurement result,
showing the correctness and practicability of the proposed
model. For η = 0.45, the beam spread is shown to be
significantly larger than aforementioned results due to the
severe power leakage.

The elevation beam spread, elevation angular spread, and
measurement result are illustrated in Fig. 7(b). Compared with
azimuth cases in Fig. 7(a), there is a large discrepancy between
the angular spread and beam spread for Pv = 64, η = 0.
The underlying reason is that the elevation angular spread
is smaller than azimuth angular spread. In other words, the
MPCs are more concentrated in elevation than in azimuth.
The MPC discrimination relies on a larger dimension of

Fig. 8. Ergodic capacities of the proposed and traditional BDCMs with
different UPAs.

array, i.e., a higher spatial resolution in elevation. Again,
the consistency among measurement result, angular spread,
and beam spread (Pv = 256, η = 0) can be observed,
indicating the correctness and practicability of the proposed
model. Similar to the azimuth beam spread, the elevation
beam spread increases when the array non-stationarity is taken
into consideration. Results suggest that traditional BDCMs
neglecting array non-stationary may underestimate the power
dispersion of the channel in the beam domain.

Fig. 8 shows the comparison of ergodic capacities of the
proposed BDCM and traditional BDCM. The UT is equipped
with a 1×4 ULA and two types of UPA, i.e., 4×64 and 64×64,
are deployed on the BS, accounting for the scenarios where
cluster evolution occurs in horizontal and both horizontal and
vertical directions, respectively. The ergodic capacities are
obtained by averaging 1000 channel realizations and each
realization is normalized and fulfills

N,Mn

n,m=1 β2
n,m = PQ.

We find that for both types of UPA, the capacities of the
proposed BDCM are lower than those of the traditional
BDCM. The underlying reason is that in traditional BDCM,
each cluster can be observed by the whole array, which results
in a lower correlation of beam domain channel elements. The
result indicates that the traditional BDCMs neglecting array
non-stationarity may overestimate the capacity of the beam
domain channel.

Fig. 9 illustrates the impact of PV-cluster percentage and
VR length on ergodic capacity of the BDCM using a 4 ×
64 UPA. The sizes of VR length are determined by setting
λh

C = 0.112 and λh
C = 0.037. The former are obtained from

an indoor massive MIMO channel measurement [13] and the
latter is set as one-third of the former, making the average
value of VR lengths three times longer than the former one.
In each case, the model is evaluated using three PV-cluster
percentages, i.e., η = 0.45, η = 0.8, and η = 1. Results show
that a lower PV-cluster percentage leads to a larger channel
capacity. For a given PV-cluster percentage, a small value of
λh

C implies larger VRs, which further improve the channel
capacity.
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Fig. 9. Ergodic capacity with different VR lengths and PV-cluster
percentages.

Fig. 10. Outage capacity as a function of the PV-cluster percentage with
different VR lengths.

Fig. 10 shows the 0.1 outage capacity as a function of η.
We observe that the capacities decrease rapidly for large
values of η. For example, in 4 × 64, λh

C = 0.112 case,
increasing η from 0 to 0.6 decreases the capacity from 49.38 to
40.53 bit/s/Hz. However, increasing η from 0.6 to 1 decreases
the capacity from 40.53 to 26.12 bit/s/Hz. Besides, for large
values of η, the capacities decrease more rapidly for 64 × 64
UPA than the capacities for 4×64 UPA. The reason is that for
64 × 64 UPA, cluster evolution occurs both horizontally and
vertically. The results shown in this figure differ from those
of traditional BDCM in which η is fixed at zero. Furthermore,
it is observed that a small value of λ

h(v)
C leads to a larger

capacity when η > 0.6. However, λ
h(v)
C has a negligible effect

on the capacity when η is relatively small. This suggests
that in massive MIMO beam domain systems, the impacts
of VR length on system performance cannot be omitted,
especially for the scenarios where the array non-stationarity is
significant.

VI. CONCLUSION

This paper has proposed a novel BDCM which has the
ability to represent the effects of array non-stationarity of
massive MIMO channels. This is achieved by introducing the
spatially consistent VRs over the large UPA at the level of
MPCs. Statistics including channel power, power leakage, and
STF-CF have been obtained. Besides, a novel statistic called
beam spread has been proposed to describe the power disper-
sion of the channel in the beam domain. The correctness and
practicability of the proposed BDCM have been validated by
comparing it with the corresponding GBSM and measurement
results. We have found that the partially visible property of
MPCs increases the corresponding beamwidth, which makes
the beamwidths and spatial resolutions of the BDCM for
different directions not equal. Results have suggested that
the traditional BDCMs neglecting the array non-stationarity
of massive MIMO channels can underestimate the power
leakage and the correlation between channel elements, and
overestimate the beam domain channel capacity. Note that
the proposed model neglects the variations of amplitudes and
angles of MPCs over the array. This simplifies the model and
helps in analyzing the impacts of array non-stationarity on
beam domain channel behavior. The BDCM incorporating the
effects of scatterer visibility and variations of MPC parameters
over the array could be a topic for our future research.

APPENDIX

A. Derivations of (31) and (32)

Substituting (19) into (25) and using the equality (A ⊗
B)(C ⊗ D) = (AC) ⊗ (BD), HWV

B (t, f) are derived as

HWV
B (t, f) =

�
n∈BWV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

×[bT(θel
n,m)Ũ∗

el] ⊗ [aT(θaz
n,m)Ũ∗

az ]. (58)

The element in HWV
B (t, f) corresponding to the jth AAoD and

the ith EAoD is calculated as

hWV
B,ij(t, f) =

�
n∈BWV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

×
�
bT(θel

n,m)[Ũ∗
el]:,i

��
aT(θaz

n,m)[Ũ∗
az ]:,j

�

=
�

n∈BWV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

× 1√
Pv

Pv−1�
a=0

ej2πa(θel
n,m−θ̃i)

× 1√
Ph

Ph−1�
b=0

ej2πb(θaz
n,m−θ̃j)

=
1√
P

�
n∈BWV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

×f1,Pv(θel
n,m − θ̃el

i ) · f1,Ph
(θaz

n,m − θ̃az
j ). (59)

Similarly, by substituting (20) into (25), the element of
HPV

B (t, f) corresponding to the jth AAoD and the ith EAoD
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Fig. 11. Illustrations of the power leakage in two special cases, (a) Case I:
the physical direction of the PV-MPC is perfectly sampled; (b) Case II: the
sample points are uniformly distributed around the physical direction.

is derived as

hPV
B,ij(t, f) =

�
n∈BPV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+ΦL]

×
�
b̂(θel

n,m)T[Ũ∗
el]:,i

��
â(θaz

n,m)T[Ũ∗
az ]:,j

�

=
�

n∈BPV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]

× 1√
Pv

Iv
e,nm−1�

a=Iv
s,nm−1

ej2πa(θel
n,m−θ̃i)

× 1√
Ph

Ih
e,nm−1�

b=Ih
s,nm−1

ej2πb(θaz
n,m−θ̃j) =

1√
P

�
n∈BPV

Mn�
m=1

βn,mej[2π(νn,mt−fτn,m)+Φn,m]fIv
s,nm,Iv

e,nm

×(θel
n,m − θ̃el

i )fIh
s,nm,Ih

e,nm
(θaz

n,m − θ̃az
j ). (60)

B. Derivation of (40)

We start with the simple 1 × Ph ULA case. As is shown
in Fig. 11, the normalized amplitudes of channel elements in
HB distribute over a 32-element ULA, where the VR of the
MPC covers 8 consecutive antennas. The power leakage can be
measured by considering two cases, i.e., Case I: the physical
direction of the MPC is perfectly sampled, which is shown
in Fig. 11(a), and Case II: the sample points are uniformly
distributed on the two sides of the physical direction, which
is shown in Fig. 11(b). It can be observed that the power
leakages are inevitable in both cases due to the partial visibility
of MPC and are asymptotically equal as the number of antenna

elements tends to infinity. For instance, the power leakage for
Case II is calculated as

Γ = 1 −


j∈U(θaz
0 ,Kh)



hPV
B,j



2
Ph

j=1



hPV
B,j



2 (61)

where

U(θ0, Kh) =�
j :

�
θ0 − Kh

2Ph

�
mod 1 � θ̃j <

�
θ0 +

Kh

2Ph

�
mod 1

�
.

(62)

Note that the spatial frequencies are equally spaced at 1/Ph.
By substituting (32) into (61) and imposing Iv

s = Iv
e = 1, the

power leakage is obtained as

Γ = 1 −
Kh/2−1

j=0 D2
Ie−Is+1(

2j+1
2Ph

)Ph/2−1
j=0 D2

Ie−Is+1(
2j+1
2Ph

)

= 1 − 2
Kh/2−1

j=0 D2
Ie−Is+1(

2j+1
2Ph

)
(Ie − Is + 1)Ph

. (63)

The right side of the second equal sign is derived based on
the Parseval’s theorem. The power leakage for the UPA case
in (40) can be obtained by substituting (32) into (39) and
following a similar procedure.
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