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Two-Timescale Design for Simultaneous
Transmitting and Reflecting RIS-Assisted Massive

MIMO Systems with Imperfect CSI
Jianxin Dai, Shilong Zhang, Kangda Zhi, Cunhua Pan, Hong Ren,
Xianbin Wang, Fellow, IEEE, Cheng-Xiang Wang, Fellow, IEEE

Abstract—This paper investigates the performance of simul-
taneous transmitting and reflecting reconfigurable intelligent
surface (STAR-RIS) assisted massive multiple-input multiple-
output (MIMO) systems with Rician fading channels and channel
estimation errors. We adopt the two-timescale scheme to design
the systems, namely, applying the instantaneous channel state
information (CSI) to design the base station (BS) beamforming
and leveraging the statistical CSI to design the phase shifts of the
STAR-RIS. Specifically, we estimate the overall channels based
on the linear minimum mean-squared error (LMMSE) estimator
and derive the closed-form expression of the average achievable
rate. Based on the derived rate, we analyze the power scaling
laws in which the transmit power is respectively reduced inversely
proportional to the number of BS antennas and STAR-RIS
elements. Besides, we draw insights from the comparison between
STAR-RIS and conventional RIS under the same condition, and
optimize the phase shifts of the STAR-RIS to maximize the sum
rate using accelerated gradient ascent-based algorithm. Finally,
numerical results are provided to validate our theoretical insights.
We show that STAR-RIS outperforms conventional RIS and draw
insight behind this phenomenon.

Index Terms—Simultaneously transmitting and reflecting re-
configurable intelligent surface (STAR-RIS), massive MIMO,
two-timescale, imperfect CSI.

I. INTRODUCTION

During the past thirty years, the focus of multiple-input
multiple-output (MIMO) systems has also evolved from the
beginning of point-to-point MIMO in the beginning to the
current massive MIMO, and MIMO technology combined with
active relay has been recently applied to the fifth-generation
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(5G) communication [1], [2]. However, the conventional active
relay requires complicated feeding networks and high power
consumption, which greatly restricts the capability of massive
MIMO systems [3], [4]. Reconfigurable intelligent surface
(RIS) was proposed to tackle this dilemma and identified as
a pivotal technology for the sixth-generation (6G) communi-
cation systems [5], [6]. It is made up of many passive and
low-cost reflecting elements which can flexibly adjust their
phase, amplitude, and frequency of incident electromagnetic
(EM) waves benefitting from its programable EM property
[7], [8]. After constructive phase shift adjustment and signal
combination, the signal impinging on RIS elements will be
strengthened without an active amplifier [9]. Besides, RIS also
has the advantages of compatibility with existing hardware,
various installation environments, and enhancing spectral ef-
ficiency [10], [11]. Hitherto, many contributions have been
devoted to RIS [12]–[16]. An overall description of the phys-
ical structure, application scenarios, related challenges, and
development prospects of RIS are given in [12] and [13]. The
authors of [14] derived the expression of outage probabili-
ty, average bit error rate (BER), and average capacity, and
validated the effectiveness of integrating RIS into unmanned
aerial vehicle (UAV) communication systems. RIS-aided non-
orthogonal multiple access (NOMA) systems were studied in
[15] in which the authors theoretically analyzed the closed-
form expression of the outage probability and the ergodic
rate and verified the superiority of the proposed system. In
[16], the authors compared the active RIS-aided system with
the passive RIS-aided system based on the assumption that
these two systems have the same overall power budget and
concluded that the active RIS is superior to the passive RIS
when having a small power budget.

However, existing reflection-only RIS suffers from the ge-
ographic topology constraint, where the transmitter and the
receiver should be located on the same side of the RIS
[17]. This means that the conventional RIS can only serve
users in half-space with 180◦ coverage, greatly influencing the
performance of users behind RIS. We follow a novel concept
of simultaneous transmitting and reflecting RIS (STAR-RIS)
to overcome this disadvantage. STAR-RIS can reflect and
transmit the received signal to the sections in front of and be-
hind it simultaneously, thus achieving 360◦ full-space coverage
[18]. Furthermore, STAR-RIS can flexibly control the power
ratio between reflection and transmission with the assistance
of the transmitting and reflecting coefficients (TRCs), which
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enlarges the degree of freedom (DoF) of the systems. In [19],
the authors comprehensively evaluated STAR-RIS in multiple
aspects, compared STAR-RIS with conventional passive and
active RISs, and introduced three working protocols of STAR-
RIS, including time switching (TS), mode switching (MS),
and energy splitting (ES). For these protocols, the authors of
[20] focused on minimizing the power consumption based on
TS and ES protocols, and concluded that the ES protocol is
more suitable for the broadcast transmission. Similarly, [21]
optimized the weighted sum rate in STAR-RIS-aided MIMO
systems, and likewise proved the superiority of STAR-RIS
over conventional RIS and the advantage of ES protocol in
broadcast transmission.

Besides, the majority of existing works on RIS are focused
on designing the phase shifts of reflecting elements using
instantaneous channel state information (CSI), which will
significantly increase the channel estimation overhead and
power consumption [22]. Due to the frequent changes in the
user’s locations and the passive feature of RIS, it is difficult
to update this information frequently and timely [23]. Two-
timescale (TTS) transmission scheme is an effective solution
for this problem [24]–[26], by designing the beamforming
at BS based on both instantaneous CSI and statistical CSI
for the phase shifts design of the RIS. In [24], the authors
considered RIS-aided multi-user millimeter Wave (mmWave)
systems. Besides, they formulated and optimized the TTS-
based beamforming problem based on the deep unrolling
method and verified that this design scheme could approach
an instantaneous CSI-only scheme. RIS-aided massive MIMO
systems based on the TTS scheme were studied in [25],
and the authors comprehensively analyzed the power scaling
laws of the system. [26] provided and validated the solution
for channel estimation of RIS-aided wireless communication
systems under the TTS scheme. Considering that both the
transmission and reflection phase shifts need to be optimized
for STAR-RIS, the complexity and the overhead could be
higher than conventional RIS. Therefore, TTS scheme would
be a very suitable enabling technique for STAR-RIS.

In addition to the issues mentioned above, the general
Rician fading channel model and imperfect CSI should also be
considered for STAR-RIS-aided systems. Due to the fact that
the BS and RIS are often installed at higher locations with few
barriers and RIS generally serves users in a close range, there
is a high possibility of existing line-of-sight links between
the RIS, the BS, and the users. Meanwhile, it is impractical
to assume the perfectly estimation of the channels because
of the passive property of the RIS and the limited training
period, which results in the estimation errors [27]. Hence,
it is essential to consider the Rician fading channel model
and imperfect CSI. To the best of our knowledge, none of
the existing research studied the performance of STAR-RIS-
aided multi-user massive MIMO systems with Rician fading
channels in the presence of imperfect CSI which motivates our
work.

Our main contributions are summarized as follows:
• The two-timescale scheme is adopted to design the beam-

forming at the BS and STAR-RIS, respectively based on
instantaneous CSI and statistical CSI for less computa-

tional complexity and less channel estimation overhead.
• Considering imperfect CSI, the linear minimum mean-

squared error (LMMSE) estimator is utilized to estimate
the overall transmission and reflection channels. At the
same time, the low-complexity maximum ratio combining
(MRC) receiver is adopted for the BS.

• We derive the closed-form achievable rate expression,
which holds for the arbitrary number of BS antennas and
RIS elements under Rician fading and channel estimation
errors. The comparison between STAR-RIS and conven-
tional RIS are conducted and the power scaling laws in
different cases are analyzed to draw useful insights.

• The accelerated gradient ascent-based method is applied
to maximize the sum rate by optimizing the phase shifts
of the STAR-RIS.

• Finally, numerical results validate our analytical conclu-
sions and reveal the STAR-RIS’s superiority over conven-
tional RIS. Meanwhile, it demonstrates that integrating
STAR-RIS into the massive MIMO systems is feasible
and effective.

The rest of this work is organized as follows. Section
II describes the model of uplink STAR-RIS-aided massive
MIMO systems. Section III derives the channel estimation
based on LMMSE. In Section IV, we provide the closed-
form expressions for the uplink achievable rate and analyze its
characteristics. Section V introduces the accelerated gradient
ascent-based method to maximize the sum user rate. Section
VI provides extensive numerical results to validate our analyt-
ical conclusions and characterize the advantages brought by
STAR-RIS compared with conventional RIS. Finally, Section
VII provide the summary of this work.

Notations: The vectors and the matrices are respectively
expressed in lowercase blodface and uppercase blodface let-
ters. XT , XH , X−1 and X∗ denote the transpose, conju-
gate transpose, inverse and conjugate operators, respectively.
[X]m,n denotes the (m,n)-th entry of the matrix. [a]m denotes
the m-th entry of the vector. |a| denotes the modulus of
the complex number and ‖a‖ denotes l2-norm of the vector.
Re{·} and Cov{·} represent the real part and covariance,
respectively. the expectation and trace are denoted by E {·}
and Tr {·} respectively. IN denotes the N×N identity matrix.
CM×N represents the M×N complex-valued matrix. Besides,
x ∼ CN

(
µ, σ2

)
denotes that random variable x follows the

complex Gaussian distribution with mean µ and variance σ2.

II. SYSTEM MODEL

As shown in Fig. 1, we consider the uplink transmission of
STAR-RIS-aided massive MIMO systems. The BS is equipped
with M antennas, the STAR-RIS is composed of N passive
reflecting elements, and the users are assumed to be equipped
with a single antenna. We refer to the areas in front of and
behind the STAR-RIS as the reflection section (section R)
and transmission section (section T), respectively. Then, it is
assumed that there are K1 and K2 users in section R and T,
respectively.

The direct links from the users to the BS are given by DR =[
dr1,d

r
2, ...,d

r
K1

]
∈ CM×K1 and DT =

[
dt1,d

t
2, ...,d

t
K2

]
∈
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CM×K2 , the channels between the users and the STAR-RIS
are denoted by HR =

[
hr1,h

r
2, ...,h

r
K1

]
∈ CN×K1 and HT =[

ht1,h
t
2, ...,h

t
K2

]
∈ CN×K2 , and H ∈ CM×N represents the

channel between the BS and the STAR-RIS.
Let Q = [QR,QT ] where QR = DR + HΦRHR and

QT = DT + HΦTHT represent the overall user-RIS-BS
channels in sections R and T, respectively. Consequently, the
signal vector received by the BS is given by

y =
√
pk1QRx1 +

√
pk2QTx2 + n, (1)

where pk1 and pk2 are the average transmit power of users
in R and T sections, respectively, x1 = [xr1, x

r
2, ..., x

r
K1

]T ,
x2 = [xt1, x

t
2, ..., x

t
K2

]T represent users’ transmit symbols,
n ∼ CN

(
0, σ2I

)
is the additional white Gaussian noise

(AWGN).
The configuration matrices for the STAR-RIS can be ex-

pressed as ΦR =
√
AR diag

{
ejθ

R
1 , ejθ

R
2 , ..., ejθ

R
N

}
and ΦT =

√
AT diag

{
ejθ

T
1 , ejθ

T
2 , ..., ejθ

T
N

}
, where θTn , θ

R
n ∈ [0, 2π)

and AR, AT ∈ [0, 1] are the phase shifts and amplitudes of
the STAR-RIS, respectively. The reflection and transmission
coefficients should obey AR + AT = 1 due to the law of
energy conservation.

By employing the low-complexity maximal-ratio-combining
(MRC) technique at the BS, the transmitted symbols from
K1 +K2 users can be obtained as

r =QHy =
√
pk1Q

HQRx1 +
√
pk2Q

HQTx2 + QHn.
(2)

Transmission Elements

Reflection Elements

H
BS

R users

T users

Ht

Hr

STAR-RIS

Transmission section

Reflection section

ΦT
ΦR

Transmission Elements

Reflection Elements

H
BS

R users

T users

Ht

Hr

STAR-RIS

Transmission section

Reflection section

ΦT
ΦR

DR

DT

……
……

Fig. 1: STAR-RIS-assisted massive MIMO communication
system.

For the convenience of subsequent derivation, we denote
χ, χ ∈ {k1, k2}, 1 ≤ k1 ≤ K1, 1 ≤ k2 ≤ K2. When χ = k1,
then χmax = K1, χ = k2, χmax = K2, and when χ = k2, then
χmax = K2, χ = k1, χmax = K1. In addition, when χ = k1,
Aχ and Φχ respectively denote AR and ΦR. Similarly, when
χ = k2, Aχ and Φχ respectively denote AT and ΦT .

A. Channel Model

In consideration of a number of blockages near the ground
and long distances between users and BS, the line-of-sight
(LoS) channel components barely exist between them. Hence,
we use the Rayleigh fading model to characterize the direct
links between the BS and users as

Dχ =
√
γχd̃χ, (3)

where γχ denotes the large-scale path-loss and d̃χ is an inde-
pendently and identically distributed (i.i.d) complex Gaussian
random variable with zero mean and unit variance.

Given that STAR-RIS is generally installed at a high altitude
and close to the users, it is highly likely that there are line-
of-sight (LoS) channel components between them. Hence, we
utilize the Rician fading to model the RIS-related channels as

hχ =

√
αχ

εχ + 1

(√
εχh̄χ + h̃χ

)
, (4)

H =

√
β

δ + 1

(√
δH + H̃

)
, (5)

where αχ and β are large-scale path-loss factors, εχ and
δ are Rician factors. h̃χ and H̃ denote non-line-of-sight
(NLoS) channel components and their entries are i.i.d complex
Gaussian random variables following CN (0, 1). hχ and H
stand for LoS channel components. Based on the uniform
squared planar array (USPA) model, they can be formulated
as

hχ =aN
(
ψaχr, ψ

e
χr

)
, (6)

H =aM (φar , φ
e
r)aHN (ϕat , ϕ

e
t ) , (7)

with

aX (υa, υe) =
[
1, ..., ej2π

d
λ (x sin υe sin υa+y cos υe), ...,

ej2π
d
λ ((
√
X−1) sin υe sin υa+(

√
X−1) cos υe)

]T
, (8)

where d is the element spacing, λ is the wavelength,(
ψaχr, ψ

e
χr

)
, (φar , φ

e
r) are respectively the azimuth and eleva-

tion angles of arrival (AoA) from user χ to the STAR-RIS.
(ϕat , ϕ

e
t ) are respectively the azimuth and elevation angles of

departure (AoD) from the STAR-RIS to the BS. As a result,
the overall channel can be detailed as (9) on the top of next
page, where cχ =

βαχ
(δ+1)(εχ+1) .

III. CHANNEL ESTIMATION

The BS will estimate the instantaneous CSI matrix Q
according to received pilot signals. Assume that the channel
coherence interval consists of τc samples. Let τ ≥ K1 +K2

denote the length of samples used for pilot signals. During the
training part of each channel coherence interval, users will
simultaneously send mutually orthogonal pilot sequences to
the BS. The transmit pilot power is τpχ and the χmax × τ
orthogonal pilot sequences are given by Sχ = [s1; ...; sχmax

]
with SχSHχ = Iχmax

. The pilot signals received at the BS can
be written as

Yχ =
√
τpχQχSχ + N, (10)

where N denotes the M×τ noise matrix whose entries are i.i.d.
complex Gaussian random variables with zero mean and σ2

variance. Correlating Yχ with
sHχ√
τpχ

, the observation vector
for user χ can be given by

yχpχ =
1
√
τpχ

YχsHχ = qχ +
1
√
τpχ

NsHχ . (11)
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qχ = gχ + dχ = HΦχhχ + dχ =
√
cχδεχ HΦχhχ︸ ︷︷ ︸

g1
χ

+
√
cχδHΦχh̃χ︸ ︷︷ ︸

g2
χ

+
√
cχεχH̃Φχhχ︸ ︷︷ ︸

g3
χ

+
√
cχH̃Φh̃χ︸ ︷︷ ︸

g4
χ︸ ︷︷ ︸

gχ

+
√
γχd̃χ, (9)

Lemma 1 The mean and covariance matrices used in the
LMMSE estimator are given by

E{qχ} =E{yχpχ} =
√
cχδεχHΦχhχ, (12)

Cov{qχ,yχpχ} =Cov{yχpχ ,qχ} = Cov{qχ,yχpχ}
=aχ1aMaM

H + aχ2IM , (13)

Cov{yχpχ ,y
χ
pχ} =Cov{qχ,qχ}+

σ2

τpχ
IM

=aχ1
aMaHM +

(
aχ2

+
σ2

τpχ

)
IM , (14)

where aχ1 = NcχδAχ, aχ2 = NcχAχ (εχ + 1) + γχ are
two auxiliary variables.

Proof: Please refer to Appendix A. �

Theorem 1 Using the observation vector yχ, the LMMSE
estimate of the channel vector qχ, χ ∈ {k1, k2}, is given by
(15) on the top of next page, where

Aχ = AH
χ = aχ3

aMaHM + aχ4
IM , (16)

Bχ = (IM −Aχ)
√
cχδεχ HΦχhχ, (17)

aχ3
=

aχ1

σ2

τpχ(
aχ2

+ σ2

τpχ

)(
aχ2

+ σ2

τpχ
+Maχ1

) , (18)

aχ4
=

aχ2

aχ2
+ σ2

τpχ

. (19)

Proof: Please refer to Appendix B. �

Lemma 2 Some useful properties are presented as follows

Tr {Aχ} =M (aχ3 + aχ4) ,Meχ1 , (20)

AχH = aχ3
aMaHMaMaHN + aχ4

IMaMaHN

= (Maχ3
+ aχ4

)H , eχ2
H, (21)

AχAχ = aχ3
aMaHM

(
aχ3

aMaHM + aχ4
IM
)

+ aχ4IM
(
aχ3aMaHM + aχ4IM

)
(22)

=Ma2χ3
aMaHM + 2aχ3

aχ4
aMaHM + a2χ4

IM ,

Tr {AχAχ} =M
(
Ma2χ3

+ 2aχ3
aχ4

+ a2χ4

)
,Meχ3

,
(23)

where
eχ1
, aχ3

+ aχ4
, (24)

eχ2 ,Maχ3 + aχ4 , (25)

eχ3 ,Ma2χ3
+ 2aχ3aχ4 + a2χ4

. (26)

IV. ANALYSIS OF UPLINK ERGODIC RATE
In this section, the closed-form expression is derived for the

achievable rate and the benefits of the STAR-RIS are analyzed
in some special cases. Based on the use-and-then-forget bound,
the received signal for user χ can be rewritten as (27) at the
top of the next page. Then, the achievable rate is obtained in
the following theorem.

Theorem 2 The achievable rate of user χ is lower bounded
by Rχ = τc−τ

τc
log2 (1 + SINRχ), ∀χ, with

SINRχ = (28)

pχE
signal
χ

pχE
leakage
χ + pχ

χmax∑
i=1,i6=χ

Iχi + pχ
χmax∑
χ=1

Iχχ + σ2Enoise
χ

,

where
Esignal
χ ,

∣∣E{q̂Hχ qχ
}∣∣2 , (29)

Eleakage
χ , E

{∣∣q̂Hχ qχ
∣∣2}− ∣∣E{q̂Hχ qχ

}∣∣2 , (30)

Iχi , E
{∣∣q̂Hχ qi

∣∣2} , (31)

Iχχ , E
{∣∣q̂Hχ qχ

∣∣2} , (32)

Enoise
χ , E

{
‖q̂χ‖2

}
, (33)

are respectively given as (34-37) at the top of the next page.
Proof: Please refer to Appendix C. �

Corollary 1 In conventional RIS-aided systems, by setting
AT = 0 and AR = 1 in Theorem 2, we can obtain
the achievable rate as Rk3 = τc−τ

τc
log2 (1 + SINRk3), ∀k3,

1 ≤ k3 ≤ K3 = K1 +K2, with

SINRk3 =
pk3E

signal
k3

pk3E
leakage
k3

+ pk3
K3∑

i=1,i6=k3
Ik3i + σ2Enoise

k3

,

(38)

where Esignal
k3

,
∣∣E{q̂Hk3qk3}∣∣2, Ik3i , E

{∣∣q̂Hk3qi∣∣2}, and

Enoise
k3

, E
{∥∥q̂Hk3∥∥2}. It is readily to check that this result is

consistent with the result in [25], which is a special case of
our work.

It is evident that the closed-form expression in Theorem 2
does not rely on the NLOS components, including d̃χ, h̃χ,
H̃. It is only affected by statistical CSI, such as the large-
scale path-loss factors, the Rician factors, and the AoA and
AoD, which changes slowly over a period of time. Hence,
following the two-timescale framework, the design frequency
of the RIS can be significantly reduced thanks to the slowly
varying CSI, diminishing the computational complexity and
power consumption.

When introducing the splitting coefficients, the power of
signal, interference, and leakage are all scaled down according-
ly. However, the direct link, namely users-STAR-RIS channels,
is independent of these coefficients. It will lead to the impact
of the direct link being relatively amplified, which results in
better performance of STAR-RIS.

Besides, it can be seen that coefficients eχ1 , eχ2 , eχ3

completely illustrate the effect of channel estimation errors
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q̂χ = Aχyχ + Bχ (15)

=
√
cχδεχ HΦχhχ︸ ︷︷ ︸

ĝ1
χ

+(Maχ3 + aχ4)
√
cχδHΦχh̃χ︸ ︷︷ ︸

ĝ2
χ

+
√
cχεχAχH̃Φχhχ︸ ︷︷ ︸

ĝ3
χ

+
√
cχAχH̃Φχh̃χ︸ ︷︷ ︸

ĝ4
χ︸ ︷︷ ︸

ĝχ

+
√
γχAχd̃χ +

1
√
τpχ

AχNsHχ ,

rχ =
√
pχ E

{
q̂Hχ qχ

}
xχ︸ ︷︷ ︸

Desired signal

+
√
pχ
(
q̂Hχ qχ − E

{
q̂Hχ qχ

})
xχ︸ ︷︷ ︸

Signal leakage

+
√
pχ

χmax∑
i=1,i6=χ

qHχ qixi︸ ︷︷ ︸
Multi-user interference

+
√
pχ

χmax∑
χ=1

qHχ qχ + qHχ n︸ ︷︷ ︸
Inter-group interference

+ q̂Hχ n︸︷︷︸
Noise

. (27)

Esignal
χ =

{
Enoise
χ

}2
, Enoise

χ =M
{
|fχ(Φχ)|2 cχδεχ +AχNcχδeχ2

+ (AχNcχ (εχ + 1) + γχ) eχ1

}
, (34)

Eleakage
χ =M |fχ(Φχ)|2 cχδεχ

[
cχAχ

{
N (Mδ + εχ + 1)

(
e2χ2

+ 1
)
+ 2 (Meχ1

+ eχ2
) (eχ2

+ 1)
}
+

{
γχ +

(
γχ +

σ2

τpχ

)
e2χ2

}
+Mγχ

(
γχ +

σ2

τpχ

)
eχ3

]
+M2N2A2

χc
2
χδ

2e2χ2
+MN2A2

χc
2
χ

{
2δ (εχ + 1) e2χ2

+ (εχ + 1)
2
eχ3

}
+M2NA2

χc
2
χ×{

(2εχ + 1) e2χ1
+ 2δeχ1eχ2

}
+MNcχ

{
A2
χcχ

(
2δe2χ2

+ (2εχ + 1) eχ3

)
+

(
2γχ +

σ2

τpχ

)(
δe2χ2

+ (εχ + 1) eχ3

)}
,

(35)

Iχi =M
2 |fχ(Φχ)|2 |fi(Φi)|2 cχciδ2εχεi +M |fχ(Φχ)|2 cχδεχ {Aχci (MNδ +Nεi +N + 2Meχ1

) + γi}

+M |fi(Φi)|2 ciδεi
{
Aχcχeχ2 (MNδeχ2 +Nεχeχ2 +Neχ2 + 2Meχ1) +

(
γχ +

σ2

τpχ

)
e2χ2

}
+M2N2A2

χcχciδ
2e2χ2

+MN2A2
χcχci

{
δ (εχ + εi + 2) e2χ2

+ (εχ + 1) (εi + 1) eχ3

}
+M2NA2

χcχcieχ1 {(εχ + εi + 1) eχ1 + 2δeχ2}

+M2cχciεχεieχ1

(
A2
χ

∣∣∣hHχ hi

∣∣∣2 eχ1 + 2AχδRe
{
fHχ (Φχ)fi(Φi)h

H

i hχ

})
+Mγi

(
γχ +

σ2

τpχ

)
eχ3

+MNAχ

{(
γχ +

σ2

τpχ

)
ci
(
δe2χ2

+ (εi + 1) eχ3

)
+ γicχ

(
δe2χ2

+ (εχ + 1) eχ3

)}
, (36)

Iχχ =M2 |fχ(Φχ)|2 |fχ(Φχ)|2 cχcχδ2εχεχ +M |fχ(Φχ)|2 cχδεχ {Aχcχ (MNδ +Nεχ +N + 2Meχ1) + γχ}

+M |fχ(Φχ)|2 cχδεχ
{
Aχcχeχ2

(MNδeχ2
+Nεχeχ2

+Neχ2
+ 2Meχ1

) +

(
γχ +

σ2

τpχ

)
e2χ2

}
(37)

+MN2AχAχcχcχ
{
δ (εχ + εχ + 2) e2χ2

+ (εχ + 1) (εχ + 1) eχ3

}
+M2NAχAχcχcχeχ1

{(εχ + εχ + 1) eχ1
+ 2δeχ2

}

+M2cχcχεχεχeχ1

(∣∣∣hHχ ΦH
χ Φχhχ

∣∣∣2 eχ1
+ 2
√
Aχ
√
AχδRe

{
fHχ (Φχ)fχ(Φχ)h

H

χ hχ

})
+Mγχ

(
γχ +

σ2

τpχ

)
eχ3

+MN

{
Aχ

(
γχ +

σ2

τpχ

)
cχ
(
δe2χ2

+ (εχ + 1) eχ3

)
+Aχγχcχ

(
δe2χ2

+ (εχ + 1) eχ3

)}
+M2N2AχAχcχcχδ

2e2χ2
,

on this system. Meanwhile, Theorem 2 enable us to reveal
the difference between the considered STAR-RIS and the
conventional reflection-only RIS.

On one hand, it can be seen that STAR-RIS introduces two
extra power splitting coefficients AR and AT which can be
exploited to adjust the power distribution. On the other hand,
STAR-RIS bring a new inter-T/R section interference which is
highly coupled by two different phase shift matrices. For this
extra interference term, we will leverage some special cases
to find out whether it will limit the potential of STAR-RIS
systems, compared with the reflection-only RIS.

For a more straightforward comparison between STAR-RIS
and conventional RIS and a better analysis of the influence of
this inter-group interference term on the achievable rate, we
consider a special case where users in the STAR-RIS-aided
system and the conventional RIS-aided system are both placed

closely and have the same transmit power at the same time,
namely cχ = ck3 = c, γχ = γk3 = γ, pχ = pk3 = p, ∀χ.
Additionally, we set AR = AT = 1/2 to divide the energy
equally between the reflection region and the transmission
region.

Corollary 2 Consider a special case that the cascaded chan-
nels are pure NLoS, namely δ = εχ = εk3 = 0, ∀χ,
and STAR-RIS and RIS are deployed in the environmen-
t with rich scatters and γ > 0, α > 0, In this case,
the rate of user χ and k3 are respectively lower bound-
ed by R

(FNL)
χ = τc−τ

τc
log2

(
1 + SINR(FNL)

χ

)
, R(FNL)

k3
=

τc−τ
τc

log2

(
1 + SINR

(FNL)
k3

)
, and SINR are respectively giv-

en as
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R
(NL)
STAR =

χmax∑
χ=1

Rχ
(NL) +

χmax∑
χ=1

R
(NL)
χ (39)

,
χmax∑
χ=1

log2

(
1 + SINR(NL)

χ

)
+

χmax∑
χ=1

log2

(
1 + SINR

(NL)
χ

)

=

K3∑
χ=1

log2

(
1 + SINR(NL)

χ

)
,

R
(NL)
Con =

K3∑
k3=1

R
(NL)
k3

,
K3∑
k3=1

log2

(
1 + SINR

(NL)
k3

)
, (40)

and these SINR are given as

SINR(NL)
χ ≈ (41)

pM (Nc+ 2γ)
2
eχ1

pχE
leakage
χ + pχ

χmax∑
i=1,i6=χ

Iχi + pχ
χmax∑
χ=1

Iχχ + 2σ2 (Nc+ 2γ)

,

SINR
(NL)
k3

≈ (42)

pM (Nc+ γ)
2
eCon
1

pk3E
leakage
k3

+ pk3
K3∑

i=1,i6=k3
Ik3i + σ2 (Nc+ γ)

,

where

pχE
leakage
χ + pχ

χmax∑
i=1,i6=χ

Iχi + pχ

χmax∑
χ=1

Iχχ (43)

=pK3

[
c2eχ1

(
N2 +MN

)
+ 4γeχ1

(
γ +

σ2

τp

)
+Nceχ1

(4γ

+
2σ2

τp

)]
+ pNceχ1

(
c+ 4γ +

2σ2

τp

)
,

pk3E
leakage
k3

+ pk3

K3∑
i=1,i6=k3

Ik3i (44)

=pK3

[
c2eCon

1

(
N2 +MN

)
+ γeCon

1

(
γ +

σ2

τp

)
+NceCon

1(
2γ +

σ2

τp

)]
+ pNc2eCon

1 ,

eχ1 =
Nβαχ + 2γχ

Nβαχ + 2γχ + 2σ2

τp

, eCon
1 =

Nβαk3 + γk3
Nβαk3 + γk3 +

σ2

τp

.

(45)

Corollary 2 indicates that the achievable rate is not affected
by phase shifts when the cascaded channels are pure NLoS.
We observe that the power terms in (41) and (42) are both
on the order of O

(
MN2

)
, and the overall interference terms

are both on the order of O (MN) or O
(
N2
)
, when N,M →

∞. Hence, the rate will keep growing without bounds when
N,M →∞.

To show the difference intuitively, we consider two special
cases with a large number of BS antennas and RIS elements,
i.e., M →∞ and N →∞.

Corollary 3 When the number of BS antennas is large, name-
ly M →∞, the SINR in (41) and (42) can be written as

SINR(NL)
χ ≈ (Nc+ 2γ)

2

K3c2N
> SINR

(NL)
k3

≈ (Nc+ γ)
2

K3c2N
. (46)

From Corollary 3, we can observe that the STAR-RIS-
aided systems outperform conventional RIS-aided systems as
M →∞. The result exhibits that STAR-RIS is appealing for
massive MIMO communication than conventional RIS, which
is consistent with our analysis in Corollary 1 that the impact
of direct links is relatively amplified due to its independence
from cascaded channels.

Corollary 4 When the number of RIS elements is large,
namely N →∞, the SINR in (41) and (42) can be written as

SINR(NL)
χ = SINR

(NL)
k3

≈ M

K3
. (47)

The above result shows that when N →∞, the performance
of STAR-RIS is equal to that of conventional RIS, assuming
that the same number of total served users. However, since the
conventional reflection-only RIS can only serve users in half
of the space, the STAR-RIS is expected to serve more users
and therefore provide higher sum user rate.

Corollary 5 Assume that the transmit power p is scaled as
p = Eu/M . As M →∞, the rate of user χ is lower bounded
by (48) at the top of the next page, with

Eleakage
χ = c2χδ

2
(
N |fχ(Φχ)|2 εχAχ

(
e2χ2

+ 1
)
+N2A2

χe
2
χ2

)
+

σ2

τEu
cχδe

2
χ2

(
εχ |fχ(Φχ)|2 +N

)
, (49)

Iχi = |fχ(Φχ)|2 |fi(Φi)|2 cχciδ2εχεi +AχN |fχ(Φχ)|2

cχciδ
2εχ +N2A2

χcχciδ
2e2χ2

+NAχ
σ2

τEu
ciδe

2
χ2

+ |fi(Φχ)|2 ciδεie2χ2

(
AχNcχδ +

σ2

τEu

)
, (50)

Iχχ = |fχ(Φχ)|2 |fχ(Φχ)|2 cχcχδ2εχεχ +AχN |fχ(Φχ)|2

cχcχδ
2εχ +N2AχAχcχcχδ

2e2χ2
+NAχ

σ2

τEu
cχδe

2
χ2

+ |fχ(Φχ)|2 cχδεχe2χ2

(
AχNcχδ +

σ2

τEu

)
, (51)

eχ2 =
Ncχδ

σ2

τEu
+Ncχδ

. (52)

Proof: By replacing pχ with Eu/M in (28) when M →∞,
we can select the significant terms which are on the order of
O (M). After some simplification, we complete this proof. �

Corollary 5 shows that similar to conventional RIS, the rate
in a STAR-RIS-aided system remains nonzero, even if the
transmit power is scaled with Eu/M . Hence, the power scaling
laws still apply to the STAR-RIS-aided system. Different from
conventional RIS, the rate in (48) not only depends on the Φχ

where the user χ is located but also depends on the Φχ. It can
be seen that almost every term in (48) is related to cχ and δ.
Accordingly, the rate in (48) will degrade to zero when cχ = 0
or δ = 0. δ = 0 and cχ = 0 correspond to the scenarios that
the RIS-BS channels are full NLoS and the communication
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Rχ →
τc − τ
τc

log2

1 +
Euc

2
χδ

2
(
|fχ(Φχ)|2 εχ +AχNeχ2

)2
EuE

leakage
χ + Eu

χmax∑
i=1,i6=χ

Iχi + σ2cχδ
(
|fχ(Φχ)|2 εχ +Neχ2

)
+ Eu

χmax∑
χ=1

Iχχ

 , (48)

system is of non-RIS, respectively. The power scaling laws in
non-RIS and conventional RIS-aided systems with fully NLOS
RIS-BS channels was studied in [25]. To reveal the new feature
of the power scaling laws in the considered STAR-RIS system
with δ = 0, we first derive its closed-form expression in the
next corollary.

Corollary 6 If the STAR-RIS-BS channel is Rayleigh dis-
tributed (δ = 0), the rate of user χ is lower bounded by
R

(NL)
χ = τc−τ

τc
log2

(
1 + SINR(NL)

)
, with

SINR(NL) = (53)

pχE
signal
χ

pχE
leakage
χ + pχ

χmax∑
i=1,i6=χ

Iχi + σ2Enoise
χ + pχ

χmax∑
χ=1

Iχχ

,

where

Esignal
χ =M (AχNcχ (εχ + 1) + γχ)

2
eχ1 , (54)

Enoise
χ = AχNcχ (εχ + 1) + γχ, (55)

Eleakage
χ = N2A2

χc
2
χ (εχ + 1)

2
eχ1

+MNA2
χc

2
χ (2εχ + 1) eχ1

+Ncχ

{
A2
χcχ (2εχ + 1) +

(
2γχ +

σ2

τpχ

)
(εχ + 1)

}
eχ1

+ γχ

(
γχ +

σ2

τpχ

)
eχ1

, (56)

Iχi = N2A2
χcχci (εχ + 1) (εi + 1) eχ1

+MNA2
χcχci (εχ + εi

+1) eχ1
+MA2

χcχciεχεi

∣∣∣hHχ hi

∣∣∣2 eχ1
+

(
γχ +

σ2

τpχ

)
γieχ1

+NAχ

{(
γχ +

σ2

τpχ

)
ci (εi + 1) + γicχ (εχ + 1)

}
eχ1

,

(57)

Iχχ = N2AχAχcχcχ {(εχ + 1) (εχ + 1) eχ1
}+MNAχAχ

cχcχ (εχ + εχ + 1) eχ1 + γχ

(
γχ +

σ2

τpχ

)
eχ1

+Mcχcχεχεχ

∣∣∣hHχ ΦH
χ Φχhχ

∣∣∣2 eχ1
(58)

+N

{
Aχ

(
γχ +

σ2

τpχ

)
cχ (εχ + 1) +Aχγχcχ (εχ + 1)

}
eχ1

,

eχ1 =
NβαχAχ + γχ

NβαχAχ + γχ + σ2

τpχ

. (59)

It is interesting to find that unlike the conventional RIS-
aided systems, the rate in Corollary 6 still depends on the
phase shifts. Only the case that Φχ is equal to Φχ makes
the rate independent of the phase shifts. Therefore, the STAR-
RIS can still play its role in mitigating the interference under
rich-scattering channel conditions. It can be seen that if the
transmit power pχ and pχ is scaled as Eu/M as in Corollary
6, e1 tends to O (1/M) when M →∞ and therefore the rate

degrades to zero in this scenario. Hence, we will investigate the
power scaling law under this rich-scattering channel condition
where the transmit power pχ and pχ are scaled as Eu/

√
M

and Eu/N , respectively.

Corollary 7 If the STAR-RIS-BS channel is Rayleigh dis-
tributed (δ = 0), and the power is scaled as pχ = pχ =

Eu/
√
M with M →∞, the rate of user χ tends to R(NL1)

χ =
τc−τ
τc

log2

(
1 + SINR(NL1)

)
, with

SINR(NL1) = (60)

EuE
signal
χ

EuE
leakage
χ + Eu

χmax∑
i=1,i6=χ

Iχi + σ4 + Eu
χmax∑
χ=1

Iχχ

,

where

Esignal
χ = τEu (AχNcχ (εχ + 1) + γχ)

2
, (61)

Eleakage
χ = τEuNA

2
χc

2
χ (2εχ + 1) , (62)

Iχi = τEuA
2
χcχci

{
N (εχ + εi + 1) + εχεi

∣∣∣hHχ hi

∣∣∣2} ,
(63)

Iχχ = τEucχcχ {AχAχN (εχ + εχ + 1) + εχεχ∣∣∣hHχ ΦH
χ Φχhχ

∣∣∣2} , (64)

Proof: It follows by substituting pχ = pχ = Eu/
√
M into

Corollary 7 and neglecting the terms that tend to zero as M →
∞. �

It can be seen that nearly every term in (60) is proportional
to N , except the signal term which is proportional to N2.
It indicates that the performance of STAR-RIS-aided systems
will greatly increase as RIS elements increases, which is
a promising feature considering the low cost of the RIS
hardware. In the following, we will reveal the power scaling
law when the transmit power is scaled as Eu/N .

Corollary 8 If the STAR-RIS-BS channel is Rayleigh dis-
tributed (δ = 0) and the power is scaled as pχ = pχ = Eu/N
with N → ∞, the rate of user χ is lower bounded by
R

(NL2)
χ = τc−τ

τc
log2

(
1 + SINR(NL2)

)
, with

SINR(NL2) = (65)
EuMAχβαχ

χmax∑
i=1

EuAχβαi + σ2
(
1 + σ2

τAχEuβαχ

)
+
χmax∑
χ=1

EuAχβαχ

.

Similar to Corollary 7, Corollary 8 proves that the rate in
STAR-RIS-aided systems will maintain nonzero when trans-
mit power is reduced as Eu/N and δ = 0. Secondly, the
power scaling law is not influenced by εχ, indicating that the
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power scaling laws are robust to the scattering environment
(Los/NLoS) of the users-STAR-RIS channels. Finally, it can
be seen that (65) is in proportion to M since the numerator
of (65) is on the order of O (1/M) while its denominator is a
constant. It indicates that the performance of STAR-RIS-aided
systems will greatly increase as the number of BS antennas
increases, which is feasible for the massive MIMO structure.

V. PHASE SHIFTS DESIGN

In this section, we will design the phase shifts of STAR-RIS
based on the long-term statistical CSI. For a comprehensive
investigation, we formulate the sum user rate-oriented opti-
mization problem. Specifically, this optimization problem is
formulated as

max
ΦR,ΦT

χmax∑
χ=1

Rχ +

χmax∑
χ=1

Rχ , Rsum, (66a)

s.t. θRn , θ
T
n ∈ [0, 2π), ∀n. (66b)

To deal with this problem, we propose an accelerated
gradient ascent-based algorithm to solve the optimization
problem. To begin with, we assume that χ = k1, χ =
k2, and introduce several auxiliary vectors such as θχ =
θR = [θR1 , θ

R
2 , . . . , θ

R
N ]T , θχ = θT = [θT1 , θ

T
2 , . . . , θ

T
N ]T ,

and zχ = zR = [ejθ
R
1 , ejθ

R
2 , . . . , ejθ

R
N ]T , zχ = zT =

[ejθ
T
1 , ejθ

T
2 , . . . , ejθ

T
N ]T , so that zR = ejθR , zT = ejθT and

Φχ = ΦR = ARdiag (zR), Φχ = ΦT = ATdiag (zT ). It is
worth noting that (66b) does not need to be considered due to
the periodicity of the objective functions with respect to θR,
θT . Since the partial derivatives of Rsum with respect to θR
and θT are similar, we only expand the derivations of ∂Rsum

∂θχ
as follows:

∂Rsum

∂θχ
=

τc−τ
τc

ln 2

χmax∑
χ=1

∂SINRχ
∂θχ

1 + SINRχ
+

χmax∑
χ=1

∂SINRχ
∂θχ

1 + SINRχ

 .

(67)

and ∂SINRχ
∂θχ

, ∂SINRχ
∂θχ

are respectively at top of the next

page, where
∂Esignal

χ

∂θχ
,
∂Eleak

χ

∂θχ
, ∂Iχi
∂θχ

, ∂Iχχ
∂θχ

,
∂Enoise

χ

∂θχ
and ∂Iχχ

∂θχ
can respectively be deduced as

∂|fχ(Φχ)|2

∂θχ
= 2 Im

{
ΦH
χ

(
aNaHN �

(
hχh

H

χ

)T)
zχ

}
,

(70)
∂|fχ(Φχ)|2

∂θχ
= 2 Im

{
ΦH
χ

(
aNaHN �

(
hχh

H

χ

)T)
zχ

}
,

(71)
∂|fi(Φi)|2

∂θχ
= 2 Im

{
ΦH
χ

(
aNaHN �

(
hih

H

i

)T)
zχ

}
, (72)

∂fHχ (Φχ)fi(Φi)|
∂θχ

= fd

(
aNaHN ,hih

H

χ

)
, (73)

Algorithm 1 Accelerated Gradient Ascent Algorithm

1: Initialize θ0 randomly, n = 0, y0 = 1, x−1 = θ0;
2: while 1 do
3: Calculate the gradient vector f ′χ(θn) =

∂fχ(θ)
∂θ

∣∣∣
θ=θi

;
4: Obtain the step size κn based on the backtracking line

search;
5: xn = θn + %nf

′
χ(θn);

6: yn+1 = (1 +
√
4y2n + 1)/2;

7: θn+1 = xi + (yn − 1) (xn − xn−1) /yn+1;
8: if fχ(θn+1)− fχ(θn) < 10−4 then
9: θ∗ = θn+1, break;

10: end if
11: n = n+ 1;
12: end while

∂fHi (Φi)fχ(Φχ)|
∂θχ

= fd

(
aNaHN ,hχh

H

i

)
, (74)

∂Enoise
χ

∂θχ
= 2Mcχδεχ

∂|fχ(Φχ)|2

∂θχ
, (75)

∂Esignal
χ

∂θχ
= 2Enoise

χ

∂Enoise
χ

∂θχ
, (76)

∂Iχi
∂θχ

=M2cχciδ
2εχεi

(
|fχ(Φχ)|2

∂θχ
|fi(Φi)|2 + |fχ(Φχ)|2

|fi(Φi)|2

∂θχ

)
+Mcχδεχ {Aχci (MNδ +Nεi +N + 2Meχ1)

+γi}
|fχ(Φχ)|2

∂θχ
+Mciδεi {Aχcχeχ2

(MNδeχ2
+Nεχeχ2

+Neχ2
+ 2Meχ1

) +

(
γχ +

σ2

τpχ

)
e2χ2

}
|fi(Φi)|2

∂θχ

+AχM
2cχciεχεieχ1

δh
H

i hχ
∂fHχ (Φχ)fi(Φi)|

∂θχ

+AχM
2cχciεχεieχ1

δh
H

χ hi
∂fHi (Φi)fχ(Φχ)|

∂θχ
. (77)

The remaining terms ∂Iχχ
∂θχ

and ∂Iχχ
∂θχ

can be derived similarly
to (77). In the following, we show the complete algorithm steps
in Algorithm 1. It is worth noting that we adopt Nesterovs
accelerated gradient method here to speed up the convergence
of the gradient algorithm.

VI. NUMERICAL RESULTS
In this section, we provide numerical results to verify our

analysis and characterize the impact of deploying STAR-
RIS into massive MIMO systems with imperfect CSI. At the
same time, we also simulate the performance of conventional
RIS-aided systems under the same scenario. Unless stated
otherwise, the parameters are set to M = N = 64, σ2 = −104
dBm, number of users in the reflection region and transmission
region of K1 = K2 = 4, accordingly K3 = K1 + K2 = 8,
the Rician factors of εχ = εk3 = 10, δχ = δk3 = 1,
transmit power of pχ = pk3 = 0 dBm, ∀χ, k3. Eight
users are located on a circle with a radius of dUI = 20m,
which is centered at the STAR-RIS. STAR-RIS-BS distance
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∂ SINRχ
∂θχ

=
pχ

∂Esignal
χ

∂θχ

pχEleak
χ + pχ

χmax∑
i=1,
i6=χ

Iχi + pχ
χmax∑
χ=1

Iχχ + σ2Enoise
χ

−

pχE
signal
χ

pχ ∂Eleak
χ

∂θχ
+ pχ

K∑
i=1,
i6=χ

∂Iχi
∂θχ

+ pχ
χmax∑
χ=1

∂Iχχ
∂θχ

+ σ2 ∂E
noise
χ

∂θχ


pχEleak

χ + pχ
χmax∑
i=1,
i6=χ

Iχi + pχ
χmax∑
χ=1

Iχχ + σ2Enoise
χ

2 ,

(68)

∂ SINRχ
∂θχ

=

−pχpχEsignal
χ

χmax∑
χ=1

∂Iχχ
∂θχpχEleak

χ + pχ
χmax∑
i=1,
i6=χ

Iχi + pχ
χmax∑
χ=1

Iχχ + σ2Enoise
χ

2 . (69)

is dIB = 1000m, and the distance between users and BS
is set to

(
dUB
χ

)2
=
(
dIB − dUI sin(

π
9χ)
)2

+
(
dUI cos(

π
9χ)
)2

.
The AoA and AoD are all generated randomly from [0, 2π].
The large-scale pathloss are set to αχ = αk3 = 10−3d−2UI ,
β = 10−3d−2.1IB and γχ = γk3 = 10−3

(
dUB
χ

)−4
, ∀χ, k3. In

order to divide the energy equally between the reflection and
transmission regions, we set AR = AT = 1

2 .
Fig. 2 illustrates the relation between the number of BS

antennas and the rates. Firstly, we can infer from this fig-
ure that the system with STAR-RIS has better performance
than conventional RIS. Besides, we also add a sample with
N = 16 to show that increasing N significantly increases
the performance of systems as M approaches infinity. If
conventional RIS intends to achieve the same performance as
STAR-RIS, it needs to increase the number of antennas which
requires larger-sized array, higher power consumption, and
higher hardware cost. As shown in Fig. 2, we can find that 50
antennas with 64 STAR-RIS elements can be equivalent to 120
antennas with 16 STAR-RIS elements. It means that STAR-
RIS-aided massive MIMO systems can reduce the cost of BS
antennas and power consumption by increasing the number
of RIS elements, which is promising to be applied to future
communication systems. These two points fit perfectly with
Corollary 3.

Fig. 3 shows that the relation between the user rate and the
number of RIS elements respectively in Rician channel and
NLOS cascaded channels. It can be seen that with the increase
of N , the sum rate of RIS and STAR-RIS increase rapidly,
and it will converge to a constant. Besides, it is consistent
with Corollary 4 that the performance of RIS and STAR-RIS
will be equal when the number of RIS elements tend to be
infinite and the cascaded channels are fully NLOS. It can be
seen from this figure that the performance of STAR-RIS and
RIS in Rician channel are also similar.

In Fig. 4 and Fig. 5, the power scaling laws are studied in
Rician channel and NLOS BS-RIS channel respectively. They
validate the analytical results in Corollary 5, Corollary 7 and
Corollary 8. The results show that the rate will maintain a
constant value even if the transmit power is scaled as 100/M ,
100/

√
M , or 100/N , which indicate that the power scaling

laws are still applicable to STAR-RIS. It can be seen in Fig. 5
that even if the rate tends to be constant when RIS elements
N tend to be infinite, increasing M can greatly improve the

Fig. 2: Rate versus the number of BS antennas M .

Fig. 3: Rate versus the number of RIS elements N .

rate. It is consistent with out analysis in Corollary 8. At the
same time, these results validate the feasibility of applying the
gradient ascent method.

VII. CONCLUSION
This paper has investigated the closed-form achievable

rates of STAR-RIS-aided massive MIMO systems over Rician
fading channels with imperfect CSI. Based on the derived
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Fig. 4: Rate versus the number of BS antennas M , with
scaled transmit power.

Fig. 5: Rate versus the number of RIS elements N , with
scaled transmit power.

expressions, we analyzed the power scaling laws in a general
case, and used some simple cases to shed light on the con-
dition when systems with STAR-RIS outperform those with
reflection-only RIS. Besides, gradient ascent-based method
is adopted to optimize sum rate and minimum user rate
maximization problem. Finally, extensive simulation results
validated our derivations and showed the various advantages
of deploying STAR-RIS.

APPENDIX A

Since H̃, h̃χ, d̃χ and N are independent of each other, we
have

E {qχ} =
√
cχδεχHΦχhχ, (78)

E
{

yχpχ

}
=E {qχ}+

1
√
τpχ

E
{
NsHχ

}
= E {qχ} . (79)

The covariance matrix between the unknown channel qχ

and the observation vector yχpχ can be written as

Cov
{

qχ,y
χ
pχ

}
= E

{
(qχ − E {qχ})

(
yχpχ − E

{
yχpχ

})H}
=E

{
(qχ − E {qχ})

(
qχ +

1
√
τpχ

Nsχ − E {qχ}
)H}

=E
{
(qχ − E {qχ}) (qχ − E {qχ})H

}
=Cov {qχ,qχ} , (80)

Cov
{
yχp ,qχ

}
=
(
Cov

{
qχ,y

χ
p

})H
=(Cov {qχ,qχ})H = Cov {qχ,qχ} ,

=E
{
cχδHΦχh̃χh̃Hχ ΦH

χ H
H
+ ckεkH̃Φχhχh

H

χ ΦH
χ H̃H

+ cχH̃Φχh̃χh̃Hχ ΦH
χ H̃H + γχd̃χd̃Hχ

}
=NcχδAχaMaHM + (NcχAχ (εχ + 1) + γk) IM , (81)

Cov
{

yχpχ ,y
χ
pχ

}
= E

{
(qχ − E {qχ}) (qχ − E {qχ})H

}
+

1

τpχ
E
{
NsχsHχ NH

}
= Cov {qχ,qχ}+

σ2

τpχ
IM . (82)

Finally, we introduce the auxiliary variables of aχ1
=

NcχAχδ and aχ2
= NcχAχ (εχ + 1) + γχ.

APPENDIX B

The LMMSE estimate of the channel qχ based on the
observation vector yχpχ can be written as

q̂χ =E {qχ}+Cov
{

qχ,y
χ
pχ

}
Cov−1

{
yχpχ ,y

χ
pχ

}
×(

yχpχ − E
{

yχpχ

})
, (83)

where the mean and covariance matrices have been obtained
in Appendix A.

The remaining term in (83) is derived as

Cov
{

qχ,y
χ
pχ

}
Cov−1

{
yχpχ ,y

χ
pχ

}
=

(
aχ1aMaHM +

(
aχ2 +

σ2

τpχ

)
IM

)−1 (
aχ1aMaHM + aχ2IM

)

=


(
aχ2

+
σ2

τpχ

)−1
IM −

aχ1

(
aχ2 +

σ2

τpχ

)−2
1 +Maχ1

(
aχ2

+ σ2

τpχ

)−1 aMaHM


×
(
aχ1

aMaHM + aχ2
IM
)

=
aχ1

σ2

τpχ
aMaHM(

aχ2
+ σ2

τpχ

){(
aχ2

+ σ2

τpχ

)
+Maχ1

} +
aχ2

aχ2 +
σ2

τpχ

IM

,aχ3
aMaHM + aχ4

IM , Aχ = AH
χ . (84)

Hence, the LMMSE channel estimate in (83) is calculated
as

q̂χ =
√
cχδεχ HΦχhχ + Aχ

(
yχpχ −

√
cχδεχHΦχhχ

)
=Aχyχpχ + (IM −Aχ)

√
cχδεχ HΦχhχ

,Aχyχpχ + Bχ (85)
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=q1
χ +

∑4

ω=2
Aχqωχ +

√
γχAχd̃χ +

1
√
τpχ

AχNsHχ .

Finally, by exploiting the property AχH =(
aχ3

aMaHM + aχ4
IM
)
aMaHN = (Maχ3

+ aχ4
)H, the

proof is completed.

APPENDIX C

A. Signal Term and Noise Term

Since eχ is independent of the channel estimation, we obtain
E
{
q̂Hχ eχ

}
= 0. Therefore, we have

E
{
q̂Hχ qχ

}
=E

{
q̂Hχ q̂χ

}
+ E

{
q̂Hχ eχ

}
= E

{
‖q̂χ‖2

}
. (86)

Hence, the signal power can be transformed to

Esignal
χ =

∣∣E{q̂Hχ qχ
}∣∣2 =

(
E
{
‖q̂χ‖2

})2
=
(
Enoise
χ

)2
.

(87)

We can derive the term E
{
q̂Hχ qχ

}
by selecting the non-

zero terms in the expansion as

Enoise
χ = E

{
‖q̂χ‖2

}
= E

{
q̂Hχ qχ

}
=

4∑
ω=1

E
{(

ĝωχ
)H

gωχ

}
+ γχE

{
d̃Hχ AH

χ d̃χ

}
=cχδεχM |fχ(Φχ)|2 +AχcχδMNeχ2

+AχcχεχMNeχ1

+AχcχMNeχ1
+ γχMeχ1

=M
{
|fχ(Φχ)|2 cχδεχ +AχNcχδeχ2

+ (AχNcχ (εχ + 1)

+ γχ) eχ1} . (88)

We conclude this subsection by providing some
useful results similar to (88). To be specific, we aim
to derive E

{
qHχ qχ

}
, E

{
gHχ gχ

}
, E

{
gHχ AχAH

χ gχ
}

,
E
{
gHi AχAH

χ gi
}

, E
{
gHχ AχAH

χ gχ
}

, and E
{
ĝHχ gχ

}
.

Firstly, we have

E
{
qHχ qχ

}
=

4∑
ω=1

E
{(

qωχ
)H

qωχ

}
+ γχE

{
d̃Hχ d̃χ

}
=cχδεχh

H

χ ΦH
χ H

H
HΦχhχ + cχδE

{
h̃Hχ ΦH

χ H
H

HΦχh̃χ

}
+cχεχh

H

χ ΦH
χ E

{
H̃HH̃

}
Φχhχ + cχE

{
h̃Hχ ΦH

χ E
{

H̃HH̃
}

Φχh̃χ

}
+ γχE

{
d̃Hχ d̃χ

}
(89)

=M
{
|fχ(Φχ)|2 cχδεχ +AχNcχ (δ + εχ + 1) + γχ

}
.

Secondly, by using the expression of ĝχ, we have

E
{
ĝHχ ĝχ

}
=

4∑
ω=1

E
{∥∥ĝωχ∥∥2} (90)

=M
{
|fχ(Φχ)|2 cχδεχ +AχNcχδe

2
χ2

+AχNcχ (εχ + 1) eχ3

}
.

Thirdly, using AH
χ = Aχ and AχH = eχ2

H, we have

E
{
gHχ AχAH

χ gχ
}
= E


4∑

ω=1

4∑
ψ=1

(
Aχgωχ

)H (
Aχgψχ

)
=
∥∥∥√cχδεχAχHΦχhχ

∥∥∥2 + 4∑
ω=2

E
{∥∥ĝωχ∥∥2}

=M
{
|fχ(Φχ)|2 cχδεχe2χ2

+AχNcχδe
2
χ2

+AχNcχ (εχ + 1) eχ3
} . (91)

Besides, for i 6= χ and χ, we have

E
{
gHi AχAH

χ gi
}
=M

{
|fi(Φχ)|2 ciδεie2χ2

+AχNciδe
2
χ2

+ AχNci (εi + 1) eχ3
} , (92)

E
{
gHχ AχAH

χ gχ
}
=M

{
|fχ(Φχ)|2 cχδεχe2χ2

+AχNcχδe
2
χ2

+ AχNcχ (εχ + 1) eχ3} . (93)

Finally, by substituting γχ = 0 into (88), we arrive at

E
{
ĝHχ gχ

}
=M

{
|fχ(Φχ)|2 cχδεχ +AχNcχδeχ2

+AχN ×

cχ (εχ + 1) eχ1} . (94)

B. Interference Term

The interference term can be expanded as

Iχi = E
{∣∣q̂Hχ qi

∣∣2}
=E


∣∣∣∣∣
(

ĝχ + Aχdχ +
1
√
τpχ

AχNsχ

)H
(gi + di)

∣∣∣∣∣
2


=E
{∣∣ĝHχ gi

∣∣2}+ E
{∣∣ĝHχ di

∣∣2}+ E
{∣∣dHχ AH

χ gi
∣∣2}

+E
{∣∣dHχ AH

χ di
∣∣2}+

1

τpχ
E
{∣∣sHχ NHAH

χ gi
∣∣2}

+
1

τpχ
E
{∣∣sHχ NHAH

χ di
∣∣2} . (95)

The six expectations in (95) will be calculated one by one,
and the derivation of E

{∣∣ĝHχ gi
∣∣2} will be scheduled last. The

last five terms can be respectively tackled as

E
{∣∣ĝHχ di

∣∣2} = E
{
ĝHχ did

H
i ĝχ

}
= γiE

{
ĝHχ ĝχ

}
, (96)

E
{∣∣dHχ AH

χ gi
∣∣2} = E

{
gHi AχE

{
dχdHχ

}
AH
χ gi

}
= γχE

{
gHi AχAH

χ gi
}
, (97)

E
{∣∣dHχ AH

χ di
∣∣2} = E

{
dHχ AH

χ E
{
did

H
i

}
Aχdχ

}
(98)

= γiE
{
dHχ AH

χ Aχdχ
}
= γχγi Tr

{
AH
χ Aχ

}
= γχγiMeχ3 ,

1

τpχ
E
{∣∣sHχ NHAH

χ gi
∣∣2} =

σ2

τpχ
E
{
gHi AχAH

χ gi
}
, (99)

1

τpχ
E
{∣∣sHχ NHAH

χ di
∣∣2} =

σ2

τpχ
γiMeχ3

, (100)

where E
{
ĝHχ ĝχ

}
and E

{
gHi AχAH

χ gi
}

are given in (90) and
(92).
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Finally, we derive the first term E
{∣∣ĝHχ gi

∣∣2}, which can
be expanded as

E
{∣∣ĝHχ gi

∣∣2} = E


∣∣∣∣∣∣

4∑
ω=1

4∑
ψ=1

(
ĝωχ
)H

gψi

∣∣∣∣∣∣
2
 (101)

=
4∑

ω=1

4∑
ψ=1

E
{∣∣∣(ĝωχ)H gψi

∣∣∣2}

+
4∑

ω1,ψ1,ω2,ψ2,
(ω1,ψ1)6=(ω2,ψ2)

E
{((

ĝω1χ
)H

gψ1i

)((
ĝω2χ
)H

gψ2i

)H}
.

To begin with, we consider the terms with ω = 1. We have

E
{∣∣∣(ĝ1

χ

)H
g1
i

∣∣∣2} (102)

= E
{∣∣∣√cχδεχ√ciδεihHχ ΦH

χ H
H

HΦihi

∣∣∣2}
= cχciδ

2εχεiM
2 |fχ(Φχ)|2 |fi(Φi)|2 .

Similarly, we have

E
{∣∣∣(ĝ1

χ

)H
g2
i

∣∣∣2} = Aχcχciδ
2εχM

2N |fχ(Φχ)|2 , (103)

E
{∣∣∣(ĝ1

χ

)H
g3
i

∣∣∣2} = AχcχciδεχεiMN |fχ(Φχ)|2 , (104)

E
{∣∣∣(ĝ1

χ

)H
g4
i

∣∣∣2} = AχcχciδεχMN |fχ(Φχ)|2 . (105)

When ω = 2, 3, 4,
∑4
ψ=1 E

{∣∣∣(ĝωχ)H gψi

∣∣∣2} can be respec-

tively expanded as

4∑
ψ=1

E
{∣∣∣(ĝ2

χ

)H
gψi

∣∣∣2} (106)

= Aχe
2
χ2
cχciδ

2εiM
2N |fi(Φi)|2 +A2

χe
2
χ2
cχciδ

2M2N2

+A2
χe

2
χ2
ckciδεiMN2 +A2

χe
2
χ2
cχciδMN2,

4∑
ψ=1

E
{∣∣∣(ĝ3

χ

)H
gψi

∣∣∣2} (107)

= Aχe
2
χ2
cχciδεχεiMN |fi(Φi)|2 +A2

χe
2
χ2
cχciδεχMN2

+A2
χcχciεχεi

(
e2χ1

M2
∣∣∣hHχ hi

∣∣∣2 + eχ3MN2

)
+A2

χcχciεχ
(
e2χ1

M2 + eχ3
MN

)
N,

4∑
ψ=1

E
{∣∣∣(ĝ4

χ

)H
gψi

∣∣∣2} = Aχe
2
χ2
cχciδεiMN |fi(Φ)|2

+A2
χe

2
χ2
cχciδMN2 +A2

χcχciεi
(
e2χ1

M2N + eχ3
MN2

)
+A2

χcχci
(
e2χ1

M2N + eχ3MN2
)
. (108)

Then, we focus on the remaining cross-terms in (101). They
can be combined as

4∑
ω1,ψ1,ω2,ψ2,

(ω1,ψ1)6=(ω2,ψ2)

E
{((

ĝω1χ
)H

gψ1i

)((
ĝω2χ
)H

gψ2i

)H}

=
∑
ω1,ψ1,
ω2,ψ2

2Re

{
E
{((

ĝω1χ
)H

gψ1i

)((
ĝω2χ
)H

gψ2i

)H}}
,

(109)

and (ω1, ψ1, ω2, ψ2) includes four cases, i.e., (1, 1, 3, 3),
(1, 2, 3, 4), (2, 1, 4, 3), (2, 2, 4, 4). Then, we calculate these 4
terms in (109) one by one. The first one is given by

2Re

{
E
{((

ĝ1
χ

)H
g1
i

)((
ĝ3
χ

)H
g3
i

)H}}
= 2Aχcχciδεχεieχ1M Re

{
h
H

χ ΦH
χ H

H
HΦihih

H

i hχ

}
= 2Aχcχciδεχεieχ1

M Re
{

h
H

χ ΦH
χ aNaHMaMaHNΦihih

H

i hχ

}
= 2Aχcχciδεχεieχ1M

2 Re
{
fHχ (Φχ)fi(Φi)h

H

i hχ

}
.

(110)

Then, the remaining cross-term is∑
(1,2,3,4)

(2,1,4,3)(2,2,4,4)

2Re

{
E
{((

ĝω1χ
)H

gψ1i

)((
ĝω2χ
)H

gψ2i

)H}}
= 2Aχcχciδεkeχ1

M2 |fχ(Φχ)|2 + 2A2
χcχciδeχ1

eχ2
M2N

+ 2Aχcχciδεieχ1
eχ2

M2 |fi(Φi)|2 . (111)

C. Signal Leakage

In this subsection, we derive the signal leakage term as

E(leakage)
χ = E

{∣∣q̂Hχ qχ
∣∣2}− ∣∣E{q̂Hχ qχ

}∣∣2 , (112)

where E
{
q̂Hχ qχ

}
has been derived in (88). The remaining

term can be decoupled as

E
{∣∣q̂Hχ qχ

∣∣2} (113)

= E
{∣∣ĝHχ gχ

∣∣2}+ E
{∣∣ĝHχ dχ

∣∣2}+ E
{∣∣dHχ AH

χ gχ
∣∣2}

+ E
{∣∣dHχ AH

χ dχ
∣∣2}+ 2Re

{
E
{

ĝHχ gχ
(
dHχ AH

χ dχ
)H}}

+ E

{∣∣∣∣ 1
√
τpχ

sHχ NHAH
χ dχ

∣∣∣∣2
}

+ E

{∣∣∣∣ 1
√
τpχ

sHχ NHAH
χ gχ

∣∣∣∣2
}
,

= E
{∣∣ĝHχ gχ

∣∣2}+ γχE
{
ĝHχ ĝχ

}
+ γχE

{
gHχ AχAH

χ gχ
}

+ γ2χMeχ3
+ γ2χM

2e2χ1
+ 2γχMeχ1

E
{
ĝHχ gχ

}
+

σ2

τpχ
E
{
gHχ AχAH

χ gχ
}
+

σ2

τpχ
γχMeχ3

,

where E
{
ĝHχ gχ

}
, E
{
ĝHχ ĝχ

}
, E
{
gHχ AχAH

χ gχ
}

are respec-
tively given in (94), (90), (91).

Finally, the first term E
{∣∣ĝHχ gχ

∣∣2} in (113) can be expand-
ed as

E
{∣∣ĝHχ gχ

∣∣2} =
4∑

ω=1

4∑
ψ=1

E
{∣∣∣(ĝωχ)H gψχ

∣∣∣2} (114)

Page 12 of 13

IEEE Transactions on Communications

Under review for possible publication in

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



13

+
4∑

ω1,ψ1,ω2,ψ2
(ω1,ψ1)6=(ω2,ψ2)

E
{((

ĝω1χ
)H

gψ1χ

)((
ĝω2χ
)H

gψ2χ

)H}
.

The terms
4∑

ω=1

4∑
ψ=1

E
{∣∣∣(ĝωχ)H gψχ

∣∣∣2} can be derived sim-

ilarly to (102). The remaining terms have 20 non-zero
cross-terms. These terms can be combined into 10 terms,
corresponding to (ω1, ψ1, ω2, ψ2) = (1, 1, 2, 2), (1, 1, 3, 3),
(1, 1, 4, 4), (1, 2, 3, 4), (1, 3, 2, 4), (2, 1, 4, 3), (2, 2, 3, 3),
(2, 2, 4, 4), (3, 1, 4, 2), (3, 3, 4, 4).

D. Inter-group interference

Similarly, we can expand this term as

Iχχ = E
{∣∣q̂Hχ qχ

∣∣2} = E
{∣∣ĝHχ gχ

∣∣2}+ E
{∣∣ĝHχ dχ

∣∣2}
+ E

{∣∣dHχ AH
χ gχ

∣∣2}+ E
{∣∣dHχ AH

χ dχ
∣∣2} (115)

+
1

τpχ
E
{∣∣sHχ NHAH

χ gχ
∣∣2}+

1

τpχ
E
{∣∣sHχ NHAH

χ dχ
∣∣2}

= E
{∣∣ĝHχ gχ

∣∣2}+ γχE
{
ĝHχ ĝχ

}
+ γχE

{
gHχ AχAH

χ gχ
}

+ γχγχMeχ3 +
σ2

τpχ
E
{
gHχ AχAH

χ gχ
}
+

σ2

τpχ
γχMeχ3 ,

where E
{
ĝHχ ĝχ

}
, E
{
gHχ AχAH

χ gχ
}

are respectively given in
(90) and (92). The first term can be derived in the same way as
(101), but it is worth noting when it comes to ω = 3, ψ = 3,
we have

E
{∣∣∣(ĝ3

χ

)H
g3
χ

∣∣∣2} = cχcχεχεχe
2
χ1
M2

∣∣∣hHχ ΦH
χ Φχhχ

∣∣∣2
+AχAχcχcχεχεχeχ3

MN2. (116)
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